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Au = f , A = {ai ,j} ∈ CN,N(RN,N),

u = {ui}, f = {fi} ∈ CN(RN),

A 6= AH , A = AT , |A| 6= 0,

(Au, u) ≤ 0, (u, v) =
∑
i
ūivi , (u, v)0 =

∑
i
uivi ,

normal A : AAH = AHA
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MINIMAL AND A-MINIMAL ITERATIONS

un = u0 + y1v
n + ... + ynv

n, (vn,Asv k) = d (s)
n δk,n,

d (s)
n = (vn,Asvn)

Arnoldi Orthogonalization (s = 0, 1):

vn+1 = Avn −
n∑

k=1
h(s)
k,nv

k , v 1 = r 0 = f − Au0,

h(s)
k,n =

(Avn,Asv k)

(Asv k , v k)
, k = 1, ..., n + 1, Vn+1 = (v 1, ..., vn+1)

H̄n =

[
Hn
etn

]
∈ Rn+1,n, Hn = {hk,n} ∈ Rn,n, etn = (0, ..., 0, 1)

Kn+1(r
0,A) = span{v 1, vn+1} = span{r 0,Ar 0, ...,Anr 0}
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V t
n (As)tVn = Dn, V t

n (As)tAVn = DnHn, Dn = diag{di},

un = u0 + Vny
n, yn = (y1, ..., yn)

t , rn = r 0 − AVny
n,

V t
n (As)trn = V t

n (As)tr 0 − V t
n (As)tAVny

n =

= d1e1 − DnHny
n = 0 for Hny

n = e1,

rn = v 1 − Vn+1H̄ny
n = v 1 − VnHny

n − vn+1etny
n = −vn+1yn,

(rn, rn) = (vn+1, vn+1)y 2n , Hn = LnUn,

Lnz
n = e1, Uny

n = zn
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GMRES (s = 0) and AGMRES (s=1)

rn = Vn+1(βe1 − H̄ny
n), β = ||r 0||2, V t

n+1(A
s)tVn+1 = In,

(rn,Asrn) = (V t
n+1(A

s)tVn+1(βe1 − H̄ny
n), (βe1 − H̄ny

n)) =

= (Qt
n+1Qn+1(βe1 − H̄ny

n),Qt
n+1Qn+1(βe1 − H̄ny

n)) =

= (ḡ − R̄ny
n), (ḡ − R̄ny

n)) = (gn − Rny
n), (gn − Rny

n)) + g 2
n+1,

min
yn

(rn,Asrn) = g 2
n+1, Rny

n = gn, Rn ∈ Rn,n, gn ∈ Rn,

ḡ = βQn+1e1 =

[
gn

gn+1

]
, R̄n = Qn+1H̄n =

[
Rn
0

]
,

un = u0 + v 1y 1 + v 2y 2 + . . . + vnyn
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As-Quasi-Minimal Residual (As-QMR)

vn+1 = Avn − α(s)
n vn − β(s)

n vn−1,

wn+1 = Atwn − α(s)
n wn − β(s)

n wn−1,

β
(s)
1 = 0, v 1 = w 1 = r 0 ≡ f − Au0,

(vn,Asw k) = d (s)
n δn,k , d

(s)
n = (vn,Aswn),

α(s)
n = (Avn,Aswn)/d (s)

n , β(s)
n = (Avn,Aswn−1)/d (s)

n−1,

Tn = 3− diag{tk,n} ∈ Rn,n, tk+1,k = 1, tk,k = αk , tk,k+1 = βk ,

AVn = VnTn + vn+1etn = Vn+1T̄n, T̄n ∈ Rn+1,n,

AtWn = WnTn + wn+1etn = Wn+1T̄n, Wn ∈ RN,n,
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T̄n =

[
Tn
etn

]
, Vn = (v 1, ..., vn), Wn = (w 1, ...,wn),

un = u0 + Vny
n, W t

nA
sAVn = Tn, W t

nA
sVn = Dn = diag{d (s)

n },

rn = v 1 − Vn+1T̄ny
n = Vn+1(e1 − T̄ny

n) ≡ Vn+1z
n,

yn = arg{min
y
||zn||},
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As-BiConjugate Direction Methods

un+1 = un + α(s)
n pn, r 0 = r̃ 0 = p0 = p̃0 = f − Au0,

rn+1 = rn − α(s)
n Apn, r̃n+1 = r̃n − α(s)

n At p̃n,

pn+1 = rn+1 + β(s)
n pn, p̃n+1 = r̃n+1 + β(s)

n p̃n,

(Aspn,At p̃k) = ρ(s)
n δk,n, ρ(s)

n = (Aspn,At p̃n),

(Asrn, p̃k) = (Asrn, p̃n)δk,n, (Aspk , r̃n) = (Aspn, r̃n)δk,n,

(Asrn, r̃ k) = δk,n, σ(s)
n = (Asrn, r̃n),

α(s)
n = σ(s)

n /ρ(s)
n , β(s)

n = σ(s)
n /σ(s)

n ,

BiCG, BiCR: rn = ϕ
(s)
n (A)r 0, r̃n = ϕ

(s)
n (At)r̃ 0

CGS, CRS: rn = Φ
(s)
n (A)r 0, Φ

(s)
n (t) = (ϕ

(s)
n (t))
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Semi � Conjugate Direction Methods

r 0 = f − Au0, p0 = B−10 r 0, s = 0, 1 :

rn+1 = rn − α(s)
n Apn, un+1 = un + α(s)

n pn,

(Aspk ,Apn) = ρ(s)
n δk,n, ρ(s)

n = (Aspn,Apn), k = 0, 1, ..., n − 1,

pn+1 = B−1n+1r
n+1 +

n∑
k=0

β
(s)
n,kp

k ,
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(rn,Aspk) = 0, k = 0, 1, ..., n − 1,

α(s)
n = (AsB−1n rn, rn)/ρ(s)

n , β
(s)
n,k = −(Aspk ,AB−1n+1r

n+1)/ρ(s)
n ,

s = 1 (SCR) : ∂(rn, rn)/∂αk = 0, k = 0, 1, ..., n − 1,

(rn+1, rn+1) = (r 0, r 0)− (AB−10 r 0, r 0)2

ρ
(1)
0 (r 0, r 0)

− ...− (AB−1n rn, rn)2

ρ
(1)
n (rn, rn)
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Preconditioning

modi�ed incomplete factorizations,

projection algorithms (Kaczmarz, Cimmino),

domain decomposition in subspaces,

block preconditioning,

user de�ned preconditioning
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Krylov: the Library of Algorithms for Solving Sparse SLAEs

types of original problems

� fast solvers for separable variables,
� universal solvers for conventional compessed
formats,

� block algorithms for special problems (algebraic
saddle point, Maxwell, Lame, Navier�Stokes eqs),

code optimization, using e�cient tools (MKL,
Sparse Blas),

parallelization, algebraic domain decomposition,
hybrid programming (MPI, OpenMP)
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