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OBIMIAYA XABAKTEBNCTUKA BABOTHI

NcTropuueckuirt o630p. IlpenmylinecTBa UTepaloHHBIX METOIOB
PN YUCIIEHHOM DPeIIeHUN CUCTeM JIMHEeHHBIX VpaBHEHWN € pa3peKeHHBIMI
MaTpUIIAMHI CIENNaJIbHOTO BUAA OBITN 3aMedeHBl NOCTATOYHO MaBHO, IIO
KpaliHeit Mepe ¢ cepenuHbl 20-To Beka. Torma x&e 6611 OTMeUeH eTMHCTBEHHBIN
X HeIOCTATOK: MeNJleHHas CXOINMOCTb WTePAINOHHBIX MPUOINMKEHUN K
IICKOMOMY DpeIlleHnIo, TMpuYeM KaK pa3 Mg TeX 3amatd, KOTopble Hanbojee
aKTyaJIbHBI.

IIByMs ~ CyIIeCTBEHHBIMH IIfaraMW B Pa3BUTHU  HNTePANMOHHBIX
AJITOPUTMOB peIleHNs CUCTeM JIMHEeHHBIX YPaBHEHNN ¢ CHUMMeTPUIHON
MOJIOKUTETHHO ONpeneIeHHON MaTPUIlell CTaIn

(a) paspaborka Xecrerncom u I[Tudemem B 1952 romy' MeToma
COTIPSAKEHHBIX TPAINEHTOB, KOTOPBII, B CBOIO OUYepelb, TECHO CBA3aH C
AJITOPUTMOM TpUANATOHAIM3AINN, ONyOoankKoBaHHBIM Jlaumommem B 1950
romy;*

(6) paspaboTka TEXHUKN NpeOoOyCIOBINBAHIS I HTEPAIIOHHBIX
MeTOHOB  (KOTOpas  9SKBHUBAJICHTHA  [PEABAPUTEIBHOMY  JIMHCITHOMY
peodpPa30BAHMI0 MATPHIBL CHCTEMBI), CGHOPMYINPOBAHHON B CBS3M C
VCKOpeHUeM MeTOoma CONPSKEeHHBIX TrpaanmeHToB B paborax Hammdas 1967

roma,” I'. 1I. Mapuyka n 0. A. Kysrmenoa 1968 roma,® O. Axcenbcona’ n

ap.

B ocHOBHOM, Teopus TpemoOyCIIOBIIEHHOTO MeToda CONPIKeHHBIX
rPaOeHTOB pa3BUBallaCh BOKPYT OLICHOK OMHOWEHUAL 2PAHUY CNEKMpa
(T.Ha3. COEKTPAIBHOTO |HCIa OBYCIIOBICHHOCTN) NPEHo0yCIOBICHHOM
MaTpPHUILBI, YTO TMOPOXKIAJI0 COOTBETCTBYMOINE KPUTePUN KadecTBa

npenodycIoBINBAHUIS.

M. R. Hestenes and E. Stiefel. Methods of conjugate gradients for solving linear systems, J. Research
Nat. Bur. Standards, 49 (1952) 409-436.

2C. Lanczos. An iteration method for the solution of the eigenvalue problem of linear differential integral
operators. J. Research Nat. Bur. Standards, 45 (1950) 255-282.

3J. W. Daniel. The conjugate gradient method for linear and nonlinear operator equations. STAM J. Nu-
mer. Analysis, 4 (1967) 10-26.

AT, W. Mapuyxk, I0. A. Kysrenos. O6 onTHMAaTBEHLIX HTEPalIOHHEIX Tporeccax. Hoxmn. Axan. Hayxk CCCH,
1.181, Ne6 (1968) 1331-1334.

5. Axelsson. A class of iterative methods for finite element equations. Computer Meth. Appl. Mech.
Engrg., 9 (1976) 123-137.



ITTo o3mavamo, 9To He TOIBKO B TEOPUIO, HO U B TIOCTPOEHNE MeTOIOB
pellleHNs CcUCTeM JNHENHBIX YDaBHEeHUN B TOW WM UHOU Mepe BoBJeKaslach
npobiieMa, Topa3no 0ojlee CIIOKHas MO CPaBHEHUIO ¢ HCXOOHOW, a MMEHHO,
0boOIIIeHHAs 3amada Ha coOCTBeHHBIe 3HaueHUA. IIpm »Tom Tpebyercs
pelIuTh TOCJHeHIOI 3a/lady He B MPsAMOil, a B o0OpaTHON MOCTAHOBKE, TO
ecTh BBIOpaTh TapaMeTphl NPenoOYCIOBINBAOIIENl MATPUIBI U3 YCIIOBUS

MIHIMYMa OTHOIICHU I KpaﬁHMX cOOCTBEHHBIX 3HaUYEeHNI.

EcTecTBeHHO, UTO MO Mepe VCIOXKHEHNS aKTYaJIbHBIX MPUKIIATHBIX
3aJad, TaKas CHUTyalld BbIINJIACh B HECOOTBETCTBHUE MeXKOY pPealbHO
OpUMeHIeMBIMI  aJITOPUTMaMM,  OOKA3aBIIMMI  CBOIO  IPaKTUYECKYIO
5} (GEKTHBHOCTL (OOHAKO 3aUaCTyI0 HE NMEIIINMII TOCTATOYHO CTPOTOTO
0DOCHOBAaHNS), U TeMH KOHCTPYKIUSMI, KOTOPbIE XOTs II [OIYCKAaJIn
MOJIyUeHNe aHAJIUTUYeCKIX BePXHUX TPaHUI] YcIa NTepaluil 4711 HeKOTOPBIX
MOICIBHBIX TPO6IeM (T.e. IMeIH TeopeTHdueckoe 0OOCHOBAHIE), OMHAKO,
OyOoydn peaji30BaHBI B BUOE aJICOPUTMa, OKa3bIBAJINCH IPUTOOHBI JIUIIE I

OOBOJIBHO OI'PaHUY€HHOI'O KPpyTra peaJIbHBIX 3a1a4.

Kpome Toro, ykaxkem Ha I1e1ecoobpa3HOCTh yUeTa MOTOTHUTEIbHBIX
CBOIICTB  CIeKTpa MNOPeOoOyCJIOBIEHHBIX  MaTpPUIl, XapaKTepPU3YIOIMINX
HepPaBHOMEDHOCTBH paclpeneleHIs COOCTBEHHBIX 3HAUeHNU BHYTPU [PaHUII
crekTpa. Takme cBolicTBa CIIEKTPa, OUYEBUIHO, He CBA3AHBI HETIOCPEICTBEHHO
€O CIEeKTPATBHBIM TICIOM 00YCIOBICHHOCTH (I METONA COMPSZKCHHBIX
rPaOeHTOB, KPUTHUUYECKN BaKHBIM SBJISIeTCS He TOJBKO MaJIOCTh 3TOrO
yncia 0O0YCHOBIIEHHOCTU, HO U PA3PEHCEHHOCTNL CNEKMPA COOCMEEHHBLL

BHAUEHUL C AEB020 KORYG U €20 YnAomHeRue ¢ npa60806).

OTMeTHM mepBble MONLITKH Pa3spaboTKH HeCTaHOAPTHBLIX IOOXOHOB K
MPenobyCIOBINBAHIIO MeTONA COMPIKEHHBIX TPAIUEHTOB, CM., Hamp., [1, 2],
a TakKxkKe HemaBHII 0630p, KOTOpbIe ONHIpATINCh Ha KPHTePHi KatdecTBa
Ipeno6yCIOBINBAHIS, BLIODAHHEIN B Bue eBKInmoBa paccrosuus |1, — M| p
8 R" o npenobycrosenHoit Matpuust M o enuamdsoit I,. OnHAKO, TAKOMY

mooxony IpUCYIIN Cepbe3Hble OlPaHUMYCHIA, OeJlalolIne €ro HelIpaKTHIYHBIM

50. Axelsson and G. Lindskog. On the rate of convergence of the preconditioned conjugate gradient
method, Numer. Math. 48, (1986) 499-523.
“T. Huckle. Factorized Sparse Approximate Inverses for Preconditioning. The Journal of Supercomputing

v.25, no.2 (2003) 109-117.



BO MHOTUX BaiKHBIX CHTYaIlAX, CM. Hamp., obcyxmenne B pabore [26]. B
nocenHein paboTe comepKUTCS 3aKOHUEHHas TeopHs CXOMIMOCTH MeTOda
006OBIIICHHBIX MUHIMAIBHBIX HEBA30K B TepMuHax Benudnssl ||I, — M||p u
MOMOTHITEILHOTO TTapaMeTpa, XapaKTepu3yiollero oTmeseHne crmekTpa M
oT HyI1. OmHaKO, B KOHTEKCTe pa3pekKeHHBIX MaTPHUIl GOJIBIIOr0 pasMepa,
He MPEICTaBIIeTCs PeAJNCTUIHON MOCTAHOBKA 3amadl O MITHIMNI3AIINI
|1, — M||r npu ycoBum, Hampumep, orpanudernoctn || M|

Taxum obpasoMm, TpaxTuveckas TOTPEOGHOCTH B  KOHCMPYKMUBHLIL
MeTogaX TOCTpoeHns 5(PGeKTUBHLIX TPenobycIoBINBAHIT 3aKOHOMEPHO
OpPUBOONT K HEOOXOOUMOCTH pa3paboTKN aJIbTePHATUBHBIX TIOOXOMOB K
OlleHKe KatdeCcTBa MPenobyCcaoBINBAHIN MeTOma COMPAKEHHBIX IPAINeHTOB.

[Ia sToM ke myTm Ienecoobpa3eH TOMCK U pa3paboTka MeTOI0B
IpenoOyCcaOBINBAHIA, OPUEHTUPOBAHHBIX Ha eCTeCTBeHHBIE JOCTATOUHO
IIIPOKNe KJIAcChl pa3peKeHHBIX MaTpPHUIl He3aBUCUMO OT YaCTHOCTeM
(oTHOCAIIUXCS, HAOpuUMep, K crennduke 3HAUCHII HEHYJIEBBIX 3JIeMEHTOB
I CTPYKTYPBI pPa3peXeHHOCTIH), KOTOPBIC CBSI3aHBI €O  CBOICTBAMII
MaTeMaTHIeCKnX Momeaell n GU3NIeCKnX O0BEeKTOB, CTOAIINX 3a STUMI
maTpuiamn. TaxuMm obpa3zoM, cTaBUTCSA BaiKHeHImas MpakTHUecKas 3amada
0 pa3paboTke He TOIBKO 3PHEKTUBHBIX, HO I JOCTATOUHO YHUBEPCATIbHBIX
ATITOPUTMOB PeIeHIs 6OIBIINX Pa3peKeHHbIX CICTeM JTMHENHBIX YPaBHeHNI,
IPUOINKAIOUINXCS K CIIOCOOHOCTI paboTaTh B peKUMe ~HepHOro giinka’ .

ILleas paboThbl. B kadecTBe 1esteil paboTH MOXKHO YKa3aTb peIlllcHIIE

CIIeOYIOIINX MPOoOIeM:

1. OHpeIIeJIeHI/Ie MMOOXOOAIICTO AJIbTEPHATUBHOT'O YHCIA O6YCJIOBJI€HHOCTI/I,
CIIOCOOHOTO YUIUTBIBATH HE€ CTOJIBKO OTHOIIIEHIIE KpaﬁHMX coOCTBEHHBIX
3Ha‘{eHI/II‘/JI7 CKOJIBKO MHTEIl' PaJIbHBIC CBOIICTBA CIIEKTpPa, I HEe CBA3aHHOIO,
TaKIIM 06pa30M, C OTOeJIBHO B34ATBIMII COOCTBEHHBIMII 3HaUYeHUSIMN

Peno0yCcJI0BIeHHON MaTPUIIHL.

2. HOCTpOQHI/Ie HEYJIYUIIAaCMbIX OLOCHOK  HYHCJIa I/ITepaHI/Ifl MeTOoa

COIIPAZKEHHBIX T'Pad€HTOB B TePMHIHAX 3TOT'0 YIICJIA O6YCJIOBJI€HHOCTI/I.

3. BolgBileHIIe U3BECTHBIX I IIOCTpoOeHNE HOBBIX Hpe,I:IO6}/'CJIOBJII/IBaHI/II‘/JI7

KOTOpPBIC ABJIAIOTCA OIITUMAJIBHBIMUI (I/IJII/I ONMM3KU K TaKOBbIM) C TO4YKU
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3PE€HUA HOBOI'O YIUCJIA O6YCJIOBJI€HHOCTI/I.

4. TeopeTuueckas mpoBepKa BHOBb TOCTPOEHHBIX MPeNoOyCIOBINBAHUIN
¢ TOYKH 3PEHNs KIACCHICCKON Teopun (OCHOBAHHON Ha yMEHBIICHUII

OTHOILICHIST TPAHIIL CIIeKTPa IPenobyCIOBICHHON MATPIIIIH).

5. AIropmTMm3als HOBBIX TNPEOOOYCIOBINBAHIIT (B TOM  €HCITIe,
MPUTOOHBIX AJIS PEAIN3allill Ha BBICOKOMAPAJIIEIbHBIX KOMIbIOTEpax)
I TpakTH4deckKas IPoBepKa WUX BBIYUCINTEIBHON 3(PHEKTUBHOCTU Ha

MpeacTaBUTEJILBHBIX TE€CTOBBIX 3adavaX.

AxTyanbHOCTB TeMBI. llellleHUe TUHETHBIX CUCTEM C PA3PEKECHHBIMI
(B TOM €ICIIe CHMMETPHUYIHBIMII OJIOKITEIBHO ONPENeTICHHBIMI ) MaTPUIAMI
GOJIBIIION PAa3MEPHOCTH YacTO BOZHUKAET KaK MOBTOPSIOIIALCS (U IPU TOM
DOMIHIPYIOIIAS TI0 TPYAOCMKOCTI ) MOI3anata B aJlTOPUTMAaX, Peasi3yOIInX
caMble pa3HOOOpa3HbIe MPUKIAIHbIEe pacdeThl. I[IpuMepoM MOTYT CIYAKHUTH
3aladn  MaTeMaTUdecKoill (QU3NKM, 3adadll MOCTPOEHUS CEeTOK, 3adadil
ONTUMU3AIINY U MHOTUE OpPYTIe.

IToBONTBHO cTaHOAPTHON ABJISETCS CUTYAIINs, KOT1a TpedyeTcs PelinTh
CepUI0 JIMHENHBIX 3amad, COOTBETCTBYIOIINX BBIULUCICHUIO HbBIOTOHOBCKUX
HAIIPABIICHUI 1S UTEPAIIOHHOTO pellleHus HeluHeliHol 3agaun. [Ipu sTom
CBOICTBa BO3HUKAIOIINX MaTpuUll Ikobu He Bcerma BIOTHE TPEACKA3yeMbl, I
TpebOBaHUSA K HAOCKHOCTH ajJTOPUTMOB PEIICHUS JTUHENHBIX CUCTEM B 9TOM
caydae BO3pacTaloT.

C npyrofi cTOpOHBI, OBLICTpOE PA3BUTUE BHIUNCIUTETBHON TEXHUKN
IpEObABIICT 0CoOble TpPeOOBaHUS K aJrOpUTMaM peIIeHns; TaK, IO
ONTUMU3AINEN  aJIrOpUTMa, MOMUMO MPUBBIYHOTO COKPAIICHUS YuCIa
omepannii 1 odbeMa MaMITU, MOKET IMOOPA3yMEBATHCS U BBIIBICHUE WJIN
OCTPOCHIE CTPYKTYPHI BBIUUCICHUI, objerdalonieil 3PeKTUBHYI0 padboTy
KOMIIBIOTEPOB € MePapXUvecKoll CHCTeMONl MaMaTH U/Uin HapasiiebHOI
opraHu3anuen BbIUYNCIeHNI.

Takum  obpaszoM, B  VCIOBUAX  B3alIMOOOYCJIOBICHHOTO  POCTa
BBIUICIUTE/IBHBIX MOITHOCTEH U YCIOKHEHHUS MMOCTAHOBOK MPUKJIATHBIX
3a/ad, obOmias mpobiieMa MOCTPOEHHS ~ HAWIYUIIero’ MeToda peIleHIs

OOJIBIIINIX pPa3peKEeHHBIX CHCTEM JINHEeNTHBIX ypaBHeHI/Ifl BCe cIIe OCTaeTCia
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IaJIeKOil 0T OKOHUATEILHOTO DEIIeHNs (azke ecii OTPAHIMUNTHCS 3adataM
¢ CHMMETPUTIHON HOTOKUTEIBHO ONPEeNeSIcHHON MaTPHIIeit).

Crnenyer mnpu3HaTh, YTO HECMOTPS Ha YCUJIHUS MHOTOUNCITICHHBIX
nccienoBaTenell  Ha  OPOTSIKEHUU  MeCITKOB  JieT,  TeopeTHUecKne
OCHOBBI TaKOTO BakKHOTO HaIlpaBjeHUsd, Kak IocTpoeHUe >(PpdHeKTUBHBIX
NpenoOycIOBIUBAHUIN 78 ecTeCTBEeHHBIX KJIAcCOB MATPUIl, OCTalTCs
HEJOCTATOUYHBIMI M1 TPAKTUIECKOTO PeIlleHns psAna BaXKHBIX 3amad. [ITo n
00y CIIOBIJIO aKTYaJIbHOCTH TeMBI NUCCePTAINN.

Bbayunas moBu3Ha. B nuccepranmnm pa3padoTaH HOBBII KPUTEPUI
3DPeKTUBHOCTH  NPOAOOYCTOBIUBAHUI  [JId  MeToda  CONPAKEHHBIX
rpagneHToB. KpuTepuil gBAsgeTCs KOHCTPYKTHUBHBIM, UTO IO3BOJIUIIO
MOJIYUUTH KaK HOBble BAPUAHTHI N3BECTHBIX aJITOPUTMOB, TaK U pa3zpadoTaTh
HOBBLIE AJITOPUTMBI, elfle 6oilee »3pPeKTUBHLIE B ONpeNeTeHHBIX YVCIOBUAX. IK

OCHOBHBLIM HOBBIM pPe€3yJIbTaTaM MOXKHO OTHECTH CJIeOYIOIIIeE:

1. IIpennoxker m wccaemoBaH HOBBIM  KpuTepull >PPeKTUBHOCTH
npenobycIoBINBaHU, CHOPMYIUPOBAHHBIN B TepMUHAX MUHUMI3ALNN
MATPUIHOTO (PYHKIIOHATA (BEIPAKAIOIIETOCS Yepe3 CIIed MATPHIL 1
ee OIpeNeNNTesIb), Ha3biBaeMOro masee IK-wicaoM 06yCI0BICHHOCTIL.
[Itor TepMmun Ob1 BBemeH (O.AKCeTbCOHOM U HCIOJIB30BAH B €TO0
I3BECTHON MoHOrpadmn,® Tme OOIINPHO INTHPOBAHBEI HEKOTOPHIC

PE3yJIbTaThL HaCTO}ILLIQfI OUCcCepTanunn.

2. B TepMHNHaX K-uncia O6YCJIOBJI€HHOCTI/I I[IOJIYHEHa HOBasl OLCHKA
HqUCJIa I/ITepaHI/Ifl MeTOOa COIIPDAZKEHHBIX TI'PadIWEHTOB, HEYJIyYIIacMasl
B TOM XK€ CMBICJIe, YTO 1 HN3BeCTHad OICHKa 4Yepe3 CICKTpPaJIbHOe
HYUCJIO O6YCJIOBJI€HHOCTI/I. KpOMe TOI'0, HOBasl OIE€HKa CXOOUMOCTHI
YCTaHaBJINBAET CBQpXJIMHQfIHYIO CKOpPOCThb CXOONMOCTH, B OTJINYHNE
OT WU3BEeCTHON O€HKIN, KOTOpasd YKa3bIiBaeT TOJIBKO Ha JIMHefIHYIO

CXOOMMOCTDb I/ITepaHI/Iﬁ MeTOOa COIPAZKCECHHBIX I'PAINEHTOB.

3. IlaccmoTpensr HanboTee >PGeKTUBHBIE U3 U3BECTHBIX MPUOINKEHHBIX
TPEeYTOJIbHBIX Pa3JIoKeHUIl, BBIABICHA UX NPUHAIICKHOCTb K HOBOMY

KJIaCCY TPEYTOJIbHBIX PA3IoKeHUN 2-To Mopsaaka, OCYIIecTBIeH aHaJIl3

80. Axelsson. Iterative solution methods. Cambridge University Press, Cambridge, 1994.
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KaK € TOYKM 3peHHsda OITHMHU3aONN KaK CIeKTPaJIbHOTO YHCIIa

00yCJIOBIEHHOCTH, TaK n K-unciaa o6y cIoBIeHHOCT.

4. C  Toukm 3peHms onTuMmsanun K-unucia  00YCIOBIEHHOCTH
NpoaHaIN3UPOBaHLl Hanbosee >(PPeKTUBHBIE U3 U3BECTHBIX SIBHBIX
npenobycIoBINBaHNM, (QAKTUUYECKN SABJISIOUINXCA TPUOINKEHHBIMU
00pPaTHBIMU TPEYTOIBHBIMI pa3ioxkeHusMmu. [laiinena 610UHO-HeIBHAS
dbopMa TpeacTaBlIeHUsT TaKUX MPeOoOycIoBINBaTe e, MO3BOJISOIIAL
n30aBUTHCA OT UpPe3MePHBIX BBIUUCIUTEIBHBIX 3aTpaT UCXOOHOTO
pasmoxkeHus ©0e3 moTepu napaienunzyeMmocTu. OmnpeneneH crmocob
BKJIFOUEHUs OOBIUHBIX NPUOINKEHHBIX TPEYTOJbHBIX Pa3jIoKeHUN B
O6JI04HYI0 CTPYKTYPY MeToma, 00OCHOBaHa o0IIag 3¢(PeKTUBHOCTH

TaKoT'o I1ogxona.

5. C TOYKU 3peHud OIITUMII3aIININ K-uncia O6YCJIOBJI€HHOCTI/I
MpoaHaJIN3NPOBaHbL IIOJINMHOMNI AJIBHBIC HpeHO6YCJIOBJII/IBaHI/I}I
MeTOoa COIIPAZKECHHBIX rpaidnneHToB, IMOJIYYCHBI TeopeTnIeCKmle
00BSACHEHNS TOI0 W3BECTHOIO CpaKTa, YTO TOYHAA OIITHMU3AIIINA
TaKNX HpeHO6YCJIOBJIMBaHMﬁ 10 KpuUTepni MUHIMYMa CIIEKTPAJIBHOTO
HqUCJIa O6YCJIOBJI€HHOCTI/I, KakK IIpaBUJIO, IIPUBOOUT K HEOJOCTATOYTHO

BCpCpeKTI/IBHbIM BBEIUUCJINTCJIBHBIM aJITOPUTMaM.

6. C Toukm 3peHms onTuMmsanun K-unucia  00YCIOBIEHHOCTH
IPOaHAIN3UPOBAHBL 3BeCTHBIC BBICOKOIIapaJljieIbHbIe
npenobycIoBINBAHNU, CBsI3aHHBIE € MaJIOPDAHTOBOU  KOppeKLuell.
[Toctpoersr  HOBBIE  QOpMYABI TakuX TPenoOyCITOBINBAHUI,  a
TaKzZe BBIIOJHEH NUX [ONOJHUTEIbHBINI aHaIW3 ¢ TOUKN 3peHUs
CIIeKTPaJIbHOTO Uncia o0ycioBiaeHHocTn. Ilokazana coBMecTUMOCTH
npenobycIoBINBAHUS — MOCPEOCTBOM — MAaJIOPAHTCOBOII ~ MOOUGMUKAIINN
¢ OPYTUMH OpenoOyCJIOBINBAHUAMI, UTO II03BOJISeT CYILIECTBEHHO

IIOBBIIIATDH BCpCpeKTI/IBHOCTB II3BECTHBIX MeTOdOB.

Teoperudeckass U MNOpakKTHUUYecKas IEeHHOCTL. TeopeTumdeckas
IIeEHHOCTH OUCCEepTAINN 3akjlovaeTcs B pa3paboTke HOBON  Teopun

CXOOUMOCTHN Me€TOOa COINPIAZKCEHHBIX I'DaOINEHTOB, a TaKkKiXKe HEIIOCPEIOCTBEHHO
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CBSI3AHHOTO ¢ Hell oflllero Moaxofa K ONTUMU3ALUNU MPenodycIoBIUBAHUIII.
Kpome Toro, moayueH psam BaXKHBIX YaCTHBIX TeOPeTUUECKUX Pe3yIbTaTOB,
OTBeYAOIINX KOHKPETHBIM CTPYKTYpaM MPenodycaoBIUBaIINX MaTPHIII.

[TpakTuvueckas MeHHOCTHb TOJTYUYEeHHBIX Pe3yIbTATOB 3aKITI0OYUAETCS B
MOCTPOEHUN KOHKPETHBIX AJTOPUTMOB pelleHUs CUCTeM ¢ pa3peXKeHHBIMU
MOJIOKUTENILHO ONpeleleHHBIMI MaTpHUllaMu o0Ilero BuAa, 00JIadaiolInX
MOBBIIIIEHHON ~ HAaMeKHOCTBhIO,  BBICOKOI  MPOU3BOOUTENHLHOCTBIO  Ha
MoCIeMoBaTeIbHBIX KOMIIbIOTEPAX, a TaKzKe XOPOollell Mmapajieln3yeMoCcThIO.

B wactHOCTH, pa3paboTaHbl >PPeKTUBHBIE TapalelbHble MeTOBI
pellleHNs cUCTeM JUHeWHBIX YpaBHEHUN ¢ CUMMeTPUUHBIMUI MOJOKUTETIBHO
onpenesIeHHBIMU MaTpPUIIaMU, CHOCOOHBIe padoTaTh € pa3peXKeHHBIMU U
IIJI0X0 OOYCIIOBIEHHBIMI MaTpPUIIAMU, KOTOpble MOTYT OBITH HCIOJIL30BAaHbI
BO MHOTUX TMPOMBINIJIEHHBIX TPUITOKEHUIX.

MeToabl ucciegoBaHUsA. B muccepranum TPUMeHSIOTCS MeETOIBI
JINHEHON ajreOpbl, Teopuu MaTPUIl, & TaKxke Teopun GYHKIIUI
BEIIeCTBEHHBIX TepeMeHHBIX. Mcmonb3oBaHa KakK U3BecTHas  TeOpUs
NTePalOHHBIX MEeTOOOB B CUMMeTPU3YeMOM cjIyiae, OCHOBaHHasd Ha OIleHKaX
CIIeKTPANIbHOTO UucIa 00YCIOBIEHHOCTH MaTPHIBI, Tak U pa3padoTaHHBIN
B [UCCEePTAINN ee aHajlor, OCHOBAHHBIN Ha NCMOJIb30BaHNN K-uncria
00y CIIOBIIEHHOCT.

BO.TIO}KeHI/Iﬂ, BBIHOCHMBIC HA 3AIIIUTY:

1. Iloas Teopus CXOOMMOCTH MeTOMa COMPIKEHHBIX TPaINeHTOB,
OCHOBaHHasg Ha NCMOOJIb30BaHNU K-umciaa  oO0ycIOBIEHHOCTH, W
CBS3aHHBIII € Hell TOAXON K TMOCTPOEHUI0 TIPenodyCcIoBINBaHUI,

OCHOBaHHBIII Ha MUIHUMNI3aII N K-uncia O6YCJIOBJI€HHOCTI/I.

2. Teopus  mpemoOYCHOBAUMBAHUS  CHUMMETPUYHBIX  IOJOKUTETHHO
olpelesleHHBIX MaTPUIl HOCPEOICTBOM NPUOINZKEHHBIX TPEYyroIbHBIX
pasoxKeHUN 2-To TopsAnKka, ¢ obOOCHOBaHMeM KaK depe3 K-umcro
O0OyCJIOBJICHHOCTU, TaK W B TepMHUHAX CHEKTPAJIbHOTO YHCIIa

O6YCJIOBJI€HHOCTI/I.

3. TQOpI/I}I HpeIIO6}/'CJIOBJII/IBaHI/I}I CUMMETPUYIHBIX IIOJIOZKMNITEJIBHO

OIIpeneJICHHBIX MaTpHUI II0CPpedCTBOM 06pamew: HpI/I6JII/I}K€HHbIX
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TPEeYTOJIbHBIX Pa3JIoKeHUIl, ¢ HCIO0Jb30BaHUeM OJOYHOCTHU, a TaKiKe
BHYTPUOJIOTHON alIPOKCUMAIIN, ¢ 000CHOBaHIEM B TepMmHaxX K-umcia

O6YCJIOBJI€HHOCTI/I.

4, TQOpeTI/IquKOQ 00BsACHEHIIe HEeCOOTBETCTBUS TOUHOI OIITUMII3aIININ
CIICKTPaJIBHOI'O YHCJIa O6YCJIOBJI€HHOCTI/I n II0JIVHaEeMOI'0 KadeCTBa
IIOJIMHOMMIAJIBHOT'O Hpe,I:IO6}/'CJIOBJII/IBaHI/I}I7 I[MIOJIYHEHHOE€ Ha  OCHOBE
aHajIm3a K-uncia O6YCJIOBJI€HHOCTI/I; OTBICKaHHE¢ IIapaMeTpPU3allnl
1eOBIIIeBCKOT'O MHOT'O4YJICHAa, O6€CH€‘{I/IBaIOLLI€I‘O ONI3KOe K

OIITUMAJIBHOMY KadeCTBO HpeHO6YCJIOBJII/IBaHI/I}I.

5. Teopus  mpemoOyclOBAUMBAHUS  CHUMMETPUYHBIX  IOJOKUTETHHO
onpeneeHHBIX MATPUIl MOCPENCTBOM IK-omTUMaIbHON MaJIOPAHTOBOI
MomuUKaNNu, ¢ 000CHOBaHNEM KakK depe3 IK-umciio o6ycIoBIeHHOCT,

TaK I B TePpMIHAX CIICKTPAJIBHOI'O YUCIIa O6YCJIOBJI€HHOCTI/I.

O6ocHOBaHHOCTD u JOCTOBEPHOCTH pe3yJjIbTaToOB.
[IpencraBmenable B OUCcepTAlUN  Pe3yIbTaThl  UMeIOT  CTPOTOe
MaTeMaTuueckoe obocHoBaHme. C  OpYrol CTOPOHBI, DOCTOBEPHOCTH
5 PeKTUBHOCTI  MOCTPOEHHBIX  MPeNoOYCIOBINBAHNN — TOATBEPKIAETCS
MIPSMBIM CpaBHEHIEM Pe3y/TIbTATOB PACUETOB € Pe3yIIbTaTaMN, MOy IeHHBIMI
TIPU UCTOIB30BAHNN IPYTUX CTAHOAPTHBIX TPETo0yCTOBINBAHNI: HATTPUMED,
ToYeuHOTO MeToma ylkobu, mpubanmkeHHOTO OJ0UHOTO MeToma JIKoOmM.
Kpome Toro, mnsa psama 3amad w3 kosjlekiun yHuBepcuTeTa dmopumsr,
TICTIOTB30BABIIINXCS OPYTUMEI aBTOPAMU OIS TTPOBEPKN pa3zpabOTaHHBIX NMI
AJITOPUTMOB, OBIIN TOJIYUEHBI CYIIIECTBEHHO JIYUIIe Pe3YIbTaThI.

Anpobamnus pa6otTbl. lle3yabTaThl paboOTH OOKIAIBIBATIICH U
obCcyKmamnmch Ha MexOgyHapomHoil koHdepermmn “PaCT99”  (Cankt-
[erepbypr, Iloccus, 1999 r.), Bcemuprom 16-om Konrpecce “IMACS 20007
10 HAYYHBIM BBIUNCIEHUSIM, MPUKIATHON MaTeMaTHKe U MOOeINPOBAHUIIO
(JTosanmna, Iseitnapus, 2000), Nonnanacko-poccuiickom cummnosnyme NWO
(MI'Y, Mocksa, mous 2000), Cumnosuyme NWO (Amcrepmam-Iluiiveres,
[ommannus, Hoss6ps 2000), Bropom MexnyHapomHOM HayTHO-IPAKTIICCKOM
Cemunape u Beepoccuiickoit MommomeKHoI 11KosTe “Bbicokonpon3BoauTeIbHBIE

MapajijieIbHbIe BHUNCIICHNS Ha KiacTepHbIX cucteMax” ([lmxuuit [ToBropon,
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Hoccmst, 2002), mezk myraponsoit koupepernunn “Parallel CFD 2003” (Mocksa,
2003), Mexnynaponroit koupepenmus “VIII 3ababaxuuckme HayIHBIE
arerns’ (IIPAL-BIIMNT®, Cuexunck, [occusa, 2005), MexayHaApOTHOL
KOHQEPEHIINU M0 BBIYNCIUTEIbHON TeOMeTPUN, TeHePAII CeTOK U HAYUHBIM
seranciacHmsiM “NUMGRID2008” (BII ITAII, Mocksa, 2008), Me& Ay HAPOIHOI
KOHQEePEHIINU 10 BBIUHUCINTEIbHOI T[eOMeTPUN, TeHepalul CeTOK U
BBICOKOIponm3BoanTenbHEM  BhruncrmeHnsaM  “NUMGRID2010” (BIT ITATI,
Mocxksa, 2010), MexKIyHAPOOHON KOHGEPEHINN 10 MATPUIHBLIM METOIAM B
MaTeMmaTnke n npuioxkenmsx “MMMA-2011"7 (UBM ITAII, Mocksa, 2011),
HAYYHO-UCCTIeNOBATEIbCKIX ceMuHapax BerauciautenbHoro tenTpa [TAIL

n MucTuTryTra BRIUHCIUTenbHOI MaTematuku IIAIL, pabounx cemMuHapax

ExxonMobil Upstream Research Co. (XptocTon, CIIA).

By6aukanmumn. Ilo Teme muccepramun onmyoaukoBano 28 paboT, u3
HIX D B OTEUYECTBEHHBIX PEICH3UPOBAHHBIX U3HAHUAX, PEKOMEHIOBAHHBIX
BAK, 8 B MeKOYHAPOOHBIX PEIEH3UPYEMBIX N3HAHUAX U3 PEKOMEHIOBAHHOTO
BAK cnucka “Web of Science: Science Citation Index Expanded” (6aza
0 eCTeCTBEHHBIM HayKaM), 2 B OPYIUX MEXKIYHAPOIHBIX PEICH3MPYEMBIX
m30aHugaX, 1 B POCCHUICKOM peleH3UpyeMoM u3maHuu, 4 B Tpymax
BCEPOCCUNCKNX KOHGEPEHINi, 5 B TPYyIaxX MeKIYHAPOIHBIX KOH(EPEHIINI,
3 myGauKamunu B OPYTUX HAYUHBIX M3MAHMAX. (CONCOK paboT MPHBOINTCS B
KOHIIe aBTOpedepaTa).

B coBmecTHBIx paborax [15, 19, 22, 24, 25, 27, 28] U.II.Koubiuny
IPUHAIIEKUT 0O0Ias cxXeMa MapajijieIbHON peaan3alluil MeToma U OIMUCaHUe
YNCIEHHBIX SKCIEPUMEHTOB, a aBTOPY MOHCCepTAlll - pa3paboTKa u

ncciiegoBaHIIe HpeHO6YCJIOBJII/IBaHI/I}I.

BaarogaprocTu. ABTop BeIpaxkaeT 6garonapaocTh A. FO. Epemuny,
IPUBJIEKIIIeMY aBTopa K pabore mo Teme nuccepranui, JI. FO. Konorunuwnoi
3a BHUMaHIe K paboTe U IeHHBIC 00CyXKmeHus, mpodeccopy O. AKceabcoHy
3a mHTepec K paboTe 1 BCECTOPOHHIOI ee MOONepPKKY Ha MTPOTIKEHNI
muorux Jset, U. II. Koubiuay 3a mimreabHOe COTPYOHUUECTBO B 00JIaCTH
UNCTIEHHOTO TeCTUPOBAHISA U TapajlleIbHON peaam3annn pa3paboTaHHBIX
aBTOpoM MeTomoB, B. A. [Napamike 3a momesHble 00CYKIeHUS, 3aMeTaHUS I

nonaepxkKy padborsl, B. FO. [IpaBuibHUKOBY 3a COTPYOHUYECTBO B 00IaCTU
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MPAKTUYIECKON peanm3allil I BHEIPEHNs pa3paboToK Mo TeMe MUCCepTaIln,
akamemuxy IIAII HO. I'. EBtymenxko u wieH-koppecnonneHTy IIAII
E. E. TBIpTHINTHUKOBY 3a BHUMaHIe K padoTe u ee mognepxky. OcobeHHYIO
IIeHHOCTh UMeJIn obcyxmeHus mMatTepuasia raasbl 4 ¢ O. KO. MuigokoBoil u
FO. B. BacuieBckuM, Kacarlmecs: OleHOK BHIUUCINTETbHON YPGHeKTHBHOCTH
TIPEII0KEeHHBIX aBTOPOM MeTOIIOB.

CTpykTypa m obbeM pabothbl. [luccepramnonHas paboTa COCTOUT
13 BBemeHMs, 6 T71aB, 3aK/II0UCHNIS I cIUCKa JuTepaTypsbl. O6bem padoThr 216

crpannt. COICOK TUTepaTypHl BKI0YaeT 192 HaMeHOBaHMUS.

KBATKOE COONEB2KABUNE BABOTDBI

BBenenune comepKuT KpPaTKUI NCTOPUUECKUI 0630p U TOCTAHOBKY
3agadun, 060CHOBaHIEe aKTYaJIbHOCTH NCCIeNyeMOoll TpooieMbl, GOPMYIUPOBKY
eIl U 3adad OUCCePTAIOHHON PaboOTHI, IepedlcyeHNe IOJYYeHHBIX B
OUCCepTalllll HOBBIX Pe3yIbTaTOB, UX NPaKTUUeCKOU [IeHHOCTH, MOJIOKeHUIT,

BBIHOCHIMBIX Ha 3alllITY M OIIICaHNe CTPYKTYPbBI OUCCEPTAIN.

b epBaid JiaBa comepKNT M3JIOZKeHNe TeopHul HOBOTO YHCJTIa

O6YCJIOBJI€HHOCTI/I

K = K(M) = [+ trace(M) n/det(M) (1)

n

majlee HaszbIBaeMOTo K-dmciiom o0ycI0BIeHHOCTU. Y Ka3aHHBIN MaTpPUIHBIN
GYHKIIOHAT ONMpeneIseTcs OIS BEHICCTBEHHON CUMMETPU3YEMON MaTpPUIIbI
M (T.e., cyliecTByeT HeBBIpOxKIeHHas MaTpuiia T Takas, uto M = TST,
raoe S - CUMMETPITHAS MOTI0KNTEIBHO OpeaesicHHas MaTpuiia). [IpoBonnres
meTaJbHOE comocTaBilIeHUe K-uncia o0yCIOBICHHOCTH €O CTaHOAPTHBIM

CIICKTPaJIBHBIM YHNCJIOM O6YCJIOBJI€HHOCTI/I
C = C(M) = Auus (M) [ Aia( M), 2)

[TamoMmMunaroTcs nin BBIBOOATCA BHOBB BazKHBIC CBOIICTBa DTHUX YIICEJ
O6YCJIOBJI€HHOCTI/I, mpexnae BCero CBia3aHHBIE C€ OHOEHKaMM CXOONMOCTH
MeTOOa COIPAZKEHHBIX T'PadUCEHTOB, IIPUMEHACMOTIO OJId PEIICHNSI CUCTEMBI

JIMHENHBIX ajrebpadecknx ypaBHeHmil (c.r.a.y.) Max =b ¢ cuMMeTpuaHOi
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TIOJIOKUTETIFHO OMPENeNIeHHON (C.11.0.) pa3peikeHHONl n X n-maTpuueir M.

HaCCManI/IBaeTC}I CT&HH&pTHBIfI MeToHd COIIPAZXKEHHBIX I'PadlC€HTOB (M.C.I‘.):

ro=>0— Mzxg, pg=ro; 1 =0,1,...:

7Ly
1 1
¥ = s il =8 + picii,  1ripr =1 — Mpioy, (3)
p; MP;
T
Loy
i1+l .
Gi = — 7 DPiv1 =Tim1 + pili.
Bmech x; n 1; = b — Mx; ecTh NPHOIIKeHNe K pellleHIe I HeBA3Ka Ha i-

il ITepaln, cOOTBeTCTBEHHO. XOPOIIo I3BecTHas oIleHKa yObBammsa M ~!-
HOpMBI HeBs3KH, rae ||r|| = VrTM~1r, umeer Bun

sl s Jeon+1\ CO) — 1
||ro||M—1§2 C(M) -1 " VC(M) +1 ’ )

rone C(M) ompemeneno Beimme B (2). IlomsTHO, uTo ywmenbuieHuio C(M)

oTBeuaeT Goslee GBICTpoe yOLIBaHIIe BepXHeil rpaHmIbl M ~'-HODMBI HeB3KIL.
CrenyeT, omHAKO, OTMETUTh HEITOCTATOUHYIO COTJIACOBAHHOCTH OICHKI
(4) ¢ peaBHOI CKOPOCTHIO CXOAMMOCTI M.C.T., KOTOPas CYIIECTBCHHO 3aBUCIT
He TOJIBKO OT OTHOIIEHN s TPAHUIl CIIeKTPa, HO U 0T XapaKTepa pacupeneeHns
CcOOCTBEHHBIX 3HaUeHNN MaTpunbl M BHYTPU 3TUX IPAHUII.
[ToBas Teopus cXOMMMOCTH M.C.T., HCTOJB3VIONIAsS TPeNTIoKeHHOe B

paborax [3, 4] K-umcno obycmoBmerHocTn (1), OCHOBBIBaeTCS Ha BEpXHEN

IPAHNIe eBKIIII0BON HOPMBL HeBs3KI ||1;|| = vV rlr Buma
. , i/2
||rl|| < (K(M)l/z _ 1) - (5)
[I7o]|

OxoHUATeNIbHBIN BIUI 5Toll OIEHKN OBIT ycTaHOBIeH B paborax [8, 11], rme
OblIa TakkKe MoKaszaHa ee HEYIYUIIaeMOCTh B TOM e CMBICTIe, B KOTOPOM 3TO

CIIPABEIUINBO 71 CTAHIAPTHON OLeHKI (4).

Bropas ranaBa nponomxaeT n3IoKeHe TEOPUN MeTOIA CONMPIKEHHBIX
IPAnNeHToB (M.C.T.), OJI pelleHns c.Jna.y. Ar = b. a Takike IPAKTUKN €ro
npuMeneHus. Jcoboe BHUMAaHUE YOeIIeTCsS MPEIoOYCIOBICHHOMY BapUaHTY

M.C.I'., IIO3BOJIdIOIEMY 3HQUUTEJIbHO IIOBBICUTH €I'0 BbIYHCJIUTEJIIBHYIO
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sddexTnBHOCT. Ecan cao. marpunma H ~ A~! Bei6pama B KkadecTBe
IpemoOYCIOBANBATES [ MAaTpPUIlbl A, TO 5TOT MeTOH OMUCHBIBACTCS

CIIeaYIOMNMI POpMyIaMu;:

ro=>0— Axg, po= Hro; 1 =0,1,...:

Tip1 = T +picy, 1Tip =71 — Apiay, (6)

T
3 = rigiHrig
=T

rIHr;

Ba:kHBIM HOBBIM Pe3yJIbTaTOM, cCOOcpZKallllIMCA B TON JlaBe, MABJIACTCIA

Pit1 = Hrigy + pifi.

(ymportieHHasI) OIeHKa TIICIa MTEPALNil METONA COMPSKCHHBIX [DAIICHTOB,
IOCTATOYHOTO I YMCHBIICHNS H-HOPMBI HauasIbHOH HEBA3KH B £ 1 pa3

depe3 K-4mcsio 06y CII0BIeHHOCTH
ix(c) = [log, K(HA) +log, (s71) ] . (7)

KOTOPYIKO MOZKHO COOTHECTHU CO CTaHHapTHOﬁ OHQHKOfI HqUCJIa I/ITepaHI/Ifl

iole) = %\/C(HA) log (2:°1) | . (8)

OCHOBHBIMU ~ HeOCTATKaMU KPUTEPUs KadecTBa MpemoOycIoBIUNBAHLS,
OCHOBAHHOTO Ha OIcHKe (8) U CBS3aHHOTO ¢ MIHHMI3AICll CIeKTPaIbHOTO
ancia obycmonenHoctn C(HA), sBasgeTcs Kak Tpo6IeMaTHIHOCTH €ro
HeIOCPEeICTBeHHOIO TPaKTUYeCKOTO MHCIOJIb30BaHUs B  CKOJIBKO-HHIOYIb
obireM ciydae (HampmMep, IpPH MOCTPOCHNN HPenoGyCIOBINBAHUN IS
IIPOI3BOJIBHOI C.I1.0. MATPHILL), TAK U €I0 HEAOCTATOTHAS COTJIACOBAHHOCTH
C PpeallbHOU CKOPOCTBIO CXOOUMOCTU M.C.T., OCODEHHO B VCJOBHAX
meficTBUA BRIMICANTeNbHON morpentHocTn’. I105ToMY B 3akiioueHIe TIaBEL
dbopMyIupyeTcs OCHOBHOI Te3UC OUCCePTAlNU, BEBIHOCHMBII Ha 3alllUTy, a
IMeHHO, BBIBOI O I1eJIeCOO0PA3HOCTH MOCTPOeHUs MpenodycioBnuBaTens H
mcxomst 3 yenoBms MuHuMmsanun K-uncima obycnosierroctu K(HA) (unn
ero BepXHell OLEHKN) IIPH OrPAaHHUCHNAX, HAKIAIBIBACMBIX CTPYKTYPOI

npenobycrnoBnuBaTens H.

%Y. Notay. On the convergence rate of the conjugate gradients in presence of rounding errors. Numer.

Math. v.65 (1993) 301-317.
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TpeTbsa rjiaBa cooepAUT  ONUCAaHWe  U3BeCTHOTO  CBOell
3(pHeKTUBHOCTHIO KJlacca npenobycIoBINBAHUII, OTBEYAIOIINX
NPpUOINKEHHBIM CUMMETPUYHBIM TPEYTLOJIbHBIM PAa3JI0KeHUIM IIPOU3BOIbHBIX
caro. Marpun A~ UTU. OcHoBHOe BHIMaHNE VIeTASeTCA AITOPHTMAM
Pa3IoKEeHNN ¢ OTCeueHeM MaJIbIX AJIeMeHTOB Io 3HaueHusIM. [loka3bpiBaeTcs
CIIeOYIOIINIT BaiKHBIN pe3yJbTaT, YCTAHABINBAIOIINI BePXHIOK TCPaHUILY
3alloJTHeHNS TMpUOAnKeHHOTo MHOXKUTeds {  [msg  IMHmpoKoro  Kiacca

aJITOPUTMOB (PaKTOPU3AIUN.

Teopema 1 [12]. Tycmv A = AT > 0 u Diag(A) = I,, u nycmv npu

nexwomopom 0 < § K 1 6vinoamenvt ycaosud cmpyrmyproth Yycmotiuueocmu
trace(UTU — A) < né, det(UTU) > det A.
Tozda u3 ycaosud omceueHus
(D)igl =7 5>,

me&yem OUCHKA 3aNOAHECHUA

§+1—-K(A)~Yn

72

nz(U) <n {1+

AGATIOWAACT ACUMNIMOMULECKU HEYAYUULAEMOT NPU MAABIT T, U OOALUIUT
n, K(A).
AHanus mocaeIHNX OOCTIZKEHMIL B 001aCTH IOCTPOCHNS TPIOINKeHHBIX

TPEYTOIBHBIX PA3IOKeHNIII, MpeKIe BCero ajropuTMma TmcmeHerkoro,'’ m

' mpuen x cremytoreit

ero 0OoJiee MPAKTUYHON MNPUOINKEHHON BepCcuu,
MaTPUUHON (opMyaupoBke [12], KoTopas TMO3BOIIWIA He TOJIBKO HAaTh
TeopeTHUeckKoe 000CHOBaHUE COOTBETCTBYIOLIEMY Ipeno0ycIoBINBAHUIO, HO
1 chHopMyINPOBATH MOHITHUE NTPUOIUKEHHOTO TPEYTOIbHOTO Pa3IoKeHUs

8MOPO20 NOPAIKA:

A=U'"U+U"E, + F{U - E, (9)

10M. Tismenetsky. A new preconditioning technique for solving large sparse linear systems. Linear Algebra

Appls. v.154-156 (1991) 331-353.

M. Suarjana and K. H. Law. A robust incomplete factorization based on value and space constraints.

Int. J. Numer. Methods Engrg. v.38 (1995) 1703-1719.
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3pecy U — HeBBIDOKIEHHAS BePXHSS TPEYTOIbHAsS MaTpHIa (MCIOIb3yeMast
KaK MOpuOImKeHHe I[IpaBoro MHoKNTens Uy TOYHOTO TPeyroilbHOTo
pasnoxkenns A = Ul Uy nna matpunsr A), E) — ¢Tporo BepxHss TPeyroabHas
MaTPHIa IOTPEIIHOCTH ¢ OTHOCHTEILHO MAJIBIMI II0 MOAYJIIO 3JIeMeHTaMM, I
E) — cuMMeTpHYHas HeOTPHUIATESILHO ONpelesleHHas MaTPUIa IOrPeIIHOCTH
C 3JIeMeHTaMH, CYLIeCTBEHHO MEHBIIIMI 10 CpaBHeHIO ¢ F).
[IpuHINONATEHEIM [OPENMYIECTBOM TakKoro pasioxkeHns (9) (mpm
BriGope By = O(7), By = O(7?)) aBaseTcsa TOT GaKT, 4To IPU TOl ke HuZKHeil
TPaHNIe Ha MOLYJIHN HEHYJIeBBHIX 57meMeHToB U (a Torma M COMOCTaBIMOIL
BepxHell rpaHnie ee 3amonHeHns nz(U), cm. Boimre Teopemy 1), TouHOCTS
IPUOMILKCHNS OKa3hbIBAeTCA Ha MOPANOK JIVUIIEe B CMEICJIC 3aBHCIMOCTH OT

HqUCJIa O6YCJIOBJI€HHOCTI/I MaTpHUIbL A:

C(UTAU™) =14+ 0(r/C(A) + 7°C(A4)), logK(U TAU™) < ey(A)7?,

TOT'Da KaK OJId CXEeMBbI THIIa H}KQHHI/IHI‘Ca—MaJII/IKa,H CM. TaK}Ke13 (I‘,[Ie

E; =0, E;, = O(7)) nmeem ropasmno 6omee c1abyio OHCHKY
C(UTTAU ) =1+ 0(rC(4)), logKU TAU™) < ci(A)T.

[lexyppenTHBIEe  COOTHOWIEHUS 071 BBIUUCTEHHS  TPUOINKEHHOTO
TPEeYToJIbHOTO pAa3IoKeHUs MOTYT OBbITh TOJYUeHBI HeMoCpeNcTBeHHO U3
(9), mampumep, eciam TOTpeb6OBATH, UTOOBI B CTPYKTYpPE Da3PEKCHHOCTH
vatpuir U n E; He ObIJI0O COBHAMAIONINX MO3UIINI HEHYIIEBLIX 3J€MEHTOB U
YTOOBI 3HAUEHUS YTUX HeHYJIeBBIX 3J1eMeHTOB VIOBIETBOPAIN COOTHOUIEHIAM
|(U)ij| > 7 u [(E1)j| <7 coorBercrBenno. 3mecs 0 < 7 < 1 mpencrasiseT
coboll MaJIBIll TapaMeTp, ONPENesIAIOUIN KalecTBO pasjiokeHns (Gymem
TakKe Ha3bIlBaTh T NAPAMEMPOM OMCEUEHUT MaJIBIX 3JIEMEHTOB B
IPUOIIKCHHOM TPEYTOIBHOM DA3IIOKEHIIN ).

OtleHKI CcHeKTpajbHOr0 dYnciaa 00yCJIOBICHHOCTH, MOJIydaeMble P
HCTIOJIB30BAHNN MPeHo0yCIOBINBAHNISA, COOTBETCTBYIOIET0 MPUOINKEeHHOMY

TPEeYTOJIbHOMY Pa3IoKeHUIo 2-To MopsIaKa, YCTaHaBINBaeT

12A. Jennings and G. M. Malik. Partial elimination. J. Inst. Math. Appl., 20, 307-316, 1977.
13M. A. Ajiz and A. Jennings. A robust incomplete Choleski-conjugate gradient algorithm. Int. J. Numer.
Methods Engrg., 20, 949-966, 1984.
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Teopema 2 [12]. IIyemv 6 moscdecmese  (9)  mampuyp
ydosaemeopaom caedyrowum  ycaosugm: U - eeprngd mpeyeoavnad ¢

noaoxcumeabnoti duazonaavio, Ky - cmpoeo seprnag mpeyeoavnad,
A=A">0, Ey=E, >0, E/E <qE,
IBAT'E | <o, JATVPEATV < 5,

Toeda cnpasedausvl oyenru

)
Amin(UTAUT) > (\/a +/T+a+ ﬁ) D A UTTAUTY <14,
2

CUAUT) < (1+7) (Va+VI+a+)5)

HQBYJIbTaTbI, I[MOJIY4eHHbI€ B D3TOM CJIydae IIpH OICHKe K-uncia

00y CIIOBIIEHHOCTH, HaeT
Teopema 3 [12]. I[lycmv 6 moscdecmae

A=U'"U+U"E, + E{U — Es,

mampuybt  ydosaemeopmsiom  caedyrowum  yeaosugm: U - sepruag
MPeYeoaAbHagL ¢ noaoHcumesbnot Juazonaavro, FEi - cmpoco eepruaa
mpeyz0abHad,

A=AT >0, Ey,=E] >0,

Toeda cnpasedausvl oyenru

KU 'AU™) < det(A+ E[E, + Ey)/ det A,

A
1 dt
K(U_lAU_T) < min —trace(ElTEl + E») —i—/l/A(t)— :
A>0 | A t
0

ede v4(t) mpedcmasagem cobol  KYCOUHO-NOCTMOANHYIO HEYOLIGAIOUYIO
PYHKYWIO, PABHYIO KOAUNECTNEY COOCMEBEHHLIL 3HaueHut mampuybt A, we

npesocrodauur t.

3&1\/I€TI/IM7 OOHAKO, qTo Kak BBIUIICJICHIIE (HpI/I6JII/I}K€HHa}I

gaxTopmsamus), TaK W IPUMCHCHHE (pelleHne CICTeM ¢ MaTpIIaMi
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Ul n U) npubiamKeHHOTO CHMMETPHTIHOTO TPEYTOIbHOTO PAa3I0KeHIUS
B KadeCcTBe MpemoOycaoBIUBaTeIs s Bcell MaTpunbl A, He ymaercs
3(pdHeKTUBHO pean30oBaTh Ha MapaJljleIbHBIX apXUTEeKTypax ¢ O0IpIIuM
YICIIOM IPOIECCOPOB U paclpenesIeHHON MaMIThIO.

[TosTomy B 3akmiodeHne TJIaBbI JeTaeTCsS BBIBOO O HEOOXOMUMOCTH
paccMOTpeHUs CIlelaJIbHBIX aJITOPUTMOB penodyCcIoBINBAHNS,

00J1aTaIoUINX JIYUILIell Mapasjien3yeMoCcThIO.

YeTpepTasa rjaBa ComepAKUT OMICAHNE MapaJIesI3yeMbIX MeTOIOB
IPenodyCI0BINBAHIL CHIMMETPUYHLIX II0JIOKNTEIBHO OMpeIeeHHBIX MaTPUIL
o0IIero BHAa, OCHOBAHHBIX Ha ICIOJIB30BAHIIL HEMOAMLIL  00DATMHLLT
mpeyeoabHbis (H.0.T.) Pa3IOXKCHIIL.

cnonb3oBanne TexHNKN K-00yCI0BIeHHOCTH IS XapaKTepH3allin
CXOOMMOCTH M.C.T. SBIJIOCH HEMOCPEOCTBEHHBIM HHCTPYMEHTOM IIOCTPOCHIL
K-onTumanbHOro addumuerozo NPUOMMKEHNS I OOpPaTHON MaTpIIIEL
KOTOpOe  MOZKeT IHCIOJIb30BaThCd KaK  SQ@MEKTUBHBLII 1 XOPOIIO
mapasyieln3yeMBIll  IPedoOyCIOBINBAaTedb [ METONa  CONPIKCHHBIX
IpagneHTOB.

B kadecTBe OTHpaBHOII TOYKH MOCTPOCHNS WCIOIL3YETCA HENOAHOE
obpamuoe mpey2oabHoe pa3IokKeHIIe C.I1.0. MaTPUIEL A, BBeleHHOe B paboTax

[3, 4]. Ero moxkHO 3amncaTh Kak
GAGT =1+ E,

rme (G - HUKHAS TPEYTOJbHas pa3pekeHHas MaTpHUIla € HEHYJIEBOI
muaroHasbio, a F - MaTpuma norpemrHocTu. [lo3unum HeHYIEBBIX 7IEMEHTOB
MaTpuilbl (G TpednuchkiBaloTcs 3apaHee. [IpocTeiimmuit BEIOOD OCHOBaH Ha
BKJIIOUCHUN B CTPYKTYPY pa3pekeHHOCTH MaTpuilbl (G BcexX MO3UINIT
HEHYJICBBIX JIEMEHTOB HUKHETO TpeyroiabHuKa MaTpuibl A%, ¢ =1,2,3,....
Buavenns ompemensioTcs u3 yeaopus munumyma K(GAGT). IIna storo
MOCTATOYHO BBITIOJHUTH N TPEYTOJBHBIX pa3loKeHUl mogMaTpuil A,
OCTPOCHHBIX Ha MHOCKCHBIX MHOXKECTBAX HEHYJIEBBIX 3JIEMEHTOB KAaiK oM
crpokn G. Takoe mpenobyciosnuBanue 6ynem obosnatars 11C(q) (amrs. In-
complete Inverse Cholesky).

[Tostee  coBepIieHHBINT ~ AJITOPUTM  TPEOYCMATpPUBaeT IMOCTPOEHIe
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VCCUEHHOI CTPYKTYPBL  paspexkeHHocTH {(i,j)} cormacHO KpHUTepHio
(G)ij| > 7(G)ii, tme 0<7T<<1, ¢ HOCHEOYIOMINM [ePEBBIUICTICHIEM
Marpunbl (G o4 3TOW  CTPYKTYypel. Ilpm »TOM dHCI0 HTepamnnil
IPenoOyCI0BIIEHHOTO M.C.I'. CYIIeCTBEHHO He HM3MEeHSeTCS, a 3aloJHeHHOCTh
MaTpunbl (G MOZKeT 3aMeTHO yMeHBIINThLCA. Takoe IPenoOyCIOBINBAHIIE

oynem oboszuauaTs 11C(q,7).

OnHako, HECMOTPS Ha ~UOCATbHYIO  TapallyIe/n3yeMOCTh aJropUuTMOB
H.0.T.-Pa3/IOKeHNsA, TOIyIaeMbIll  MpemoOyCIOBIeHHBIT  M.C.T.  MOXKeT
NHOTHa OKa3aThCs JININb HeHaAMHOro 6ojiee 3hGeKTHBHBIM, UeM B CJIyUae
mpocTeiiliero AnaronanbHoro npenobyciosnusanns H = (Diag(A))~!.

I[IpobmemMa B ToM, UTO OJIS YKa3aHHBIX ~ OUEBUOHBIX  PeaIn3allnil
HETOJTHOTO ~ OOPATHOTO  TPEYTOIBHOTO  pA3/IOKeHIs TMPU  YBeJINTeHNI
KOJIM'IeCTBA HEHY/IeBBIX HSJIeMEHTOB MaTpuibl (G yiydUllleHHe CBONCTB
MaTpunsl GAGT mpoucxommT ropasmo MedsleHHee, UeM HIPH COMOCTABHMOI
CTeTeHN 3aIl0THeHNs B OOBITHOM MPUOINAKEHHOM TPEYTOJIBHOM Pa3joKeHNN
(m Tem 6omee B pasmoxeHnn 2-ro mopsoka), oM. [9]. Kpome Toro,
CIIUIIKOM OBICTPO pAacTyT 3aTpaThl Ha BBIUNCIEHNEe § OIpUMeHeHNne
npenobyciaosnuBatens G, cMm. gamee dur.4.

[onee sddexTuBHBIT Tmomxom ommcan B paborax [4, 11|, rme 6bin
IpemIoKeH 6.40uNblll BApUAHT MeTOda HEMOJIHOTO 06paTHOrO TPEYTOTBHOTO
Pa3JI0KeHIsI, TO3BOINBINNIT B 3HAUNTETHHON Mepe MPeoaoeTh YIIOMAHY Thie
HETOCTATKI IPOCTENIIero H.0.T.-Pa3IoKeHI.

IomycTuM, ITO B BEIUNCTICHUSIX OVAYT HCIOIB30BATHCS P MIPOIIECCOPOB.
Torma mMatpumna A mepeymopsamounBaeTcs TaK, UTOOBI Kak MOKHO OOJIbIIIe
HEHYJIeBBIX OJIEMEHTOB OKa3ajlCh B ee OIOUYHO-IUMArOHAJIBHON YacTH,
COCTOSIIEN U3 P KBAAPATHBIX OJIOKOB MPUMEPHO OINHAKOBOTO pasMepa.

B cTpykTypy paspemxkeHHOCTH MaTpuibl (G BKIIOUYNM Telepb Bce
HIZKHIIE TPEYTOJbHUKN OJIOKOB, a TakiKe Bce HeHy/IeBble CTOJIOBI
OTOUHBIX CTPOK, BKJIOUaoIINne B cebs HeHyJIeBble 3JIeMeHTHI CTeleHei
ncxomuont Mmarpunsl A%, ¢ =1,2,3,.... Torga, B cuy coBmameHus 67I07HO-
BHEANATOHAJIBHBIX CTPYKTYP 3allOHEHHOCTH, OKAa3bIBAETCS MOCTATOUHBIM
BBIUIICINTD He N HAKTOPU3ANUNil IOIMATPIUI, & TOIBKO p I3 HUX (OCTaIbHBIE

BBIYNICJICHU A I/136BITOT{HBI) .
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Hamee, coBepIeHHO Heo0BA3aTEIBHO BBHIYHCIIATH YKaszaHHBIC P (CKopee
BCETO, IJIOTHBIX) OOPATHBIX TPEYTOIBHBIX MHOKITENCH HTUX ITOIMATPIIIL.
[TocTpoernbre 6mmokn MaTpuiibl G MOKHO XPAHITh HeSIBHO, BEIpazKas UX Uepes
cTaHDapTHBIE TPEYTOIbHBIE GaKTOPU3AINN BEIOPAHHBIX P TOOMATPIIL.

N, nakomell, yooMsHYTBIe (aKToOpm3ainn OJOKOB BoBCe He 00s3aHBI
OBITH TOUYHBIMII, BMECTO HHUX MOXKHO HCIIO/Tb30BaTh WX MNPUOINKEHHBIE
TPeyTobHbIe HAKTOPU3ANN 2-TO TOPAIKA € MOPOTOM OTCEUEeHHA T, KaK TO
OBIITIO MIPEITIOZKeHO U pealm3oBaHo B paborax [15, 19, 22, 24, 25, 27, 28]. Taxkoe
npenobycroBnuBatne 6ymem obosnadars BIIC(p,q)-1C2(7) (Block Incomplete
Inverse Cholesky - Incomplete Cholesky of the 2nd order).

B urore, IoCTpoeHHoe HpeIIO6y'CJIOBJII/IBaHI/I€ HE TOJIBKO B€CbMa XOPOLIO
pacliapaJijieJinBacTCAa, HO I 110 Ka9eCTBY COIIOCTaBIMO C 7 HeHapaJIJIeJIbeIM”

HpI/I6JII/I}K€HHbIM TpeyTOJIbHBIM Pa3JIOZKEHNEeM BCell MaTpHuObl B IIEJIOM.

[Irtor ¢akT O6bIT TpoBepeH dKcmepuMeHTanbHo B [15, 19] m
obocHOBaH TeopeTndecku B pabore [22]. [ambHeillliee pas3BuTHe 5TOT
MeTOn Mmoayunsa B paborax [27, 28], rme Ha OCHOBe CIENNAJIbHBIX CBONCTB
TPEYTOJIBLHOTO PA3I0KEHUS 2-T0 TOpsAaKa OB TOCTPOCH, 0DOCHOBAH U
UCOBITAH METOM YIVUIIeHUs OAJTaHCUPOBKN BBIYUCICHUN MO 6J0KAM TaKoTO
IPEIoOYCIOBINBATEIS.

[IpuBemem ©Oojiee meTanbHOE OMUICAHUIE OJOYHOI BEPCUN HEMOJIHOTO
obpaTHOTO TpeyronbHoro pasnoxenus (BIIC) [4, 9, 11, 22]. Ilycts maTpura
A mepeymopsmodueHa u pa3duTa Ha OJOKH TeM Ke 00pa3oM, 4TO U B /I
II3BECTHOTO OJI0MHO-InaroHaapHoro mpenobycnosimBanus (Block Jacobi,
BJ), T.., ¢l OuaroHaJBHBIN 60K CHMMETPIUHO IEPEYIOPSIAOTCHHOI
MaTPHIBL IMeeT pa3Mep 1y, Toe np+---+n,=n. 30ecs t =1,2,...,p u
p — OnouHas paszMepHocTh MaTpuibl A. Ilns {-ro numaroHaabHOTO OJI0Ka
ompenmenuM “GasnucHoe” MHOXKECTBO WHIEKCOB Kak {ky_1+1,...,k}, rmoe
kioi=nm+---+m_1 (kg=0, k,=n), u BBemeM “HmepexpbIBaOIINECs”
MHOZKecTBa MHIOCKCoB {ji(1),.... 5 (my —ny)},  Jilp) < ki—y. s xaxporo
t{ Takoe WUHOEKCHOE MHOXKECTBO, KaK IIPABUJIO, BKJIIOUACT Te UHOCKCHI,
He TpeBocxomsdine ky, KOTOPBIe OKAa3bIBAIOTCS CBA3AHHBIMUI € {-M
0a3CHBIM MHOKECTBOM HUHOECKCOB, HAIpUMep, OTHOCUTEIbHO CTPYKTYPHI

paspekeHHOCTH MaTpuibl A? (Uam ¢-il CTemeHN MATPHIBL, MOIYICHHON 113
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A 3aMeHOIl OTHOCHTENIBHO MAJIBIX 5JICMEHTOB Ha HYJIN). 3Hech my > ny 0
my = np, T.e. IePBOe TAKOE MHOXKECTBO SIBIACTCS MYCTHIM.
B »stux ob6o3nauenusx BIIC-npemobycioBnuBaTesb MOKeT OBITH

3allICaH B clleAYIOIIeM adOdNTHIBHOM BHIOEC!:

p
0 0
H:ZVtU[l 0 utvit (10)
t=1 nt

rae V; BRIOUpaArOTCS B BUOe TPIMOYTOJIbHBIX MATPUIl, CTOJOIBI KOTOPHIX

ABJIAKOTCA €JUHUYHBIMU N-BEKTOPpaMHI C OIIpeOeJICHHBIMUI BbIIIEC MHOCKCAMI,

Vi= [ejt(1)|"'|€jt(mt—nt)|€k’t—1+1|"'|€kt]7 t = 1,2,---,]7, (11)

a KazZKOasgd BEePpXHETPEYIoJIbHAA MaTpHla Ut ABJIACTCA IIPpAaBbIM MHOZKHUTEJIEM

Xomenroro t-it  “pacHImpeHHOl” AHATOHAIBHON (1M X 1y )-TTOOMATPHIEL

VAV, Te.
viiAv, = U U, t=1,2,...,p. (12)

B pa6orax [4, 9, 10] mokazano, uro BIIC-mpemobyciosnusatens H
0bamaeT CBOMCTBOM N -ONTUMAIBHOCTHU B ciemnyioiieM cMbiciie. Q0o3HAUIM
yepe3 G MHOKECTBO pa3peKeHHBIX HIKHETPEYTOTbHBIX MaTPUIl, KOTOpHIE

IIMEIOT HCHYJIEBBIC HJIEMEHTHI TOIbKO B MOBUIIAX (i, ]), THe
jE{jt(l)a"'ajt(mt_nt)akt—l"i_la"'ai}a kt—1+1 Slgkta (13)

npu t=1,....,p. Torma mmg TOCTPOEHHOTO TPemoOyCITOBINBATEIS

copapennBo npenctasierne H = GTG, roe
G = arg min K(GAG")
GeG

(manmoMHmM, 9TO UMeeT MecTo ToxmecTso K(GAGT) = K(HA)).

Hamee paccMaTpUBACTCS NPUOINKEHHBIT BapUaHT BIIC-
IpPeIoOYCIOBINBAHUS, TOJIYYAeMbIll 3aMeHO s Kaxkmoro ¢ = 1,2,....p
tounoro UTU-pasnoxenus (12) Ha CcOOTBeTCTBYMIlee MPUGIILKeHHOE

[C2-pasmnoxenne, anamormasoe (9):
VIAV, =U'U, + U' R, + RIU,. (14)
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roe Ry — mokasbHBIE MATPUIBL OUINOOK ¢ seMeHTaMu |15 < 7. O6o3Hadnm

P

> r—1 0 0 =Ty T

H = VtUt Ut Vt ;

= 0 I,

n OydeM OJid MPOCTOTHI IpennojiaraThb, YTO CTPaTerus oTCeueHUs MaJbIX
3JIeMeHTOB BbIOpaHa TaKUM 0b6pa3oM, YTO IepBbIe 1mM; — 1y ONATOHAJIbHBIX
smeMeHTOB U} coBHamalT € COOTBETCTBYWOINUMHI »aeMeHTaMu U, C
HCIIO/Ib30BAHIIEM 3TOrO MPENNoIoKeHUsS U U3JI0KeHHBIX BBIIle CBOICTB 1C2-

u BIIC-passoxeHnil, moKa3bIBaeTCs CCIYIONIAs

Teopema 4 [22]. [Iycmv A geagemca c.n.o. mampuueti; mozda u3
ceoticme pasaoscenui [C2(t) w BIIC(p) swimerxaem caedyowad oyenra
omuowenug K -wucea obycaoeaennocmu mampuy HA v HA:

- p
% = tl:[l det (In, + Rt(VtTAVt)_lRtT) < exp(co7?), (15)
ede 0 < ¢p = co(A).

Takum obpasom, u3 (7) clemyeT olleHKa TIMCTIa NTEPALil

ik(s) = [logQ K(HA) +log, (71 + %72-‘ : (16)
T. €., IIJIg HEKOTOPOTO AOCTATOUYHO MAajoro 3HAUEHUs MapaMeTpa OTCeUCHUS
7 B [C2-paszmoxkenusax 6mokoB noctpoennbiit BIIC-IC2-npenobycioBiuBaTesnb
H uMeeT [OYTH TAKyio Ke OLCHKY UICIA HTepAlmil M.C.r., 9T0 I K-
ontumanbHoe BIIC-npemobycnonusanue (10). B to xe Bpems, BIIC-1C2-
pasmokeHne TpeOyeT 3HAUNTETBHO MEHBIINX 3aTpaT /IS BBIUNCICHUS,
XpaHeHUs U TPUMeHeHUs TPeaoOyCIOBINBATENS IO CPABHEHUIO € “TOUYHBIM

BIIC-npeno6yciosausannen (10), (cm. [15]).

YmcenHOe TeCTUPOBAHILE OIIICAHHBIX BBIILIC MeTOLIOB
npemobycnopnmuBanus  11C(q), IIC(q;7), BIIC(p;q)-IC2(7) npoBomniocs
C  HCIONB30BaHHEM  BEIIeCTBEHHON  CHMMETPHYHOI  IOJIOKHITEIbHO
OmpemesieHHoll MAaTpUUbl apache?, B3ATON U3 KOJJIEKINN pa3peiKeHHBIX

MaTpun yHHBepcuTeTa ®mopuper'?. IIta MaTpuma, Bo3HHKaomlas B

14T, A. Davis, Y .F .Hu Y. University of Florida sparse matrix collection. To appear in: ACM Trans. on
Math. Software, 2011. V. 38; http://www.cise.ufl.edu/research/sparse/matrices
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HEKOTOPOIl TpexXMepHOIl KOHeUHO-Pa3HOCTHON 3amade, HMeeT HOCTaTOUHO
OOTBIIION  pa3Mep U OOBOJIBHO  TJIOXO — obycioBimeHa: n = 715176,
nz(A) = 4817870,  Anax(As) =2,  Apax(As)/Amin(4s) =1.2-10%  rme
Ag = (Diag(A))""/2A(Diag(A))~"?  npencraBaser  coboil  MaTpuiy
KO UINEHTOB, CHMMETPUYHO  MAacCIITAOHPOBAHHYID K  OUHIYHOI
OuaroHaIml.

Urepanum mpemobyciioBIeHHOTO M.C.I. HaYUMHAINCh C  HYJIEBOTO
HaYaJIbHOTO HpubamKeHns rg= 0 1 KpuTepueM HX OCTAHOBKU CJLYKILIO
yenosue |[b — Awyl|lg < 1071%||b]| 5, roe mpaBas wacTs b = Awr, BLMECILTACH
IOCPEOCTBOM YMHOXKEHNs MaTpuibl A Ha BEKTOP TECTOBOTO PelleHUs
r(i)=1, i=1,....,n.

[TapaMeTphl mpenoOyCIOBINBAHNI 3a0aBAIICh CIEIYIOIIIIM 00Pa3oM:

(a) mma IIC(q) m IIC(q;7)) memosnb3oBamiach MepecTaHOBKA ICXOMHOI
MATPUILL  KO>()PUINEHTOB, yMEeHBIIAMIIA] CPEOHIOK IMINPUHY JIeHTH
MaTPUILL; TapaMeTp oTceueHns BeIOUpasics pasabiM 7 = 0.01;

(6) mns BIIC(p;q)-IC2(7)) ucmomp3oBamach mepecTaHOBKA ICXOMHOI
MATPUILL  KODGUIIEHTOB, ObecleunBaiomias OOCTATOUHO 3aloIHEHHYIO
67I0UHO-INATOHAIBHYI0 YaCTh € IOUYTH COBIAMAIOIINMI pa3MepaMIl 6JI0KOB;
O 5TOr0 HCHOMIb30Bajach IOAXOAAIIAs Bepcus anropuTyma PABLOY:
3HAUYeHI IapaMeTPOB B MeToe MPUOINKEeHHOIO TPEYTOIbHOTO Pa3I0KeHIs
[C2 [12] Betbupanucs pasusivu 7 = 0.01, 7 = 0.0001, ¢ =0, § =0.1;

[TacueTsr mpoBommauchk Ha HacToabHOM I[IIK AMD Athlon 64x2 Dual
Core Processor 4200+ (2.21 GHz, mamsats 2 Gbytes) mog OC MS Windows
XP v.2002 Service Pack 2 ¢ xomnuasTopom Intel Fortran Compiler 6.0 for
Windows n ommusmun xomnuisnun ifl /Ox /G6 /Qxi /Qip *.for. Bpems
cueTa IPUBOAUTCSA B CeKyHOAX.

®ur. 1 u 2 WITIOCTPUPYIOT Pe3yIbTAaThI, IIOJIyYeHHbIE OIS YICIa 0JI0KO0B
p=1, 24, ..., 256, 512 1§pu UcHOIB30BAHUU MOPenodyCIOBIUBAHNUN
BJ(p)-1C2(0.01) u BIIC(p;4)-IC2(0.01). BameTum, 4T0 a7 060UX METOIOB
caydato p = 1 orBeuaer omuH u ToT ke Meron [C2(0.01)-CG, omncanHbIl B

Npenblayllen riaBe.

15D, Fritzsche, A. Frommer, and D. B. Szyld, Extensions of certain graph-based algorithms for precondi-
tioning. STAM Journal on Scientific Computing, v.29, no.5, (2007) 2144-2161.
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dur. 1

dxobu OOBOJIBHO CHJIBHO BO3pacCTacT IIPpH YBEJINYCHUUN YHCJTIa OJI0KOB (a

, IIOKa3bIBa€T, YTO YHICJIO I/ITepaHI/Ifl 0JI0UYHOTO MeTOoa

5TO O3Ha4aeT, YTO IPU MapajljieJIbHON pealn3aluu OymeT CYIIeCTBEHHO
CHIIZKATHCS MOKa3aTeIb 3p(HEeKTUBHOCTI), B TO BpeMs Kak mj1s Metona BIIC-
IC2 uncno nrepanuil npakTudecku He mdMeHseTcs. dur. 2 mokaswiBaeT, UTO
VKa3aHHOe COOTHOIIEeHNe MOUYTH B TOI XKe Mepe COXpaHdeTCsS U IJI1 BpeMeHU

cueTa (T.e., TNCIIA OMEPAIILT).

3ameuarue. Iabaodaemvili  sddexm  He3a6UCUMOCTNU  YUCAA
umepayuti mM.c.e. npu wucae 640%068 do p =512 obvacugemca mem, umo
BOBMYWEHUE, BHOCUMOE PaA3JescHUEM HA OAOKU, HE MOALKO CPABHUNEALHO
HEBEAUKO (MAK KAK AGATCMCA, 6 cmbicae K-onmumatbnocmu, MuKUMaAbHO
BO3MONCHBIM), HO U OCMACMCA HE3AMEMHLLM Ha POHE No2peuHoCmuU,
BHOCUMOT NPUbAUNcEHHOT Garmopudayueti 6a0rx06. [Ipu smom ¢ pocmom p
pasmepvl 6A0K08 YMEHLULGIOMCA, UL PAKMOPUBAYUL CMAHOBUMCT MOUHEE,
U npu docmamouno GoALWOM D YHCE MANUNAEMCT POCT YUCAA UMEPAUUT
3G cuem BbIABACHUI GO3MYWEHUT, SHOCUMBLE pazdesenuem na baoku. Ecau
daxmopuzayuro 6A0K06 OCYWECNEATIMG TOTHO, MO, HECOMMENHO, POCMN,
wucaa umepayuti m.c.e., 6ydem Haba0IGMHCA YHCE HAUUHAT €  MAALLT

3HAYECHUT P.

®ur. 3 u 4 WLIOCTPUPYIOT PE3yAbTATHI, MOIyUYeHHBIC OIS Pa3HBIX
3HaQUeHUI CTelmeHn mepekpeiTud ¢ or 0 mo 6 mOpu  UCHOIb30BAHNN
npemobycmopnmuBannit - [IC(q), IIC(q;0.01) u  BIIC(512;q)-1C2(0.01)
cooTBeTCTBeHHO. 3amernM, urto npu ¢ =0 metonsr 11C(0) u IIC(0;0.01)
CBOIATCSL K TOUCTHOMY IpemobycriosimBanmio S1kobu, a meron BIIC(512;0)-
1C2(0.01) mepexomut B BJ(512)-1C2(0.01). Ilpu BospacTaHnu ¢ mpoOICXOANT
CYILIECTBEHHOE COKpAIlleHIe YNCIa HTepallil, HO TakkKe I YIOPOKAHIIE

3aTpaT Ha NpenodyclIoBIUBaHIE.

CornacHo mokasanHoit Ha ®dur.3. 3aBuUcUMOCTU YNCIa UTEPAINil
OT CTelleHU MePeKPBITUsA, TMpU  PaBHBIX 3HA4YeHUAX ¢  OJIOUHOE
npenobycIoBINBaHNe TpebyeT CYILeCTBeHHO MeHbIle HTepalull, veM
Toueunsre. C IPyroil CTOPOHBI, ycoBepieHcTBoBaHHLI aaroput™ [1C(q;0.01)
TpeOyeT TOUYTH CTOJBKO JKe NN Oake MeHbIle UTepalulil 0 CPpaBHEHUO

¢ mpocreiimnM  MeTomoMm 1IC(q) (koTOpEIl, Kak MOPaBUIO, HCIOIB3YET
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I30LITOUHOE  KOJMYECTBO HEHYJIEBLIX  SJIeMEHTOB IS (HOPMUPOBAHUS
MaTpumsl G).

3aBICUMOCTD BPEMEHH cueTa OT CTeleHN IePeKPBITHS KadeCTBEHHO
IPUMEPHO OONHAKOBa [ BceX MeTomoB, cM. ®Pur.4. 3mech Bo Beex
cIydasx HabIomaeTcss BBIpaXKCHHBIN onTuMyM 1o ¢ (mas mertomos 1IC
510 ¢ =2 u mnsa BIIC sto ¢ =4). OgHako KOINYIeCTBEHHO MOXKHO BHICTH
sameTHOe mpenMytectBo Metoma 11C(q;0.01) mam IIC(q) (B momropa pasa
ObIcTpee I ¢ = 3 3a CYeT CYILIECTBEHHOTO YMEHBIIEHUs 3aIl0JIHEeHHOCTIH
npemobycroBnmuBaTens). B cBowo ouepens, merom BIIC(512;3)-1C2(0.01)
YMEHBIIIaeT BpeMs CUeTa eIlle oUTH B IBa pasa (1o cpasaenimo ¢ [1C(3;0.01)).

Takum  obpa3oM,  [Oag  TPOU3BOJIBHON  pa3speKeHHOW  C.II.O.
MATPUILL  MOCTPOECHO MpemoOycIoBINBaHIe, codeTalolmlee HadeKHOCTD
I KavyecTBO JIYUIINX N3 NPUOJNAKEHHBIX TPEYrOJIbHBEIX pPa3JIoKeHUN ¢
MAPAJITICIIII3YeMOCTBIO IIPOCTHIX (HO MeHee 3(hGeKTHBHBIX ) GI0UHBIX METO/IOB.

IITo YTIBepKIOcHNEe U ABJIdeTCA BbIBOOOM, CACJIaHHBIM B 3aKJIIOUCHUN I'JIaBbI.

Baras rmaBa mnpencraBigeT BecbMa HAIJIAOHYIO WJITTIOCTPAIIIIO
11eJIeCOO0PA3HOCTIT  TPUMEHEeHUS K-onTuMaJbHBIX —MIPemoOyCcIoBINBAHUII
MeTOIla CONPSIKEHHBIX TPaalmeHToB. B  Hell NpoBeleH TeopeTHUECKUH
aHaJI3 MeTOMIOB NOAUHOMUAALHO20 TIPeOoOYCTOBINBAHUIS H:pd_l(A)
CIMMEeTPUYHBIX OJIOKITETBHO OIpeae/leHHBIX MaTpuil A obiilero Buma.

s maoxo o00yCJIOBIEGHHBIX MATPHUIl € Pa3pPekKEHHBIM CIEKTPOM
B o0JacTU HaNMEHBIINX COOCTBEeHHBIX 3HaUeHUU OOHapyKUBaeTCs
KpaliHas HedhPeKTUBHOCTD ONTUMU3AINNT BBIOOpA IMTPenodyCcIOBINBAIOIIETO
MHOTOUJIeHA, ICXOO s 13 CTAHIAPTHOTO  YCJIOBUS MUIHIMHI3AIIII
CIIEKTPAJIbHOTO 4Hcja o0ycioBaeHHOCTH. MaTpunbl. Ilamporus, BBIOOD

HpeHO6YCJIOBJII/IBaIOLHeI‘O MHOTI'OYJIeHa B BIIOe

A4 —2t A+

e S S ¥ A W

?

roe Ty(x) = ((v + Va2 = 1)4+ (v — Va2 — 1)9)/2 - mmorounen Yebbimena

nepBoro pona d-ii cTemeHN!,

0 < Apin(A) <0 < Apax(4) <A L MQ
min max - 9 A_ 6d 9

27



HalpaBJIeHHBINI Ha  yiayulineHne  K-obycioBIeHHOCTH, TPUBOOUT K
ropazno 0Oomee »PdeKTUBHOMY NPenodyCIOBINBAHUIO, IO3BOJISIOILIEMY
PEeCTPYKTYPUPOBATH METON € LeJIbl0 VIAYULIEHUs Mapajljien3yeMoCcTH, Ipu

9TOM IMIPaKTHUYeCKN COXPaHAg 06Luee HYUCJIO onepaum}’l.

HMlecTas raasa COOEpPKUT OlliCaHne MeTOOOB HpeIIO6}/'CJIOBJII/IBaHI/I}I
IMPOU3BOJIBHBIX CHMMETPHUYHBIX IIOJIOZKHUTEJIBHO OIIpedc/ICHHBIX MaTPHI]
O6LLI€1"O Blla, OCHOBaHHBIX Ha HCIIOJIB30BaHIN MGJLOPGHBOGO’IE JI/LO&U@UKJGUUU,
roe

H=I+CSC".

3mecy C' - duxcmpoBaHHas n X M-MaTPUIla TOJTHOTO CTOJIOLOBOTO pPaHra,
npudeM m K n, a S - CHMMeTpUYHas M X m-MaTpUIa, onpemeaseMas 13
yenosus MmuanmyMa K(H A). YkaszaHHas KOHCTPYKINS ObIlIa NMpEIIOKeHa B
[4] u m3yuena B [8], rme 6BIIO ycTaHOBICHO, UTO K-omTmMm3amms Takoro

npeno0yCcI0BAUBAHIS TPUBOAUT K BBIOOPY
S=—(CctC)y ' +o(CTAC) T, (17)

npu HekoTopoM 3HaueHun o = oA, C'). Il mpaKTHIecKoTo NCIIOTb30BAHILS
MOZKHO TOJIOKUTh 0 = 1.

AHanns momyuaeMbIX BepxXHEIX Trpasni kak mas K(HA), tak n mmus
C(HA), npuBoanT K OOHOMY W TOMY K€ 3aKJIIOUCHIUIO: JIMHEIHAs 060I0TKa
cTonbioB MaTpunbl C' MOJIXKHA OOCTATOUYHO XOPOIIO AlIPOKCUMIPOBATH
COOCTBEHHOE MOANPOCTPAHCTBO MAaTPUILI A, oTBeualolliee ee HAUMEHBIIIIM
CcOOCTBEHHBIM 3HAYEHUSM.

[TpocTas momcTaHOBKA HEMOCPENCTBEHHO TPUBOAUT K 0OOOIIEHUIO

MoJIy4YeHHOU GOPMYJIbl B BUe
H=DB"'+V (-(V'BV) '+ (v'av) v

r/le B KadecTBe MAaTPUILI B ncIoab3yeTcs JTerKo obpaTuMas MaTpuIa, rpybo
npubamkaoias A (Hamp., ee 6I0UHO-ANAroHAIbHAsS TacThb). llocTpoeHHOE
npenobycIoBINBaHIEe HMeeT IMpsMOe OTHOILIeHHe KO MHOTUM U3BeCTHBIM
NBYX- 1 MHOTOYPOBHEBBIM MPeI00yCIOBJINBAHUSAM, II03BOJISAS NOMOJIHUTEIbHO

MMOBBICUTH UX 3PPEKTUBHOCTD.
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3akoueHne  COmepXKUT  CIIeAyIoNine  OCHOBHBIE  Pe3YJIbTaThI
OuccepTalln.
1. Tlazpaborana HoOBag TeopHUs CXOOUMOCTH MeTOMa CONPIKEHHBIX
rpanneHToB, OCHOBaHHAs Ha MCMOJIL30BaHUN IK-unciaa o6y CciIoBIeHHOCT.
2. [TazpaboTana Teopusd npenobyCcIoBINBAHNS CUMMeTPUYHBIX
MIOJIOKUTEJILHO  ONpedesIeHHBIX ~ MAaTpPHUIl  [OCPEOCTBOM  IPUOINZKEHHBIX
TPEeYyTOJAbHBIX pa3IoKeHUNl 2-To Mopsaaka, ¢ o00ocHOBaHUeM KaK uepes
K-uncno obyciaoBneHHOCTH, TaK W B TepMHUHAX CIEeKTPAJIbLHOTO YHCIIA
00y CJIOBIIEHHOCTU.
3. IlazpaboTana Teopus npemno6yCIOBINBAHIS CUMMETPUYHBIX TTOJI0KNTETHHO
ollpelesleHHBIX  MaTpHUI  [OCPEICTBOM obpamuulz  TPUOTNKCHHBIX
TPEeYTOJIbHBIX Pa3IoKeHNI, B TOM 4HCJIe € HICHO0Jb30BaHNEM OJIOUHOCTH
I BHYTPHUOJIOUHON anmpoKcUMallni, ¢ 060CHOBaHIeM B TepMmHax K-umcria
00y CJIOBIIEHHOCTU.
4. C Toukum 3peHHUs Teopuum onTuMm3anuu K-dumceiaa o0yCIOBICHHOCTH
pPaccCMOTPeHBl  MOJNHOMUAJIbHBIE IPedoOyCIOBIUBAHUS, IIOCTPOEHA U
000CHOBaHa IapaMeTpHU3alld UebOBIIIeBCKOTO MHOTOUYJIEHA, MPUBOMIIIETO K
MOYTHU ONTHUMAJBHOMY KaueCcTBY IPedoOyCJIOBINBAaHUA OJI Ba)KHOIO Kjacca
C.11.0. MATPHII.
5. [lazpaboTana Teopus npenodyCIOBINBAHNISA CUMMeTPUIHBIX TTOTOK N TETHHO
onpeneeHHBIX MATPUIl TOCPEICTBOM  IK-OMTUMaJIbHON  MaJOPAHTOBOM
MomuuKanum, ¢ 000CHOBaHIEM KakK depe3 K-dmcio ob6ycioBieHHOCTH, TaK I

B TepMHNHaX CIIEKTPAJIBHOTO YNCJIA O6YCJIOBJI€HHOCTI/I.
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