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WEDDERBURN RANK REDUCTION [1934]

.
B:A—AUXA

xTAY

Joseph Henry Maclagan Wedderburn (1882-1948)



WEDDERBURN RANK REDUCTION

Ayx'A

B=A-—
xTAy '’

XAy # 0



WEDDERBURN RANK REDUCTION

B=A— TAYy #£0
Ay M e
Ayx'A Ayx'Ay
By = Ay — — Ay —
Y Y XTAY Y Y XTAY
Auyx'A x'AyxTA
Tp T T T

x B=x"A—x TAY =x A — A

rank B =rank A — 1



WEDDERBURN SEQUENCE [Chu, Funderlic, Golub, 1995]

Ak 1YkXp Akt def T
: wx = X Ax_1Yx # 0
Xp Ax—1Yk :

Ax = A1 —



WEDDERBURN SEQUENCE

Ar 1Y Ax

def
Ax = Ay — , Wy = xpAr_1yx # 0

Xp Ax—1Yk
STATEMENT 1



WEDDERBURN SEQUENCE

Ar 1Y Ax

def
Ax = Ay — , Wy = xpAr_1yx # 0

Xp Ax—1Yk
STATEMENT 1

Pr = P — wp P 1y AT Py

Qi = Qi1 — Wi Q1Y AQy
COROLLARY
Pixix =0, Qiyx =0



WEDDERBURN SEQUENCE

A 1YrXp Ax def T
, Wi = X Ak—1Yk # 0
Xp Ax—1Yk .

Ay = Ax 1 —

A =P/A = AQx
Po =1, P = Pr1 — wy P iy APy

Qo =1, Qr = Qi1 — Wi ' Q1Y AQy

STATEMENT 2: Py, Qy are projectors

P12<:Pk Qi:Qk



WEDDERBURN SEQUENCE

Ax 1Y Ax

Ay = A1 —
Xp Ax—1Yk

def T
, Wy = X Ax—1Yx 7 0

Ax = PA = AQx
Po =1, P = Pr1 — wy P iy APy

Qo =1, Qr = Qi1 — Wi ' Q1Y AQy

STATEMENT 2: Py, Qy are projectors

Pe=Pc  Qu=Qu

Pﬁ = Pﬁ_1 — waﬁ_msszTPk_] — w]j1Pk_1xsyIATP]2<_1 +
+ W Proxic g AP i A P

Wi




WEDDERBURN SEQUENCE

Ax 1Y Ax

def
Ax = Ay — , Wy = xpAr_1yx # 0

-
X Ak—1Yk

Ax = PA = AQx
Po =1, P = Pr1— wy 'Proixyp AP g Pi = Py

Q=1  Qu=0Q1—w ' QiyjAQi1; Qi =Qx

STATEMENT 3: PxPm = Puaxiem)y  QxQm = Qmax(k.m)

QiQr 1 = Qi 1 — Wi Q1Y AQz 1 = Qr1 — Wy Qe 1y AQy 1 = Qx

10



WEDDERBURN SEQUENCE

Ar 1Y Ax

def
Ax = Ay — , Wy = xpAr_1yx # 0

-
X Ak—1Yk

Ax = PA = AQx
Po =1, P = Pr1— wy 'Proixyp AP g Pi = Py

Qo =1, Qr = Qi1 — Wi Qe 1y AQy_1; Qi = Qx

STATEMENT 3: PxPm = Puaxiem)y  QxQm = Qmax(k.m)

QiQr 1 = Qi 1 — Wi Q1Y AQz 1 = Qr1 — Wy Qe 1y AQy 1 = Qx

COROLLARY
Prlxixz oooxid =0, Qxlyryz ...yl =0
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WEDDERBURN SEQUENCE

Ax 1Y Ax

def
Ax = Ay — , Wy = xpAr_1yx # 0

-
X Ak—1Yk

Ax = PyA = AQx
Po =1, Py = Py_1 — wE]Pk—ka{ATPk—ﬁ PP = Praxkm)
Qo =1, Qr = Qi1 — Wi Qu 1y AQy_1; QxQm = Qmaxk.m)

def def :
STATEMENT 4: u = Pr_1x¢ and vy = Qx_1yx provide U{AVk = Oy

T T T T def
W AV = Xy Pr1AQi Yk = X Ax—1Yk = Wk

=Ar_1Qx_1=AQ% =AQy_1=Ay_;

12



WEDDERBURN SEQUENCE

Ax 1Y Ax
Xp Ax—1Yk

def
Ax = Ay — , Wy = xpAr_1yx # 0

Ax = PyA = AQx
Po =1, Py = Py_1 — w[]Pk—ﬂky{ATPk—ﬂ PP = Praxkm)
Qo =1, Qr = Qi1 — Wi Qu 1y AQy_1; QxQm = Qmaxk.m)

def def :
STATEMENT 4: u = Pr_1x¢ and vy = Qx_1yx provide U{AVk = Oy

T TpT T def
WAV = X P i AQi—1Yk = X A1y = Wy

uh Ave = x) PLAAQk—L Yk = X Amax(m-_1x_1)Yk = 0 for m # k.

=AQm—-1Qx_1 :AQmax(m—1 k—T)

13



WEDDERBURN SEQUENCE

Ay VAL
A=A, — K TYkX AT

def T
TA , wr = X A 1Yk # 0
X \k—1Yxk

Ax = PyA = AQx
Po =1, Py = Pro1 — wy ' Pr iy AT Py PPm = Prax(km)
Qo =1, Qr = Qi1 — Wi Qu 1y AQy_1; QxQm = Qmaxk.m)

def def :
STATEMENT 4: u = Pr_1x¢ and vy = Qx_1yx provide U{AVk = Oy

COROLLARY: Uy and Vi have full rank

14



WEDDERBURN SEQUENCE

Ar 1Y Ax

def
Ax = Ay — , Wy = xpAr_1yx # 0

-
X Ak—1Yk

Ax = PyA = AQx
Po =1, Py = Py_1 — wE]Pk—ka{ATPk—ﬁ PP = Praxkm)
Qo =1, Qr = Qi1 — Wi Qu 1y AQy_1; QxQm = Qmaxk.m)

STATEMENT 4: uy dt Pr_1xx and vy dt Qx_1yx provide U{AVk = Oy
COROLLARY: Uy and Vi have full rank

COROLLARY:
Pelugw ... wl =0, Qilviva ... wl =0

15



WEDDERBURN SEQUENCE

.
A = Ax—1 — Ak 1Yk Wi—1X A1,

def
Wy = X Ax 1Yk # 0

16



WEDDERBURN SEQUENCE
.
A = Ax—1 — Ak 1Yk Wi—1X A1,
STATEMENT 5: explicit form

.
Ay = A1 — Aviwr A,

def
Wy = X Ax 1Yk # 0

wr = u Avy =+ 0

17



WEDDERBURN SEQUENCE

def
A = Ax_1 — A 1YW 1X Ag 1, Wy = X Ax_1Yyk # 0
STATEMENT 5: explicit form
Ak = Ak_1 — Avkwkqu{A, Wy = LLTA\)k 7& 0

k
Av=) Av,w,"wWA =AV.Q WA
p=1

AZAk—l-Ak

18



WEDDERBURN SEQUENCE

def
A = Ax_1 — A 1YW 1X Ag 1, Wy = X Ax_1Yyk # 0
STATEMENT 5: explicit form
Ak = Ak_1 — Avkwkqu{A, Wy = LLTA\)k 7& 0

k
Av=) Av,w,"wWA =AV.Q WA
=1

A=A+ Ay
COROLLARY: interpolation

XIAL =XIA, AYe=AY, WA =UA AVi=AV.

19



WEDDERBURN SEQUENCE

def
A = Ax_1 — A 1YW 1X Ag 1, Wy = X Ax_1Yyk # 0
STATEMENT 5: explicit form
Ak = Ak_1 — Avkwkqu{A, Wy = LLTA\)k 7& 0

k
Av=) Av,w,"wWA =AV.Q WA
=1

A=A+ Ag
COROLLARY: interpolation
XIAL =XIA, AYe=AY, WA =UA AVi=AV.

REMARK: Gaufiian elimination: Xy = [ey,,..., e ] and Yy = [ej,, ..., €;].

20



WEDDERBURN ELIMINATION
X[AL =XIA, AYe=AY, WA =UA AVi=AV.

(GAUSSIAN ELIMINATION

Carl Friedrich Gauf} (1777-1855)

21



WEDDERBURN SEQUENCE: sumimary

Ax 1Y Ax

def
Ax = Ay — , Wi = X Ax_1Yx # 0

-
X Ak—1Yk

A =PlA =AQy
PZ=Px;  PiPm=Puuim); PXk=0
Q7 = Qx; QxQum = Quaxikm); QY =0

def def

W = Proixk Vi = Qr_1Yxk
Ak = Ak_1 — Akak_]LLEA, Wy = UTA\)k 75 0
U AV = Oy

Ar = AVi.Q TUTA
A=A+ Ay

22



PivoTING

B=A—Ayw 'x'A,

def
w =X

TAYy #£0

23



PivoTING

B=A—Ayw 'x'A, w X Ay #£ 0

arg min ||B||r = dominant singular vector of A
X,

24



PivoTING

B=A—Ayw 'x'A, w X Ay #£ 0

arg min ||B||F =
X



PivoTING

B=A—Ayw 'x'A, w X Ay #£ 0

arg min ||B||f = arg min ‘A — AngA _ Ay
” * x'AY Jlg [|AY]
arg min ||B||r = arg min ||A — Al‘_JrXTA| = A'x
: : XTAY ||~ TATX]

26



PivoTING

B=A—Ayw 'x'A, w X Ay #£ 0

arg min ||B||f = arg min ‘A Ayx A AY
F— — — =
X X xTAy F |AyY|
arg min ||B||f = argmin ||A AuXIA|_ AlX
SRyRIFIF = e, XTAY ||y~ [ATX]
O AxYk B T ,
choose yy, set Xg = . A= (I — xkxk) Ax_1; (WCP)
[ Ax—1yx]|
Al 1Xx T
choose Xy, set Yk — Ax = Ar1 (I —yryy) (WRP)

Al



PivoTING

T
A = Ax—1 — A1y X Axr,

choose Yy, set Xk
choose Xy, set Yk
WCP
1. X{Xl< =1

2. P =P =1—XiX{

def
3. W = Pk_nck = Xk.

WRP

1. Y]IYk — I;
2. Qu=0Q] =T—-YY]/;
def

3. vk = Qx—1Yx = k.

_ Ax—_1Yk
A1y’

. Al—ﬂk
ALl

def T
Ak = (I — kal> Ak_1;

Ak = A1 (T—yryy)

W = X Ax_1yk # 0

(WCP)

(WRP)

28



ALcORITHM (Wedderburn elimination with column pivoting)

1. repeat

> k:=Kk+ 1, choose unit vector yy

x:=Ayy; x = (1—Xe1X]_;)x

« if ||x'|| < tol||x| then {Breakdown}

5: return A := Xy_1By_; {or try another yi}
e else

w

7: Xk ‘= X//HX/H
e end if
e D = ATxk, err — kuH, nrm’ ;= nrm’ ‘|‘kuH2

o Xk = [Xko1xd, By = [By_1 by
1. until err~< £ nrm
2. Teturn A = XkBI



ALcORITHM (Wedderburn elimination with column pivoting)

1. repeat

. k:=k+ 1, choose unit vector yy, (How?)
x:=Ayy; x = (1—Xe 91X _;)x

« if ||x'|| < tol||x| then {Breakdown}

5: return A := Xy_1By_; {or try another yy}
& else

w

7: Xk ‘= X//HX/H
e end if
e D = ATxk, err — kuH, nrm’ ;= nrm’ ‘|‘kuH2

o Xk = [Xko1xd, By = [By_1 by
1. until err~< £ nrm
2. Teturn A = XkBI



LANCZOS BIDIAGONALIZATION

Initialization: yo =0, 3o = 0, unit vector x,
. for k=1,2,... do
2 Y= ATxk_1; Y =Y — BV, o= [y’

ur:=y'/[|v’|l

s x:= Ay, X i=x—ogxk, Pri= X1, xxi=x"/||¥

+ end for

31



LANCZOS BIDIAGONALIZATION

Initialization: yo =0, 3o = 0, unit vector x,
. for k=1,2,... do
» Y=Ax; U=y —Braven o=V, ve=y/ vl
2 X =Ayx, X =x—oax, Pxi=|x, xx=x"/|x|

+ end for

LANCZOS ‘PIVOTING’

Al xe  ATPx AT(I— X X)X ATxp

AL x| IATPix]] JATI = X XT ] [JATxx|

Yk+1 =

32



LANCZOS BIDIAGONALIZATION

Initialization: yo =0, 3o = 0, unit vector x,

. for k=1,2,... do

2 Y= ATXk—l; v =y —Br1yk—1, o= |Yll, uvk=vy/[V|
x:=Ayx; X =x—oxk, Pr=X|[, xx:=x"/|x]

+ end for

w

LANCZOS ‘PIVOTING’
T T
Al e AP ATI=Xea X AT

A x| APl JAT(I =X XE )l IATx|

Yk+1 = ‘
KRYLOV SUBSPACES

span XENCP} = span{Ay1, (AA")Ays,..., (AAT)“TAy;},
span X." = span{(AAT)xo, (AAT)?xo, ..., (AAT)¥x}.

33



KRYLOV SUBSPACES

span XE”CP} — span Xgm} — span{(AA)xg, (AAT)?xy, ..., (AAT) o)

Alexei Nikolaevich Krylov /Kprinos/ (1863-1945)

34



TENSOR-by-vector-by-vector

A><2\)

T

u=A x;v xzw',

def
x3w! = Avw, A x3w'

def
XU = Awu,

35



TENSOR-by-vector-by-vector

u=A X2 \)T X3 WT, u, = E E Ak VWi

j=1 k=1
T T def T T def T T def
A xovi xXgw' = Avw, A xzw x;u = Awu, Axju xXvi = Auv
TENVEC-based approximation (Krylov recursion) [Savas, Eldén, 2009]
.. for k:1,2,... d

x Vi= AWkukH) vii=(I=VV] v v =V |V Vi = Vvl
s Wi=Awg v, ow o= (1 —WkWT)W W1 =W/ W' l; Wi =
. end for

2 U= Aviowy; ( — WUy, we s=uw/fufls U == (U wiepr]
/

(Wi Wk+1]

36



TENSOR-by-vector-by-vector

u=A X2 \)T X3 WT, u = E E Ak VWi
ji=1 k=1

A x;v! ><3wTd§fAvw, A><3WT><1LLTd:efAWLL, Axiu' xszdéfAuv
TENVEC-based approximation (Krylov recursion) [Savas, Eldén, 2009]
.. for k:1,2,... d

2 U= Aviowy; = (I- WU W  wepr =uw/|u/|l; U o= Uy Wiyt
5 Vi= Awkuk+1, V= (T-=VVHv; v =Vv/|V|; Vit = [Vivieal
s W= Aw v, wi= (1 - WkWT)W W1 =W/ [[W'l; - Wi = IWx wie]

. end for

CONVERGENCE: no theory in exact-rank case, ‘bad’ examples

37



ALGORITHM (Wedderburn for matrices)

1:

2:

3:

o

N

©

10:

repeat

k :=k + 1, choose unit vector y, (= A'x. ;)
x:=Ayy; x = (1—Xe X _;)x
if ||x'|| < tol||x| then {Breakdown}

return A := Xy_1By_; {or try another yy}

else

xk = x"/|IxX]l; Xe = X1 x4

end if
by = Alxy, err = by,
until err < enrm

nrm? := nrm” +||by||?,

By = [By_1 byl

38



ALcorITHM (Wedderburn for tensors)
1. repeat
> k:=k+ 1, choose unit vector yy » zx (= svd;(A x1x] ;))
« x:=Ayz; X = (I— X X _;)x

if ||x'|| < tol||x| then {Breakdown}

o

5: return X := Xy_; {or try another yy » z; }
e else

no oxee=xX X Xe = X xad

& end if

o err = ||A x7x!||, nrm?:=nrm’+ err?

o until err < enrm



ALcorITHM (Wedderburn for tensors: Lanczos-like)

1:

2:

w

10:

11:

12:

13:

14:

repeat
k:=k+ 1, choose unit vector ypx e zx =y = z
x = Ayrzi; x = (I— X1 X]_)x
if ||x'|| < tol||x| then {Breakdown}
return X := Xy_; {or try another yy » z; }
else
X =X /|[x s Xie = X x

end if

for j =1,...,ppow do {Power iterations to approximate A x; x{ ~: oyz'}
yi=(Ax1x) z=Ax1x, X3z =Azxy, o:=|yll, v:=y/|y|
z:=(Ax1x)'y=Ax1x xoy' =Axy, o:=|z|, z:=2z/|z|

end for
err := 0, nrm’ := nrm’ + err
until err < enrm

2
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ALcORITHM (Wedderburn for tensors: SVD-like)

1. repeat

. k:=k+ 1, choose unit vector yy « zx = arg maquH:HZH:] x|
x = Ayzi; "= (I — Xemr X)L )x = (I — X1 X)) (Ayszi)
« if ||x'|| < tol||x|| then {Breakdown impossible!}

w

5: return X := Xj_

. else

no xee=xX X Xe = X xad

e end if

oo for j=1,... ,ppow do {Power iterations to approximate A x; x{ ~: oyz'}
o Yi=(AXx1x) z=Ax1x) x3z2' =Azx, o:=|yll, yv=vu/llyl

o zi=(Axix)'y=Axix <oy = Axy, o:=|z||, z:=z/|]

2. end for

13 €err = 0, nrm? := nrm? + err?

. until err < enrm



ALcORITHM (Wedderburn for tensors: SVD-like)

1. repeat

» for j=1,... pas do {ALS iterations to maximize ||(I — Xy 1X] ;)(Ayz)|}
« x:=Ayz, x=x/||x]|, x =(1—Xe1X]_;)x

y=Azx', o=|yl, yv=y/|yl

= z:=Ax"y, o=lzl|, z=z/|z|

. end for

7: X = Ayka; x' = (I — Xk_1X{_1)X

s if [|x'|| < tol||x|| then {Breakdown impossible!}

=

o: return X := Xj_j

0. else

o oxc=xxX ) Xe = X xid
12: end if

13 €err = 0O, nrm’ := nrm? + err?

. until err < enrm



CoMPLEXITY of algorithms for rank-(ry, 17, 1r3) tensor approximation

name output tenvecs
MKR U, VW 3r
Wsvd U, VW | 9pasr + 37
Wlecz U, VW | 6ppowT + 37
WsvdR U, VW | 9pasr + 37
WlczZR U, VW | 6ppowT + 37

WiczR U, V.W, G

%+ 3r
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CANONICAL — 'T'UCKER
molecule accuracy  MKR | Wsvd Wlnc WsvdR WilncR | cross TALS(1)

methane 1074 1.0 6.1 4.4 2.0 0.5 1.0 2.6
R=1334 10°° 1.7 | 10.7 8.2 3.7 0.8 14 9.6
1078 — 14.5 11.1 5.1 14 1.9 30
10~10 — | 204 1e.1 6.9 2.0 2.9 59

ethane 1074 2.7 17 15 6.7 1.6 3.0 4.6
R=3744 10°° 5.2 32 25 12 2.8 4.9 17
1078 — 45 35 17 3.9 6.3 42

10~10 — 61 50 23 5.3 8.2 83

ethanol 107* 8.0 54 45 17 4.7 8.1 22
R=6945 10°° 14 89 74 30 8.4 13 81

108 | — | 135 108 45 13 | 17 194
1071 | — | 180 145 61 18 | 22 391
glycine 104 | — | 8 69 37 75 | 24 32
R=9208 10 | — | 131 112 57 13 | 33 96
108 | — | 200 160 80 18 | 43 211

10-1° — | 268 211 114 24 60 412



CanonicaL — Tucker (MKR)

109
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10~

1076

1078

10—10

methane

MKR I
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60
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MKR ImmiIEmIl

best
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CANONICAL — TUCKER (Wsvd)

109

1072

10~

methane

Wsvd imiimin

best

10

20

30

60

1078

10—10

glycine
VVSVd Il
best ———

20 40

60

80
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CANONICAL — TUCKER (Wlnc)

100 - T T T T T
¥
1072 ]
1074 + .
1076 + -
1078 L methane .
WlIlC ImmIIEmI 11 mm
best
10—10 1 1 1 1
0 10 20 30 40 50

- glycine , -
N
Wlinc imiimn ., ,Iﬁ,l
- L}
best —— R ‘
0 20 40 60 80 100 120 140
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CanonNicAL — Tucker (WsvdR)

100 - T T T T T
1072 ]
1074 + -
1076 + -
10® I methane -
WSVdR ImmiImm
0 best _—
10— 1 1 1 1
0 10 20 30 40 50

60

109

1072

1076

1078

10—10

glycine
WSVdR I
best

‘)
L

2N
D
-

20 40

60

80

48



CAaNONICAL — TUCKER (WlncR)

109 =

1072

1074

1076

1078

best

10—10

methane
W]_I]_CR ImmIEi

10

20 30

_ lvci -
glycine iy,
W]_]_‘]_CR Imm Il NS
b
best ——— S
0 20 40 60 80 100 120 140
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TUCKER-BY-TUCKER — TUCKER
Afi,j, kI = Glp, q,s] x1 UM, p] x2 VIV, q] x5 WK, 5],
Bh) j) k’] — H[Cl, b) C] X1 u(B)[1> a] X2 V(B)[J) b] X3 W(B)[k) C]

F[i,j, k] = Kron(G, H)[ap, bq, cs] x; U[i, ap] x, V[j, bq] x3 Wk, cs],

f(L,3,k) =) D 9(p,q,s)h(a,b,c)uli,ap)v(j, bq)w(k,cs)

Pds abc

50



TUCKER-BY-TUCKER — TUCKER

molecule  accuracy | Wsvd Wlnc WsvdR WincR | TALS(1)
methane 10°* 155 13.8 8.1 2.8 24
(74,74,74) 107° 34 33 14.8 9.7 14.3
1078 63 46 43 18.6 42
10°10 23 74 68 40 97
ethane 107* 22 20 11.8 4.2 4.2
(67,94, 83) 107° 46 41 33 14.0 16.7
1078 82 68 72 27 45
1071 1125 105 127 56 117
ethanol 107* 120 101 106 45 52
(128,127,134) 107° 281 228 293 176 257
1078 493 419 635 441 678
1071 | 736 653 1100 808 1370
glycine 1074 179 170 177 60 64
(62,176,186)  10°° 442 380 600 217 270
1078 732 600 1033 500 646
107 11010 850 1530 888 1223
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TUCKER-BY-TUCKER — TUCKER (Wsvd)

109

1072

10~
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Wsvd 1miimin
best

0 10
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TUCKER-BY-TUCKER — TUCKER (Wlnc)

109

methane?

Winc irsumn
best
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TUCKER-BY-TUCKER — TUCKER (WsvdR)

109

1072

10~

1076

1078

10—10

., -
o, =
.

methane?
WSVdR ImmiImm

“-II-II-II-II-II‘L
o~

best

10

20

50

109

1072

1076

1078

10—10
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WSVdR I

best

20

40

60
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TUCKER-BY-TUCKER — TUCKER (WlncR)

109

1072

10~

1076

1078

10—10

methane?

W]_I]_CR ImmIEi
best ~—

0 10

20

30

40
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W]_]_‘]_CR Il
best ~—

0 20 40

60
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AND A LITTLE MORE
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TUCKER-BY-TUCKER — TUCKER

F[i,j, k] =Kron(G, H)[ap, bq, cs] x7 Ui, ap] x, V[j, bq] x3 Wk, cs],

f(i,3,K) ZZg p,d,s)h(a, b, cJuli, ap)v(j, ba)wik,cs)
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TUCKER-BY-TUCKER — TUCKER

F[i,j, k] =Kron(G, H)[ap, bq, cs] x7 Ui, ap] x, V[j, bq] x3 Wk, cs],

fL,,k) =2 ) alp,a,s)h(a,b,culi, ap)v(j, bqw(k, cs)

Pdgs abc

F[1>)>k] :U/ﬁ,,bq,CS] X2 V[Lb(ﬂ X3W[k> CS]>
U’[i,bq, cs] = Kron(G,H)[ap, bqg, cs] x; U(i, ap).
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TUCKER-BY-TUCKER — TUCKER
F[i,j,k] =Kron(G, H)[ap, bqg, cs] x; U[i, ap] x3 V[j, bqg] x3 W[k, cs],

f(i,3,K) ZZg p,d,s)h(a, b, cJuli, ap)v(j, ba)wik,cs)

F[1>)>k] :U/ﬁ,,bq,CS] X2 V[Lb(ﬂ X3W[k> CS]>
U’[i,bq, cs] = Kron(G,H)[ap, bqg, cs] x; U(i, ap).

Compute mode-1 dominant subspace of U’[i, bq, cs| instead of F[i,j, k]
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TUCKER-BY-TUCKER — TUCKER

F[i,j, k] =Kron(G, H)[ap, bq, cs] x7 Ui, ap] x2 V[j, bq] x3 Wk, cs],

f(i,3,K) ZZg p,d,s)h(a, b, cJuli, ap)v(j, ba)wik,cs)

F[1>)>k] :U/ﬁ,,bq,CS] X2 V[]>b(1] X3W[k) CS]?
U’[i,bq, cs] = Kron(G,H)[ap, bqg, cs] x; U(i, ap).

ACCURACY
AR AU e U VW,
X Cr AT CF =

[F =~ [0 IET

AF AU u Vi |[|W
I \Iz<CZII /Hz, C2:II 2 V]]2] Hz;
T2 u Uz / T2
IAF]2 . [[AT ]l . JU" 2/ V]2IW]2

C —
IFl. =~ o, IF]2
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TUCKER-BY-TUCKER — TUCKER
F[i,j, k] =Kron(G, H)[ap, bq, cs] x; U[i, ap] x, V[j, bq] x3 WIk, cs],
f(i,5,k) = > g(p,d,s)h(a,b,cu(i,ap)v(j,bg)w(k,cs)

Pds abc

F[1>)>k] :U/ﬁ,,bq,CS] X2 V[J>b(ﬂ X3 W[ka CS]»
U’[i,bq, cs] = Kron(G,H)[ap, bq, cs] x; U(i, ap).

ACCURACY

IAE[F _ . AU || _NUEIVI2[IW 2,
X LF / y Cr = y

|F||F U] / F|F
1AF] _ . |AU'[] _WRIVI[[W 2.
x L2 / y Cr = y

Fll. =~ E
|AF |2 <. |AU[[2 U2l V]2W]2
~ 2 / ) C2 - .

|F|2 [LSMIP F|2

def T T T
HAHZ — IMaX||u||=||v|=|w|= A Xiu XV Xz3w = = MaX||y||=||v|]=|w|=1 <A, uevVve w> ,
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TUCKER-BY-TUCKER — TUCKER

F[i,j, k] =Kron(G, H)[ap, bq, cs] x7 Ui, ap] x2 V[j, bq] x3 Wk, cs],

f(i,3,K) ZZg p,d,s)h(a, b, cJuli, ap)v(j, ba)wik,cs)

F[1>)>k] :U/ﬁ,,bq,CS] X2 V[%b(ﬂ XSW[k) CS]?
U’[i,bq, cs] = Kron(G,H)[ap, bqg, cs] x; U(i, ap).

ACCURACY
IAF]r AU U] V\zHWHz
X Cr AT CF =

[F =~ [0 IET
AF AU u Vi |[|W
|AF|l2 < CZII / Hz, ¢, — U2 V]2 Hz;
T2 u Uz / T2

|AF |2 ce |AU][2 U] VI]2lWI[2

o X G2 AT C2 =

| F||2 U2 | F||2

REMARK: For any tensor, ||A[i,j, k|2 < [|AL,jKl|2 < ||A[, ], K]]|F.
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TUCKER-BY-TUCKER — TUCKER
F[i,j, k] =Kron(G, H)[ap, bq, cs] x7 Ui, ap] x2 V[j, bq] x3 Wk, cs],
f(L,j,k) =) D 9(p,q,s)h(a,b,c)uli,ap)v(j, bq)w(k,cs)

Pdgs abc

F[1>)>k] :U/ﬁ,,bq,CS] X2 V[%b(ﬂ XSW[k) CS]?
U’[i,bq, cs] = Kron(G,H)[ap, bqg, cs] x; U(i, ap).

GRAM matrix
Al 1] = (WU, ') = Ul ap] (Glp, p'l = Ala,a’]) Ulap’, 1),

i'] p,
Glp,p’l = Glp, qslGlgs,p’l, Hla,a’]l =H[a,bc]H[bc,a’].
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TUCKER-BY-TUCKER — TUCKER
F[i,j, k] =Kron(G, H)[ap, bq, cs] x7 Ui, ap] x2 V[j, bq] x3 Wk, cs],
f(L,j,k) =) D 9(p,q,s)h(a,b,c)uli,ap)v(j, bq)w(k,cs)

Pdgs abc

F[1>)>k] :U/ﬁ,,bq,CS] X2 V[%b(ﬂ XSW[k) CS]?
U’[i,bq, cs] = Kron(G,H)[ap, bqg, cs] x; U(i, ap).

GRAM matrix

Al 1] = (WU, ') = Ul ap] (Glp, p'l = Ala,a’]) Ulap’, 1),

i'] p,
Glp,p’l = Glp, qslGlgs,p’l, Hla,a’]l =H[a,bc]H[bc,a’].

CosT (d-dimensional case)

G and H O(rdt1)
a(i, i) O(r3)
column a(i,:) | O(nr? 4 13)
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TUCKER-BY-TUCKER — TUCKER
F[i,j,kl =Kron(G, H)[ap, bq, cs] x; U[i, ap] x, VI[j, bq] x3 W[k, cs],

fL,3,k) =2 ) alp,a,s)h(a,b,c)uli,ap)v(j, bq)w(k, cs)

Pds abc

Fh>)>k] :U/ﬁ,,bq,CS] X2 V[Lb(ﬂ X3 W[k> CS])
U’[i,bq, cs] = Kron(G,H)[ap, bq, cs] x; U(i, ap).

GRAM matrix
Al 1] = (WU, '] = Ul ap] (Glp, p') = Ala,a’]) Ulap’, 1),

i'] p,
Glp,p’l = Glp, qslGlgs,p’l, Hla,a’]l =Hla,bc]H[bc,a’].

CosT (d-dimensional case)

G and H O(rdt)
a(i, i) O(r3)
column a(1i,:) O(nr? +13)
incomplete Cholesky | O(nr> + 1% + r41)
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CosT (d-dimensional case)

G and H O(rdth)
ali, i) O ()
column a(i,:) O(nr? + 1)
incomplete Cholesky | O(nr® + 1% 4 r¢+1)

André-Louis Cholesky (1875-1918)
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TUCKER-BY-TUCKER — TUCKER

F[i,j, k]
f(1,5, k)

=Y ) alp,q,s)h(

Pdgs abc

TIME for subspaces

(k, cs)

=Kron(G, H)[ap, bq, cs] x1 U[i, ap] x, V[j, bq] x3 WIk, cs],
a,b,c)u(i,ap)v(j, bgjw

molecule T1,T2, T3 T ¢ | T(c3d) T(wsvdr) | T(tals;) e(talsq)
methane (74,74,74) 4.0 3,0—7| 78.6 12.4 37 74013
ethane (67,94,83) |5.3 6.40—7 76.8 15.1 42  8.10—13
ethanol (128,127,134) 20 5.40—7| 1050 210 473  9.40—13
glycine (62,176,186) | 38 8.490—7| 1260 237 442 940—13
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INVERSE 3D LAPLACIAN: Newton

X1 = 2Xx — Xy Az Xy,

X — A3
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INVERSE 3D LaApLACIAN: modified Newton [OST, Computing 2009]
He =P(21 — Y4
Yig1 =P1(YicHy), Yigr — 1
Xi+1 =P2(XHy), Xir1 — A3
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INVERSE 3D LAPLACIAN: modified Newton
Hy =P(21 - Yy)
Yicr1 =P1(YiHy), Yy — 1
Xic41 =P2(XiHy), Xicr1 — A3
oLp: fixed-rank P =P, 222, P1 = P2 = Pr_(1212.12), full ™ X 12 X 1% core
new: fixed-accuracy P =P; =P, =P._,,9, Cholesky + Wedderburn recompression
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INVERSE 3D LAPLACIAN: modified Newton
Hy =P(21 — Yy )
Yicr1 =P1(YiHy), Yy — 1
Xic41 =P2(XiHy), Xicr1 — A3

oLD: fixed-rank P = Tr:(z’z)z), T1 = sz — Tr:(12,12,12)> full TZ X Tz X 1,2 core

new: fixed-accuracy P =P; =P, =P._,,9, Cholesky + Wedderburn recompression

size | 128% 256° 5123
T(old) | 24 227 —
g(old) | 107> 107+ —

T(new)| 26 182 820
e(new) 10712 10712 10712
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PREPRINTS

e 5. A. Goreinov, I. V. Oseledets, D. V. Savostyanov.

Wedderburn rank reduction and Krylov subspace method for tensor approximation.

Part 1: Tucker case
Preprint INM RAS 2010-01, arXiv:1004:1968, submitted to SISC.

e D. V. Savostyanov, E. E. Tyrtyshnikov, N. L. Zamarashkin
Fast truncation of mode ranks for bilinear tensor operations

Preprint INM RAS 2010-02, arXiv:1004:4919, submitted to NLAA.

THANK YOU FOR ATTENTION!
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