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Wedderburn Matrices

Wedderburn rank reduction [1934]

B = A−
AyxTA

xTAy
.

Joseph Henry Maclagan Wedderburn (1882–1948)
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Wedderburn Matrices

Wedderburn rank reduction

B = A−
AyxTA

xTAy
, xTAy 6= 0
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Wedderburn Matrices

Wedderburn rank reduction

B = A−
AyxTA

xTAy
, xTAy 6= 0

By = Ay−
AyxTA

xTAy
y = Ay−

AyxTAy

xTAy
= 0

xTB = xTA− xT
AyxTA

xTAy
= xTA−

xTAyxTA

xTAy
= 0

rankB = rankA− 1
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Wedderburn Matrices

Wedderburn sequence [Chu, Funderlic, Golub, 1995]

Ak = Ak−1 −
Ak−1ykx

T
kAk−1

xTkAk−1yk
, ωk

def
= xTkAk−1yk 6= 0
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Wedderburn Matrices

Wedderburn sequence

Ak = Ak−1 −
Ak−1ykx

T
kAk−1

xTkAk−1yk
, ωk

def
= xTkAk−1yk 6= 0

Statement 1

Ak = PTkA = AQk

P0 = I, Q0 = I

PT1 = I−ω−1
1 Ay1x

T
1

Q1 = I−ω−1
1 y1x

T
1A
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Wedderburn Matrices

Wedderburn sequence

Ak = Ak−1 −
Ak−1ykx

T
kAk−1

xTkAk−1yk
, ωk

def
= xTkAk−1yk 6= 0

Statement 1

Ak = PTkA = AQk

P0 = I, Q0 = I

Pk = Pk−1 −ω−1
k Pk−1xky

T
kA

TPk−1

Qk = Qk−1 −ω−1
k Qk−1ykx

T
kAQk−1

Corollary
Pkxk = 0, Qkyk = 0
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Wedderburn Matrices

Wedderburn sequence

Ak = Ak−1 −
Ak−1ykx

T
kAk−1

xTkAk−1yk
, ωk

def
= xTkAk−1yk 6= 0

Ak = PTkA = AQk

P0 = I, Pk = Pk−1 −ω−1
k Pk−1xky

T
kA

TPk−1

Q0 = I, Qk = Qk−1 −ω−1
k Qk−1ykx

T
kAQk−1

Statement 2: Pk, Qk are projectors

P2k = Pk Q2k = Qk
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Wedderburn Matrices

Wedderburn sequence

Ak = Ak−1 −
Ak−1ykx

T
kAk−1

xTkAk−1yk
, ωk

def
= xTkAk−1yk 6= 0

Ak = PTkA = AQk

P0 = I, Pk = Pk−1 −ω−1
k Pk−1xky

T
kA

TPk−1

Q0 = I, Qk = Qk−1 −ω−1
k Qk−1ykx

T
kAQk−1

Statement 2: Pk, Qk are projectors

P2k = Pk Q2k = Qk

P2k = P2k−1 −ω−1
k P

2
k−1ysx

T
sA

TPk−1 −ω−1
k Pk−1xsy

T
sA

TP2k−1 +

+ω−2
k Pk−1xk y

T
kA

TP2k−1xk︸ ︷︷ ︸
ωk

yTkA
TPk−1
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Wedderburn Matrices

Wedderburn sequence

Ak = Ak−1 −
Ak−1ykx

T
kAk−1

xTkAk−1yk
, ωk

def
= xTkAk−1yk 6= 0

Ak = PTkA = AQk

P0 = I, Pk = Pk−1 −ω−1
k Pk−1xky

T
kA

TPk−1; P2k = Pk

Q0 = I, Qk = Qk−1 −ω−1
k Qk−1ykx

T
kAQk−1; Q2k = Qk

Statement 3: PkPm = Pmax(k,m), QkQm = Qmax(k,m)

QkQk−1 = Q2k−1 −ω−1
k Qk−1ykx

T
kAQ

2
k−1 = Qk−1 −ω−1

k Qk−1ykx
T
kAQk−1 = Qk
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Wedderburn Matrices

Wedderburn sequence

Ak = Ak−1 −
Ak−1ykx

T
kAk−1

xTkAk−1yk
, ωk

def
= xTkAk−1yk 6= 0

Ak = PTkA = AQk

P0 = I, Pk = Pk−1 −ω−1
k Pk−1xky

T
kA

TPk−1; P2k = Pk

Q0 = I, Qk = Qk−1 −ω−1
k Qk−1ykx

T
kAQk−1; Q2k = Qk

Statement 3: PkPm = Pmax(k,m), QkQm = Qmax(k,m)

QkQk−1 = Q2k−1 −ω−1
k Qk−1ykx

T
kAQ

2
k−1 = Qk−1 −ω−1

k Qk−1ykx
T
kAQk−1 = Qk

Corollary
Pk[x1 x2 . . . xk] = 0, Qk[y1 y2 . . . yk] = 0
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Wedderburn Matrices

Wedderburn sequence

Ak = Ak−1 −
Ak−1ykx

T
kAk−1

xTkAk−1yk
, ωk

def
= xTkAk−1yk 6= 0

Ak = PTkA = AQk

P0 = I, Pk = Pk−1 −ω−1
k Pk−1xky

T
kA

TPk−1; PkPm = Pmax(k,m)

Q0 = I, Qk = Qk−1 −ω−1
k Qk−1ykx

T
kAQk−1; QkQm = Qmax(k,m)

Statement 4: uk
def
= Pk−1xk and vk

def
= Qk−1yk provide UTkAVk = Ωk

uTkAvk = xTk PTk−1AQk−1︸ ︷︷ ︸
=Ak−1Qk−1=AQ

2
k−1=AQk−1=Ak−1

yk = xTkAk−1yk
def
= ωk
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Wedderburn Matrices

Wedderburn sequence

Ak = Ak−1 −
Ak−1ykx

T
kAk−1

xTkAk−1yk
, ωk

def
= xTkAk−1yk 6= 0

Ak = PTkA = AQk

P0 = I, Pk = Pk−1 −ω−1
k Pk−1xky

T
kA

TPk−1; PkPm = Pmax(k,m)

Q0 = I, Qk = Qk−1 −ω−1
k Qk−1ykx

T
kAQk−1; QkQm = Qmax(k,m)

Statement 4: uk
def
= Pk−1xk and vk

def
= Qk−1yk provide UTkAVk = Ωk

uTkAvk = xTkP
T
k−1AQk−1yk = xTkAk−1yk

def
= ωk

uTmAvk = xTm PTm−1AQk−1︸ ︷︷ ︸
=AQm−1Qk−1=AQmax(m−1,k−1)

yk = xTmAmax(m−1,k−1)yk = 0 for m 6= k.
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Wedderburn Matrices

Wedderburn sequence

Ak = Ak−1 −
Ak−1ykx

T
kAk−1

xTkAk−1yk
, ωk

def
= xTkAk−1yk 6= 0

Ak = PTkA = AQk

P0 = I, Pk = Pk−1 −ω−1
k Pk−1xky

T
kA

TPk−1; PkPm = Pmax(k,m)

Q0 = I, Qk = Qk−1 −ω−1
k Qk−1ykx

T
kAQk−1; QkQm = Qmax(k,m)

Statement 4: uk
def
= Pk−1xk and vk

def
= Qk−1yk provide UTkAVk = Ωk

Corollary: Uk and Vk have full rank
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Wedderburn Matrices

Wedderburn sequence

Ak = Ak−1 −
Ak−1ykx

T
kAk−1

xTkAk−1yk
, ωk

def
= xTkAk−1yk 6= 0

Ak = PTkA = AQk

P0 = I, Pk = Pk−1 −ω−1
k Pk−1xky

T
kA

TPk−1; PkPm = Pmax(k,m)

Q0 = I, Qk = Qk−1 −ω−1
k Qk−1ykx

T
kAQk−1; QkQm = Qmax(k,m)

Statement 4: uk
def
= Pk−1xk and vk

def
= Qk−1yk provide UTkAVk = Ωk

Corollary: Uk and Vk have full rank

Corollary:
Pk[u1 u2 . . . uk] = 0, Qk[v1 v2 . . . vk] = 0
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Wedderburn Matrices

Wedderburn sequence

Ak = Ak−1 −Ak−1ykωk−1x
T
kAk−1, ωk

def
= xTkAk−1yk 6= 0
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Wedderburn Matrices

Wedderburn sequence

Ak = Ak−1 −Ak−1ykωk−1x
T
kAk−1, ωk

def
= xTkAk−1yk 6= 0

Statement 5: explicit form

Ak = Ak−1 −Avkωk−1u
T
kA, ωk = uTAvk 6= 0
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Wedderburn Matrices

Wedderburn sequence

Ak = Ak−1 −Ak−1ykωk−1x
T
kAk−1, ωk

def
= xTkAk−1yk 6= 0

Statement 5: explicit form

Ak = Ak−1 −Avkωk−1u
T
kA, ωk = uTAvk 6= 0

~Ak =

k∑
p=1

Avpω
−1
p u

T
pA = AVkΩ

−1
k U

T
kA

A = Ak + ~Ak
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Wedderburn Matrices

Wedderburn sequence

Ak = Ak−1 −Ak−1ykωk−1x
T
kAk−1, ωk

def
= xTkAk−1yk 6= 0

Statement 5: explicit form

Ak = Ak−1 −Avkωk−1u
T
kA, ωk = uTAvk 6= 0

~Ak =

k∑
p=1

Avpω
−1
p u

T
pA = AVkΩ

−1
k U

T
kA

A = Ak + ~Ak

Corollary: interpolation

XTk
~Ak = XTkA,

~AkYk = AYk, UTk
~Ak = UTkA,

~AkVk = AVk.
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Wedderburn Matrices

Wedderburn sequence

Ak = Ak−1 −Ak−1ykωk−1x
T
kAk−1, ωk

def
= xTkAk−1yk 6= 0

Statement 5: explicit form

Ak = Ak−1 −Avkωk−1u
T
kA, ωk = uTAvk 6= 0

~Ak =

k∑
p=1

Avpω
−1
p u

T
pA = AVkΩ

−1
k U

T
kA

A = Ak + ~Ak

Corollary: interpolation

XTk
~Ak = XTkA,

~AkYk = AYk, UTk
~Ak = UTkA,

~AkVk = AVk.

Remark: Gau�ian elimination: Xk = [ei1, . . . , eik] and Yk = [ej1, . . . , ejk].
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Wedderburn Matrices

Wedderburn elimination

XTk
~Ak = XTkA,

~AkYk = AYk, UTk
~Ak = UTkA,

~AkVk = AVk.

Gau�ian elimination
~Ak[I, :] = A[I, :], ~Ak[:, J] = A[:, J]

Carl Friedrich Gau� (1777–1855)
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Wedderburn Matrices

Wedderburn sequence: summary

Ak = Ak−1 −
Ak−1ykx

T
kAk−1

xTkAk−1yk
, ωk

def
= xTkAk−1yk 6= 0

Ak = PTkA = AQk

P2k = Pk; PkPm = Pmax(k,m); PkXk = 0

Q2k = Qk; QkQm = Qmax(k,m); QkYk = 0

uk
def
= Pk−1xk vk

def
= Qk−1yk

Ak = Ak−1 −Avkωk−1u
T
kA, ωk = uTAvk 6= 0

UTkAVk = Ωk

~Ak = AVkΩ
−1
k U

T
kA

A = ~Ak +Ak
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Gauß Matrices

Pivoting

B = A−Ayω−1xTA, ω
def
= xTAy 6= 0
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Gauß Matrices

Pivoting

B = A−Ayω−1xTA, ω
def
= xTAy 6= 0

argmin
x,y
‖B‖F = dominant singular vector of A
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Gauß Matrices

Pivoting

B = A−Ayω−1xTA, ω
def
= xTAy 6= 0

argmin
x
‖B‖F =
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Gauß Matrices

Pivoting

B = A−Ayω−1xTA, ω
def
= xTAy 6= 0

argmin
x
‖B‖F = argmin

x

∥∥∥∥A−
AyxTA

xTAy

∥∥∥∥
F

=
Ay

‖Ay‖

argmin
y
‖B‖F = argmin

y

∥∥∥∥A−
AyxTA

xTAy

∥∥∥∥
F

=
ATx

‖ATx‖
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Gauß Matrices

Pivoting

B = A−Ayω−1xTA, ω
def
= xTAy 6= 0

argmin
x
‖B‖F = argmin

x

∥∥∥∥A−
AyxTA

xTAy

∥∥∥∥
F

=
Ay

‖Ay‖

argmin
y
‖B‖F = argmin

y

∥∥∥∥A−
AyxTA

xTAy

∥∥∥∥
F

=
ATx

‖ATx‖

choose yk, set xk =
Ak−1yk

‖Ak−1yk‖
, Ak =

(
I− xkx

T
k

)
Ak−1; (WCP)

choose xk, set yk =
ATk−1xk

‖ATk−1xk‖
, Ak = Ak−1

(
I− yky

T
k

)
(WRP)
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Gauß Matrices

Pivoting

Ak = Ak−1 −Ak−1ykω
−1
k x

T
kAk−1, ω

def
= xTkAk−1yk 6= 0

choose yk, set xk =
Ak−1yk

‖Ak−1yk‖
, Ak =

(
I− xkx

T
k

)
Ak−1; (WCP)

choose xk, set yk =
ATk−1xk

‖ATk−1xk‖
, Ak = Ak−1

(
I− yky

T
k

)
(WRP)

WCP

1. XTkXk = I;

2. Pk = PTk = I− XkX
T
k

3. uk
def
= Pk−1xk = xk.

WRP

1. YTkYk = I;

2. Qk = QTk = I− YkY
T
k ;

3. vk
def
= Qk−1yk = yk.
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Gauß Matrices

Algorithm (Wedderburn elimination with column pivoting)
1: repeat
2: k := k+ 1, choose unit vector yk
3: x := Ayk; x ′ := (I− Xk−1X

T
k−1)x

4: if ‖x ′‖ < tol ‖x‖ then {Breakdown}
5: return ~A := Xk−1B

T
k−1 {or try another yk}

6: else
7: xk := x ′/‖x ′‖
8: end if
9: bk = ATxk, err = ‖bk‖, nrm2 := nrm2+‖bk‖2

10: Xk = [Xk−1 xk], Bk = [Bk−1 bk]
11: until err 6 ε nrm

12: return ~A := XkB
T
k
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Krylov Matrices

Algorithm (Wedderburn elimination with column pivoting)
1: repeat
2: k := k+ 1, choose unit vector yk (How?)
3: x := Ayk; x ′ := (I− Xk−1X

T
k−1)x

4: if ‖x ′‖ < tol ‖x‖ then {Breakdown}
5: return ~A := Xk−1B

T
k−1 {or try another yk}

6: else
7: xk := x ′/‖x ′‖
8: end if
9: bk = ATxk, err = ‖bk‖, nrm2 := nrm2+‖bk‖2

10: Xk = [Xk−1 xk], Bk = [Bk−1 bk]
11: until err 6 ε nrm

12: return ~A := XkB
T
k
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Krylov Matrices

Lanczos bidiagonalization
Initialization: y0 = 0, β0 = 0, unit vector x0

1: for k = 1, 2, . . . do
2: y := ATxk−1; y ′ := y− βk−1yk−1, αk := ‖y ′‖, yk := y ′/‖y ′‖
3: x := Ayk; x ′ := x− αkxk, βk := ‖x ′‖, xk := x ′/‖x ′‖
4: end for
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Krylov Matrices

Lanczos bidiagonalization
Initialization: y0 = 0, β0 = 0, unit vector x0

1: for k = 1, 2, . . . do
2: y := ATxk−1; y ′ := y− βk−1yk−1, αk := ‖y ′‖, yk := y ′/‖y ′‖
3: x := Ayk; x ′ := x− αkxk, βk := ‖x ′‖, xk := x ′/‖x ′‖
4: end for

Lanczos ‘pivoting’

yk+1 =
ATk−1xk

‖ATk−1xk‖
=

ATPk−1xk

‖ATPk−1xk‖
=

AT(I− Xk−1X
T
k−1)xk

‖AT(I− Xk−1X
T
k−1)xk‖

=
ATxk

‖ATxk‖
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Krylov Matrices

Lanczos bidiagonalization
Initialization: y0 = 0, β0 = 0, unit vector x0

1: for k = 1, 2, . . . do
2: y := ATxk−1; y ′ := y− βk−1yk−1, αk := ‖y ′‖, yk := y ′/‖y ′‖
3: x := Ayk; x ′ := x− αkxk, βk := ‖x ′‖, xk := x ′/‖x ′‖
4: end for

Lanczos ‘pivoting’

yk+1 =
ATk−1xk

‖ATk−1xk‖
=

ATPk−1xk

‖ATPk−1xk‖
=

AT(I− Xk−1X
T
k−1)xk

‖AT(I− Xk−1X
T
k−1)xk‖

=
ATxk

‖ATxk‖

Krylov subspaces

spanX
{wcp}

k = span{Ay1, (AA
T)Ay1, . . . , (AA

T)k−1Ay1},

spanX
{lnc}

k = span{(AAT)x0, (AA
T)2x0, . . . , (AA

T)kx0}.
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Krylov Matrices

Krylov subspaces

spanX
{wcp}

k = spanX
{lnc}

k = span{(AAT)x0, (AA
T)2x0, . . . , (AA

T)kx0}

Alexei Nikolaevich Krylov /Крылов/ (1863–1945)
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Wedderburn Tensors

Tensor-by-vector-by-vector

u = A×2 vT ×3 wT , ui =

n2∑
j=1

n3∑
k=1

aijkvjwk

A×2 vT ×3 wT
def
= Avw, A×3 wT ×1 uT

def
= Awu, A×1 uT ×2 vT

def
= Auv
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Wedderburn Tensors

Tensor-by-vector-by-vector

u = A×2 vT ×3 wT , ui =

n2∑
j=1

n3∑
k=1

aijkvjwk

A×2 vT ×3 wT
def
= Avw, A×3 wT ×1 uT

def
= Awu, A×1 uT ×2 vT

def
= Auv

Tenvec-based approximation (Krylov recursion) [Savas, Eldén, 2009]
1: for k = 1, 2, . . . do
2: u := Avkwk; u ′ := (I−UkU

T
k)u; uk+1 := u ′/‖u ′‖; Uk+1 := [Uk uk+1]

3: v := Awkuk+1; v ′ := (I− VkV
T
k )v; vk+1 := v ′/‖v ′‖; Vk+1 := [Vk vk+1]

4: w := Auk+1vk+1; w ′ := (I−WkW
T
k)w; wk+1 := w ′/‖w ′‖; Wk+1 := [Wk wk+1]

5: end for
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Wedderburn Tensors

Tensor-by-vector-by-vector

u = A×2 vT ×3 wT , ui =

n2∑
j=1

n3∑
k=1

aijkvjwk

A×2 vT ×3 wT
def
= Avw, A×3 wT ×1 uT

def
= Awu, A×1 uT ×2 vT

def
= Auv

Tenvec-based approximation (Krylov recursion) [Savas, Eldén, 2009]
1: for k = 1, 2, . . . do
2: u := Avkwk; u ′ := (I−UkU

T
k)u; uk+1 := u ′/‖u ′‖; Uk+1 := [Uk uk+1]

3: v := Awkuk+1; v ′ := (I− VkV
T
k )v; vk+1 := v ′/‖v ′‖; Vk+1 := [Vk vk+1]

4: w := Auk+1vk+1; w ′ := (I−WkW
T
k)w; wk+1 := w ′/‖w ′‖; Wk+1 := [Wk wk+1]

5: end for

Convergence: no theory in exact-rank case, ‘bad’ examples
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Wedderburn Tensors

Algorithm (Wedderburn for matrices)
1: repeat
2: k := k+ 1, choose unit vector yk (= ATxk−1 )
3: x := Ayk; x ′ := (I− Xk−1X

T
k−1)x

4: if ‖x ′‖ < tol ‖x‖ then {Breakdown}
5: return ~A := Xk−1B

T
k−1 {or try another yk}

6: else
7: xk := x ′/‖x ′‖; Xk = [Xk−1 xk]
8: end if
9: bk = ATxk, err = ‖bk‖, nrm2 := nrm2+‖bk‖2, Bk = [Bk−1 bk]

10: until err 6 ε nrm
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Wedderburn Tensors

Algorithm (Wedderburn for tensors)
1: repeat
2: k := k+ 1, choose unit vector yk ⊗ zk (= svd1(A×1 xTk−1))
3: x := Aykzk; x ′ := (I− Xk−1X

T
k−1)x

4: if ‖x ′‖ < tol ‖x‖ then {Breakdown}
5: return X := Xk−1 {or try another yk ⊗ zk}
6: else
7: xk := x ′/‖x ′‖; Xk = [Xk−1 xk]
8: end if
9: err = ‖A×1 xTk‖, nrm2 := nrm2+ err2

10: until err 6 ε nrm
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Wedderburn Tensors

Algorithm (Wedderburn for tensors: Lanczos-like)
1: repeat
2: k := k+ 1, choose unit vector yk ⊗ zk = y ⊗ z

3: x := Aykzk; x ′ := (I− Xk−1X
T
k−1)x

4: if ‖x ′‖ < tol ‖x‖ then {Breakdown}
5: return X := Xk−1 {or try another yk ⊗ zk}
6: else
7: xk := x ′/‖x ′‖; Xk = [Xk−1 xk]
8: end if
9: for j = 1, . . . , ppow do {Power iterations to approximate A×1 xTk ≈: σyzT }

10: y := (A×1 xTk) z = A×1 xTk ×3 zT = Azxk, σ := ‖y‖, y := y/‖y‖
11: z := (A×1 xTk)Ty = A×1 xTk ×2 yT = Axky, σ := ‖z‖, z := z/‖z‖
12: end for
13: err := σ, nrm2 := nrm2+ err2

14: until err 6 ε nrm
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Wedderburn Tensors

Algorithm (Wedderburn for tensors: SVD-like)
1: repeat
2: k := k+ 1, choose unit vector yk ⊗ zk = argmax‖y‖=‖z‖=1 ‖x ′‖
3: x := Aykzk; x ′ := (I− Xk−1X

T
k−1)x = (I− Xk−1X

T
k−1)(Aykzk)

4: if ‖x ′‖ < tol ‖x‖ then {Breakdown impossible!}
5: return X := Xk−1
6: else
7: xk := x ′/‖x ′‖; Xk = [Xk−1 xk]
8: end if
9: for j = 1, . . . , ppow do {Power iterations to approximate A×1 xTk ≈: σyzT }

10: y := (A×1 xTk) z = A×1 xTk ×3 zT = Azxk, σ := ‖y‖, y := y/‖y‖
11: z := (A×1 xTk)Ty = A×1 xTk ×2 yT = Axky, σ := ‖z‖, z := z/‖z‖
12: end for
13: err := σ, nrm2 := nrm2+ err2

14: until err 6 ε nrm
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Wedderburn Tensors

Algorithm (Wedderburn for tensors: SVD-like)
1: repeat
2: for j = 1, . . . , pals do {ALS iterations to maximize ‖(I− Xk−1X

T
k−1)(Ayz)‖}

3: x := Ayz, x = x/‖x‖, x ′ = (I− Xk−1X
T
k−1)x

4: y := Azx ′, σ = ‖y‖, y = y/‖y‖
5: z := Ax ′y, σ = ‖z‖, z = z/‖z‖
6: end for
7: x := Aykzk; x ′ := (I− Xk−1X

T
k−1)x

8: if ‖x ′‖ < tol ‖x‖ then {Breakdown impossible!}
9: return X := Xk−1

10: else
11: xk := x ′/‖x ′‖; Xk = [Xk−1 xk]
12: end if
13: err := σ, nrm2 := nrm2+ err2

14: until err 6 ε nrm
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Wedderburn Tensors

Complexity of algorithms for rank-(r1, r2, r3) tensor approximation

name output tenvecs
MKR U,V,W 3r

Wsvd U,V,W 9palsr+ 3r
Wlcz U,V,W 6ppowr+ 3r
WsvdR U,V,W 9palsr+ 3r
WlczR U,V,W 6ppowr+ 3r
WlczR U,V,W,G r2 + 3r
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Examples Tensors

Canonical → Tucker

molecule accuracy MKR Wsvd Wlnc WsvdR WlncR cross TALS(1)
methane 10−4 1.0 6.1 4.4 2.0 0.5 1.0 2.6

R = 1334 10−6 1.7 10.7 8.2 3.7 0.8 1.4 9.6

10−8 — 14.5 11.1 5.1 1.4 1.9 30

10−10 — 20.4 16.1 6.9 2.0 2.9 59

ethane 10−4 2.7 17 15 6.7 1.6 3.0 4.6

R = 3744 10−6 5.2 32 25 12 2.8 4.9 17

10−8 — 45 35 17 3.9 6.3 42

10−10 — 61 50 23 5.3 8.2 83

ethanol 10−4 8.0 54 45 17 4.7 8.1 22

R = 6945 10−6 14 89 74 30 8.4 13 81

10−8 — 135 108 45 13 17 194

10−10 — 180 145 61 18 22 391

glycine 10−4 — 85 69 37 7.5 24 32

R = 9208 10−6 — 131 112 57 13 33 96

10−8 — 200 160 80 18 43 211

10−10 — 268 211 114 24 60 412
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Examples Tensors

Canonical → Tucker (MKR)

best
MKR

methane

6050403020100

100

10−2

10−4

10−6

10−8

10−10
best
MKR

glycine

140120100806040200

100

10−2

10−4

10−6

10−8

10−10
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Examples Tensors

Canonical → Tucker (Wsvd)

best
Wsvd

methane

6050403020100

100

10−2

10−4

10−6

10−8

10−10
best
Wsvd

glycine

140120100806040200

100

10−2

10−4

10−6

10−8

10−10
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Examples Tensors

Canonical → Tucker (Wlnc)

best
Wlnc

methane

6050403020100

100

10−2

10−4

10−6

10−8

10−10
best
Wlnc

glycine

140120100806040200

100

10−2

10−4

10−6

10−8

10−10
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Examples Tensors

Canonical → Tucker (WsvdR)

best
WsvdR

methane

6050403020100

100

10−2

10−4

10−6

10−8

10−10
best
WsvdR

glycine

140120100806040200

100

10−2

10−4

10−6

10−8

10−10
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Examples Tensors

Canonical → Tucker (WlncR)

best
WlncR

methane

6050403020100

100

10−2

10−4

10−6

10−8

10−10
best
WlncR

glycine

140120100806040200

100

10−2

10−4

10−6

10−8

10−10
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Examples Tensors

Tucker-by-Tucker → Tucker

A[i, j, k] = G[p, q, s]×1 U(A)[i, p]×2 V (A)[j, q]×3W(A)[k, s],

B[i, j, k] = H[a, b, c]×1 U(B)[i, a]×2 V (B)[j, b]×3W(B)[k, c]

F[i, j, k] = Kron(G,H)[ap, bq, cs]×1 U[i, ap]×2 V [j, bq]×3W[k, cs],

f(i, j, k) =
∑
pqs

∑
abc

g(p, q, s)h(a, b, c)u(i, ap)v(j, bq)w(k, cs)
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Examples Tensors

Tucker-by-Tucker → Tucker

molecule accuracy Wsvd Wlnc WsvdR WlncR TALS(1)
methane 10−4 15.5 13.8 8.1 2.8 2.4

(74, 74, 74) 10−6 34 33 14.8 9.7 14.3

10−8 63 46 43 18.6 42

10−10 93 74 68 40 97

ethane 10−4 22 20 11.8 4.2 4.2

(67, 94, 83) 10−6 46 41 33 14.0 16.7

10−8 82 68 72 27 45

10−10 125 105 127 56 117

ethanol 10−4 120 101 106 45 52

(128, 127, 134) 10−6 281 228 293 176 257

10−8 493 419 635 441 678

10−10 736 653 1100 808 1370

glycine 10−4 179 170 177 60 64

(62, 176, 186) 10−6 442 380 600 217 270

10−8 732 600 1033 500 646

10−10 1010 850 1530 888 1223
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Examples Tensors

Tucker-by-Tucker → Tucker (Wsvd)

best
Wsvd

methane2

50403020100

100

10−2

10−4

10−6

10−8

10−10
best
Wsvd

glycine2

140120100806040200

100

10−2

10−4

10−6

10−8

10−10
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Examples Tensors

Tucker-by-Tucker → Tucker (Wlnc)

best
Wlnc

methane2

50403020100

100

10−2

10−4

10−6

10−8

10−10
best
Wlnc

glycine2

140120100806040200

100

10−2

10−4

10−6

10−8

10−10
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Examples Tensors

Tucker-by-Tucker → Tucker (WsvdR)

best
WsvdR

methane2

50403020100

100

10−2

10−4

10−6

10−8

10−10
best
WsvdR

glycine2

140120100806040200

100

10−2

10−4

10−6

10−8

10−10
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Examples Tensors

Tucker-by-Tucker → Tucker (WlncR)

best
WlncR

methane2

50403020100

100

10−2

10−4

10−6

10−8

10−10
best
WlncR

glycine2

140120100806040200

100

10−2

10−4

10−6

10−8

10−10
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Gram & Cholesky Tucker-by-Tucker

And a little more

56



Gram & Cholesky Tucker-by-Tucker

Tucker-by-Tucker → Tucker

F[i, j, k] = Kron(G,H)[ap, bq, cs]×1 U[i, ap]×2 V [j, bq]×3W[k, cs],

f(i, j, k) =
∑
pqs

∑
abc

g(p, q, s)h(a, b, c)u(i, ap)v(j, bq)w(k, cs)
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Gram & Cholesky Tucker-by-Tucker

Tucker-by-Tucker → Tucker

F[i, j, k] = Kron(G,H)[ap, bq, cs]×1 U[i, ap]×2 V [j, bq]×3W[k, cs],

f(i, j, k) =
∑
pqs

∑
abc

g(p, q, s)h(a, b, c)u(i, ap)v(j, bq)w(k, cs)

F[i, j, k] =U ′[i, bq, cs]×2 V [j, bq]×3W[k, cs],

U ′[i, bq, cs] = Kron(G,H)[ap, bq, cs]×1 U(i, ap).
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Gram & Cholesky Tucker-by-Tucker

Tucker-by-Tucker → Tucker

F[i, j, k] = Kron(G,H)[ap, bq, cs]×1 U[i, ap]×2 V [j, bq]×3W[k, cs],

f(i, j, k) =
∑
pqs

∑
abc

g(p, q, s)h(a, b, c)u(i, ap)v(j, bq)w(k, cs)

F[i, j, k] =U ′[i, bq, cs]×2 V [j, bq]×3W[k, cs],

U ′[i, bq, cs] = Kron(G,H)[ap, bq, cs]×1 U(i, ap).

Compute mode-1 dominant subspace of U ′[i, bq, cs] instead of F[i, j, k]
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Gram & Cholesky Tucker-by-Tucker

Tucker-by-Tucker → Tucker

F[i, j, k] = Kron(G,H)[ap, bq, cs]×1 U[i, ap]×2 V [j, bq]×3W[k, cs],

f(i, j, k) =
∑
pqs

∑
abc

g(p, q, s)h(a, b, c)u(i, ap)v(j, bq)w(k, cs)

F[i, j, k] =U ′[i, bq, cs]×2 V [j, bq]×3W[k, cs],

U ′[i, bq, cs] = Kron(G,H)[ap, bq, cs]×1 U(i, ap).

Accuracy

‖∆F‖F
‖F‖F

6 cF
‖∆U ′‖F
‖U ′‖F

, cF =
‖U ′‖F‖V‖2‖W‖2

‖F‖F
;

‖∆F‖2
‖F‖2

6 c2
‖∆U ′‖2
‖U ′‖2

, c2 =
‖U ′‖2‖V‖2‖W‖2

‖F‖2
;

‖∆F‖2
‖F‖2

6 c2
‖∆U ′‖2
‖U ′‖2

, c2 =
‖U ′‖2‖V‖2‖W‖2

‖F‖2
.
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Gram & Cholesky Tucker-by-Tucker

Tucker-by-Tucker → Tucker
F[i, j, k] = Kron(G,H)[ap, bq, cs]×1 U[i, ap]×2 V [j, bq]×3W[k, cs],

f(i, j, k) =
∑
pqs

∑
abc

g(p, q, s)h(a, b, c)u(i, ap)v(j, bq)w(k, cs)

F[i, j, k] =U ′[i, bq, cs]×2 V [j, bq]×3W[k, cs],

U ′[i, bq, cs] = Kron(G,H)[ap, bq, cs]×1 U(i, ap).

Accuracy

‖∆F‖F
‖F‖F

6 cF
‖∆U ′‖F
‖U ′‖F

, cF =
‖U ′‖F‖V‖2‖W‖2

‖F‖F
;

‖∆F‖2
‖F‖2

6 c2
‖∆U ′‖2
‖U ′‖2

, c2 =
‖U ′‖2‖V‖2‖W‖2

‖F‖2
;

‖∆F‖2
‖F‖2

6 c2
‖∆U ′‖2
‖U ′‖2

, c2 =
‖U ′‖2‖V‖2‖W‖2

‖F‖2
.

‖A‖2
def
= max‖u‖=‖v‖=‖w‖=1A×1 uT ×2 vT ×3 wT = max‖u‖=‖v‖=‖w‖=1 〈A, u ⊗ v ⊗ w〉 ,
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Gram & Cholesky Tucker-by-Tucker

Tucker-by-Tucker → Tucker

F[i, j, k] = Kron(G,H)[ap, bq, cs]×1 U[i, ap]×2 V [j, bq]×3W[k, cs],

f(i, j, k) =
∑
pqs

∑
abc

g(p, q, s)h(a, b, c)u(i, ap)v(j, bq)w(k, cs)

F[i, j, k] =U ′[i, bq, cs]×2 V [j, bq]×3W[k, cs],

U ′[i, bq, cs] = Kron(G,H)[ap, bq, cs]×1 U(i, ap).

Accuracy

‖∆F‖F
‖F‖F

6 cF
‖∆U ′‖F
‖U ′‖F

, cF =
‖U ′‖F‖V‖2‖W‖2

‖F‖F
;

‖∆F‖2
‖F‖2

6 c2
‖∆U ′‖2
‖U ′‖2

, c2 =
‖U ′‖2‖V‖2‖W‖2

‖F‖2
;

‖∆F‖2
‖F‖2

6 c2
‖∆U ′‖2
‖U ′‖2

, c2 =
‖U ′‖2‖V‖2‖W‖2

‖F‖2
.

Remark: For any tensor, ‖A[i, j, k]‖2 6 ‖A[i, jk]‖2 6 ‖A[i, j, k]‖F.
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Gram & Cholesky Tucker-by-Tucker

Tucker-by-Tucker → Tucker

F[i, j, k] = Kron(G,H)[ap, bq, cs]×1 U[i, ap]×2 V [j, bq]×3W[k, cs],

f(i, j, k) =
∑
pqs

∑
abc

g(p, q, s)h(a, b, c)u(i, ap)v(j, bq)w(k, cs)

F[i, j, k] =U ′[i, bq, cs]×2 V [j, bq]×3W[k, cs],

U ′[i, bq, cs] = Kron(G,H)[ap, bq, cs]×1 U(i, ap).

Gram matrix

A[i, i ′] = (U ′U ′
T
)[i, i ′] = U[i, ap]

(
Ĝ[p, p ′] ⊗ Ĥ[a, a ′]

)
U[a ′p ′, i ′],

Ĝ[p, p ′] = G[p, qs]G[qs, p ′], Ĥ[a, a ′] = H[a, bc]H[bc, a ′].
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Gram & Cholesky Tucker-by-Tucker

Tucker-by-Tucker → Tucker

F[i, j, k] = Kron(G,H)[ap, bq, cs]×1 U[i, ap]×2 V [j, bq]×3W[k, cs],

f(i, j, k) =
∑
pqs

∑
abc

g(p, q, s)h(a, b, c)u(i, ap)v(j, bq)w(k, cs)

F[i, j, k] =U ′[i, bq, cs]×2 V [j, bq]×3W[k, cs],

U ′[i, bq, cs] = Kron(G,H)[ap, bq, cs]×1 U(i, ap).

Gram matrix

A[i, i ′] = (U ′U ′
T
)[i, i ′] = U[i, ap]

(
Ĝ[p, p ′] ⊗ Ĥ[a, a ′]

)
U[a ′p ′, i ′],

Ĝ[p, p ′] = G[p, qs]G[qs, p ′], Ĥ[a, a ′] = H[a, bc]H[bc, a ′].

Cost (d-dimensional case)

Ĝ and Ĥ O(rd+1)
a(i, i ′) O(r3)

column a(i, :) O(nr2 + r3)
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Gram & Cholesky Tucker-by-Tucker

Tucker-by-Tucker → Tucker
F[i, j, k] = Kron(G,H)[ap, bq, cs]×1 U[i, ap]×2 V [j, bq]×3W[k, cs],

f(i, j, k) =
∑
pqs

∑
abc

g(p, q, s)h(a, b, c)u(i, ap)v(j, bq)w(k, cs)

F[i, j, k] =U ′[i, bq, cs]×2 V [j, bq]×3W[k, cs],

U ′[i, bq, cs] = Kron(G,H)[ap, bq, cs]×1 U(i, ap).

Gram matrix

A[i, i ′] = (U ′U ′
T
)[i, i ′] = U[i, ap]

(
Ĝ[p, p ′] ⊗ Ĥ[a, a ′]

)
U[a ′p ′, i ′],

Ĝ[p, p ′] = G[p, qs]G[qs, p ′], Ĥ[a, a ′] = H[a, bc]H[bc, a ′].

Cost (d-dimensional case)

Ĝ and Ĥ O(rd+1)
a(i, i ′) O(r3)

column a(i, :) O(nr2 + r3)

incomplete Cholesky O(nr3 + r4 + rd+1)
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Gram & Cholesky Tucker-by-Tucker

Cost (d-dimensional case)

Ĝ and Ĥ O(rd+1)
a(i, i ′) O(r3)

column a(i, :) O(nr2 + r3)

incomplete Cholesky O(nr3 + r4 + rd+1)

André-Louis Cholesky (1875–1918)
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Gram & Cholesky Tucker-by-Tucker

Tucker-by-Tucker → Tucker

F[i, j, k] = Kron(G,H)[ap, bq, cs]×1 U[i, ap]×2 V [j, bq]×3W[k, cs],

f(i, j, k) =
∑
pqs

∑
abc

g(p, q, s)h(a, b, c)u(i, ap)v(j, bq)w(k, cs)

Time for subspaces

molecule r1, r2, r3 T ε T(c3d) T(wsvdr) T(tals1) ε(tals1)
methane (74, 74, 74) 4.0 3·10−7 78.6 12.4 37 7·10−13
ethane (67, 94, 83) 5.3 6·10−7 76.8 15.1 42 8·10−13
ethanol (128, 127, 134) 20 5·10−7 1050 210 473 9·10−13
glycine (62, 176, 186) 38 8·10−7 1260 237 442 9·10−13

67



Newton Inverse matrices

Inverse 3D Laplacian: Newton

Xk+1 = 2Xk − Xk∆3Xk, Xk → ∆−1
3

68



Newton Inverse matrices

Inverse 3D Laplacian: modified Newton [OST, Computing 2009]

Hk =P(2I− Yk)

Yk+1 =P1(YkHk), Yk+1 → I

Xk+1 =P2(XkHk), Xk+1 → ∆−1
3
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Newton Inverse matrices

Inverse 3D Laplacian: modified Newton

Hk =P(2I− Yk)

Yk+1 =P1(YkHk), Yk+1 → I

Xk+1 =P2(XkHk), Xk+1 → ∆−1
3

old: fixed-rank P = Pr=(2,2,2),P1 = P2 = Pr=(12,12,12), full r2 × r2 × r2 core
new: fixed-accuracy P = P1 = P2 = Pε=10−9, Cholesky + Wedderburn recompression
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Newton Inverse matrices

Inverse 3D Laplacian: modified Newton

Hk =P(2I− Yk)

Yk+1 =P1(YkHk), Yk+1 → I

Xk+1 =P2(XkHk), Xk+1 → ∆−1
3

old: fixed-rank P = Pr=(2,2,2),P1 = P2 = Pr=(12,12,12), full r2 × r2 × r2 core
new: fixed-accuracy P = P1 = P2 = Pε=10−9, Cholesky + Wedderburn recompression

size 1283 2563 5123

T(old) 24 227 —
ε(old) 10−5 10−4 —
T(new) 26 182 820

ε(new) 10−12 10−12 10−12
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Thank you for attention!
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