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Effective computation of Chebyshev
polynomials for several intervals

A. B. Bogatyrév

Abstract. A cell decomposition of the space of polynomials Ty (E, z) of least devi-
ation from zero on a system FE of several closed intervals of the real axis is discussed.
An effective method for calculating the T3, in each cell making use of automorphic
functions is put forward.

Bibliography: 29 titles.

§ 1. Introduction

Let E be a collection of several intervals of the real axis with extreme left and
extreme right points —1 and +1, respectively. We consider the classical problem of
the polynomial of least deviation on E: in the class of polynomials

P,(z)=a"+ - (1)
of degree n with real coefficients find the polynomial of minimum C(E)-norm

L,, = inf max | P, (x)|. (2)

P, zecE

We call the solution of the problem (1), (2), divided by the deviation of L,, from
zero, the Chebyshev polynomial T,,(E, x) of the set E.

The problem of least deviation goes back to Chebyshev, who solved it in the
case of E = [-1,1]. In many special cases of the form F = [-1,a] U [b,1],
—1 < a < b < 1, the solution of the problem was obtained by Akhiezer [1], but
in fact, can also be found in Zolotarév’s papers [2] and [3] (see also [4]), who did
not himself discuss the problem. The solutions in these papers were constructive,
in terms of elliptic functions. In the case when E is a union of several intervals
some problems of least deviation were solved by Lebedev [5]. In a recent paper [6]
Peherstorfer and Schiefermayr develop a method for computing the polynomials
of least deviation on several intervals, which however is efficient only for small
degree n. Akhiezer [7] suggested Schottky automorphic functions for a parametric
representation of solutions in the general case, but this approach (which was used
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for extremal rational functions, see [8]) so far has not been sufficiently developed
to produce quantitative results. It is this approach that we concentrate on in our
paper.

We now formulate the problem that we are solving; it should be pointed out
from the outset that this is not the problem of least deviation (1), (2). We embed
the space of Chebyshev polynomials | J T, (E, -) of degree n in the space of poly-
nomials of degree at most n, which we identify with R”*!. Using Akhiezer’s ‘comb’
domains [9], [10] one can show that the space of Chebyshev polynomials is an
unbounded closed subset of R"*! diffeomorphic to an (n — 1)-dimensional coordi-
nate sector. This sector [0,00)" ! has a natural cell decomposition into sectors of
smaller dimension lying in various planes spanned by coordinate axes. The corre-
sponding decomposition of the space of Chebyshev polynomials has the following
form:

9=0mg,...,m

UTn(E,-):O U Tme,ma,....,my), (3)
E g

where the positive integers mg, m1, ..., mg, of total sum n, describe the topologi-
cal structure of the graph of T,,, and T(mg, m1, ..., my) is a smoothly embedded
g-dimensional cell. Thus, to each Chebyshev polynomial we can assign a collection
of parameters peculiar to it: discrete parameters {my}{_, that specify the cell T
and continuous parameters v, 0 < v, < 00, k =1,..., g, that are global coordinate
functions in that cell. The computation of the Chebyshev polynomials T, (-, x) in
terms of the values of these parameters is the subject of the present paper.

Unfortunately, we do not know the map E — [g; {mi}_o; {Vk}izl] , which could
be helpful in the solution of the problem of least deviation (1), (2). More than
that, this map is unstable. By contrast, the map [g; {mi}]_o; {va}i_,]— {E}
associating with a fixed T,, all corresponding least deviation sets E (such that
T, =T,(E, -)) has a simple structure and we describe it in Theorem 2.

A construction going back to Akhiezer enables one to embed each g-dimensional
cell T(my, ..., mgy) in some moduli space H(R;g,1) of twice the dimension. The
moduli space H consists of hyperelliptic curves M of genus g with real ramification
points and one distinguished real point, and the embedded cell T is described by
Abel’s equations

/ d?’]:27TZ%, 5:071727"'797 (4)
B. n

discussed in § 2.1. For an effective computation of Chebyshev polynomials it suffices
to find a representation of Riemann surfaces M making up the moduli space (a
model) that could be convenient in the solution of two problems:

(A) the effective resolution of the constraints (4);
(B) the effective recovery of a polynomial T,,( -, z) from the curve M represent-
ing it.
As long ago as 1928, Akhiezer — in connection with another problem of least
deviation — proposed the use of the Schottky uniformization of M for the solution of
the second problem. The novel feature of our approach is that we solve problem (A)
in the same framework.
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The scheme of the computation of Chebyshev polynomials is as follows: from an
arbitrary point in the moduli space, using variational formulae for the left-hand
sides of Abel’s equations in the moduli space, we perform the gradient descent onto
the cell T C H(R; g,1). The Chebyshev polynomial T,, € T is calculated by explicit
formulae in terms of the Riemann surface M € H(R; g, 1) corresponding to it under
the embedding T — H(R; g,1).

The author acknowledges Prof. V.I. Lebedev and the referee for comments help-
ful for the improvement of the presentation and for the review of the history of
least deviation problems.

§ 2. Structure of Chebyshev polynomials

The qualitative structure of the graph of a Chebyshev polynomial T;, (see Fig. 7)
can be understood on the basis of Chebyshev’s alternance theorem. The description
of the graph is as follows.

Theorem 1. A polynomial P,(x) of degree n with positive leading coefficient is
the Chebyshev polynomial of some set E if and only if the interval I := (—1,1)
contains n disjoint subintervals I, ..., I, such that two of them adjoin the end-
points of I and P, : Iy — I is a homeomorphism for each s =1,...,n.

Proof. (1°) Let T,,(E, z) be the Chebyshev polynomial of E and eg, ey, ...,e, its
alternance points. Each interval (e;_1,e5), s = 1,...,n, contains precisely one point
in the inverse image 7T}, !(y) for each y € I. Let I := {z € (es_1,¢€5) : Th(z) € I}.
We consider an arbitrary connected component I9 of I;. The values of T, at the
end-points of IV are equal to one in absolute value but must be of opposite signs,
for otherwise T}, takes equal values at distinct points in I? C (es_1,es). Hence
I? = I, and the restriction of T}, to I, is a homeomorphism onto I. Since +1 are
the extreme points of F, it follows that —1 € 917 and 1 € 9I,.

(2°) Let P, be a polynomial mapping disjoint intervals Iy,...,I, onto I in a
one-to-one manner. The monotonicity of P, on two successive intervals I,_1, I
has opposite character. A calculation of the number of the alternance points shows
that P, = T,,(E, -) for E :=JI_, I.

Corollary. A polynomial P,(x) of degree n with positive leading coefficient is a
Chebyshev polynomial (of some set E) if and only if

{£1} c P, ({£1}) C [-1,1]. (5)

Proof. (1°) If P, is a Chebyshev polynomial, then P, '({£1}) = J]_, 01, and the
inclusions (5) are beyond any doubt.

(2°) Let —1 = e < €5 < --- < e}, = 1 be points making up the inverse
image P, !({+1}), where the number of occurrences of each point is equal to its
multiplicity. We claim that the sequence of s°(j) := Pn(e;), j = 1,...,2n, is as
follows:

O ={(=D)", ..., +1,+1, -1, —1,+1,+1, -1, -1, +1}. (6)

Consider the ‘derivative’ sequence s'(j) := Pn(e;)Pu(€541), 7 =1,...,2n—1. The
positivity or the negativity of s'(j) indicates that the interval [e7, €} 1] (which may
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degenerate into a point) contains a zero of the derivative or a zero of the polynomial
itself, respectively. Hence the sequence s' contains n negative and n — 1 positive
elements. There is no piece of the form —1, —1 in the sequence s', for otherwise s°
must contain either a piece —1,+1,—1 or +1,—1,+1, which is impossible. Hence
s1(j) = (—1), and since the leading coefficient of P, is positive, it follows that
s%(2n) = +1 and the general element of s° has the form (6).

The polynomial P, is monotonic in each interval I, := (e}, _;,€5.), s=1,...,n,
and takes values +1 at its end-points. By Theorem 1 this is a Chebyshev poly-
nomial.

It is clear from the proof of Theorem 1 that the same Chebyshev polynomial
T,(-,x) can be the solution of the least deviation problem (1), (2) for many closed
sets E containing more than n points. We list all least deviation sets F in the
following theorem.

Theorem 2. Let T, be the Chebyshev polynomial for some collection of intervals

T, (1) =Ul ;. ThenT, =T,(E, ") if and only if E C J,_, I, and E inter-

n

sects each of the n+ 1 components of the set R\ J_, .

Proof. Let 7: be the closed interval between I, and I,1; (which may degenerate
into a point). The character of the monotonicity of T;, on successive intervals I
alternates, therefore the polynomial takes the same value (of modulus one) at the
end-points of each 7:. For alternance points e; we have the following possibilities:

eo=—1, e €dl,, s=1,...n—1, e,=1. (7)

(1°) Let E be the least deviation set of T, = T,,(E, -). The absolute value of
the polynomial on E is at most one, therefore E C (JI_, I,. The intersections
of F with each component of the complement of UZ:l I are non-empty because all
alternance points (7) lie in E.

(2°) If a closed set E lies in the union of the closures of the intervals I, and
intersects each component of the complement of the union of these intervals, then
we can choose alternance points e; € E in accordance with (7) (in more than one
way in general). By the alternance theorem T, = T,,(E, ).

To parametrize the set of various polynomials T),( -, z) one must use quantities
strongly attached to the polynomials. For instance, with each Chebyshev poly-
nomial T, (E,z) one associates ([9], [11], [12]) its support set (also called the
n-regular set or the mazimal set of least deviation) and also some ordered par-
titioning of the degree into a sum of positive integers.

Definition. The support set ET of a Chebyshev polynomial 7}, is the set
n
Et:=J T, =T, (T); (8)
s=1

its connected components Eg’ ,Ef ) .,E; are indexed from left to right. The
ordered partitioning of the degree n of the polynomial is the collection of integers my
equal to the number of subintervals I, in the components E,j:

Mo+ ma 4 -+ my = 1. 9)
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We present below Theorem 1 providing necessary and sufficient conditions for a
set

g
ET U ay, br.), (10)

k=1
(bo:=) —1<a1<by<ay<by<---<ay<by; <1l (= ag1), (11)

to be the support set of a Chebyshev polynomial with partitioning of the degree (9).
Following [13], we associate with each set ET of the form (10), (11) the hyperelliptic
genus-g curve

M(E*) := {w2=($2—1)H($—ak)($—bk)}7 (12)
k=1

on which we dlstlngulsh two canonical homology bases: Ai,..., Ay By,..., By
and Bl, .. Bg7 A1, .. A We define the homology classes whose representatives

are not 1ndicated in Fig. 1 by the formulae
A=A+ -+ A,

~ _ s=1,...,9. (13)
B; =B+ + Bs_1,

..........

Figure 1. The cycles As, Bs, and the paths Cs on the Riemann surface M (ET)
of genus g =2

There exists on M(E™) a unique A-normalized Abelian differential of the third
kind dn [14] with poles at the points at infinity in M such that dn has residue —1
at the pole ooy on the upper sheet (accordingly, the residue at the pole co_ on the
lower sheet is +1). This differential must be real and has precisely one zero in each
interval (ag, bx), so that

g
= 5 H T — Ck CL € (ak,bk). (14)

Theorem 3 (Abel’s equations) [9], [11], [12], [15]. A set ET of the form (10), (11)
is a support set of a Chebyshev polynomial with partitioning of the degree (9) if and
only if

/ dp=2mi2  s=0,1,2,...,q. (15)
B, n



1576 A. B. Bogatyrév

A Chebyshev polynomial can be recovered from its support set E+ satisfying condi-
tions (15) by the formula

(zw)

T.(E*,z) = cos (zn/ dn), z € C, (16)
(1,0)

where the integral is taken over an arbitrary path in M(E™) joining (1,0) to (z,w)
and does not depend on the choice of one of the two possible values of w.

Remarks. (1) Relations (15) contain only ¢ independent equations because the

contour By + - - - + B, contracts to a pole of dn.
(2) Riemann’s bilinear relations enable one to write (15) also in an equivalent

form:
g9 [SSNE
ka/~ dC+n/ d¢ =0, (17)
k=1 A -
where d( is an arbitrary differential of the first kind on M(E™) and integration
from oo_ to ooy proceeds along the path Cg, see Fig. 1. Conditions (17) have the
form of Abel’s equations defining the divisor of a meromorphic function on M (E™).

(3) In connection with the problem of least deviation conditions (15) for g = 1
were first stated by Zolotarév (see [4]); for ¢ = 2 and m; = my = 1 they appeared
first — in the form of relation (86) for Schottky functions — in Akhiezer’s paper [7].
In the preprint [16] by Krein, Levin, and Nudel’'man equations very similar to (15)
arise in connection with the problem of the representation of polynomials that are
positive on a system of intervals. Equations (15) that we use here were apparently
used for the first time by Peherstorfer [11], [15].

(4) Akhiezer [10] (see also [9]) developed a very transparent interpretation of
the representation (16). For an arbitrary set E' of the form (10) the Schwarz—
Christoffel integral .

m/ dn(E™), Imz >0,
-1

maps the upper half-plane (in the upper sheet of M(E™)) onto a ‘comb’ domain

g
{z€C:0<Imz, 0<Rez<n7r}\U[ﬁs,ﬁs+iﬂs], (18)

s=1
where the end-points fi1, fi2, ..., flg, 0 < i1 < fig < -+ < fig < nm, of the vertical
slits and their lengths 7g, 0 < 7y < 00, k =1, ..., g, are described by the formulae

ag Ck
ﬁktzni/ dn, ﬂktzni/ dn, k=1,...,9.
—1 ag

In ‘combs’ corresponding to Chebyshev polynomials the i are multiples of .
The converse is also true: each ‘comb’ (18) with slits whose z-coordinates i, are
multiples of 7 correspond to a Chebyshev polynomial T, (-,z) = (—1)" cos6(z),
where 6(z) is the conformal map of the upper half-plane onto this ‘comb’ normalized
by the condition {—1,1,00} — {0,nm,00}. This establishes a one-to-one relation
between Chebyshev polynomials and ‘comb‘ domains with ‘teeth’ of lengths 7y at
the points km, k= 1,...,n — 1. (Here we allow slits of length zero, so that the vy,
here are in general not the same as in (18).)
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Definition. We call the quantities vg, 0 < v < 00,k =1,...,n— 1, the Akhiezer
coordinates of the Chebyshev polynomial T,,. We denote the collection of all Cheby-
shev polynomials with fixed partitioning of the degree (9) by T(mg,m1,. .., mg).

The Akhiezer coordinates enable one to identify the space of Chebyshev poly-
nomials | 70, (E, -) and the sector [0,00)"!. The sets T(mq, m1,. .., m,) make
up a natural cell decomposition of this sector into sectors of smaller dimensions:
polynomials in T(my, ..., mg) correspond to points with Akhiezer coordinates of
the following form:

(0,..-, 0,7y, 0, .., 0,7y, 0, . .., 0, 7, , 0, . .., 0),

my i==mg+mq + - +mg_1. (19)

The interior of [0,00)"~! is the cell T(1,1,...,1) containing ‘generic’ Chebyshev
polynomials. Each polynomial P,(z) with simple real zeros can be moved into
interior of the (n — 1)-dimensional sector by a linear change of the variable z (and
multiplication of P,, by a constant). Of greater interest are polynomials lying in cells
of lower dimension. For instance, the unique vertex T(n) of the cell decomposition
corresponds to the classical Chebyshev polynomial, the edges T(1,n—1), T(2,n—2),
..., T(n — 1,1) correspond to the Zolotarév polynomials of the 1st kind (for the
classification of the Zolotarév polynomials, see [4]); we present the graphs of poly-
nomials in the two-dimensional faces T(11,15,4),T(10,17,3),T(13,2,15),...
in Fig. 7.

We now embed the Chebyshev polynomials T;, (E, - ) in the space of polynomials
of degree at most n, which we identify with R"*! by fixing some polynomial basis.
The next theorem gives an answer to the following question: which part of the
space R™™! corresponds to the space of Chebyshev polynomials | 15, (E, - )?

Theorem 4. The space of Chebyshev polynomials is a subset that is
(1°) closed,

(2°) unbounded,
(3°) lying in a plane of codimension 2,
(4°) real-analytically diffeomorphic to an (n — 1)-dimensional coordinate sector.

Proof. (1°) Criterion (5) shows that the limit of a sequence of Chebyshev poly-
nomials is a Chebyshev polynomial.

(3°) Since Ty, (-, £1) = (£1)", all Chebyshev polynomials lie in the (n—1)-dimen-
sional plane

Ly 1= {Pn(m) =a"+ (z? - 1) jgrjmj}. (20)

(4°) In the plane L,,_; we consider the open set €2 containing all Chebyshev poly-
nomials and consisting of polynomials P, of degree precisely n whose derivatives
have simple zeros that all lie in the interval I:

<z <mp<- <y <1,  Pylzx,)=0. (21)
The map ®: Q — R" ! defined by the formula
®(Pn) = {ys 2;117 Ys i= (=1)" TPy (), (22)
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is a real-analytic diffeomorphism. For the map {ry}}=5 — {zs}7Z} is real analytic
in the domain where the leading coefficient r,_s is distinct from zero and all the x4
are distinct. Hence the map {ry}}—g — {ys}7Z} is also real analytic. The map ®
has maximum rank since its Jacobian matrix

0
Hs _ (—1)mts(z2 - )2k, s=1,...,n—1, k=0,....,n—2,
87“k
is the product of a Vandermonde matrix and a non-singular diagonal matrix.
We claim that @ is a bijection between the space of Chebyshev polynomials and

the sector
{ys 21, s=1,...,n—1}. (23)

The zeros x, of the derivative of a Chebyshev polynomial T, lie outside the inter-
vals I, k = 1,...,n, so that (—=1)""5T,,(xs) > 1. Conversely, let ®(P,) € [1,00)" L.
The zeros of the derivative partition the interval I into n intervals of monotonicity
of P, (see (21)). For each of these n intervals the value of P, is at least 1 at one
end-point and at most —1 at the other, therefore P, = T;, by Theorem 1. The
injectivity and the surjectivity of the restriction of ® to |Jz T (E, -) are conse-
quences of the relations connecting this map and the above-introduced Akhiezer
coordinates {ﬂk}z;ll in the space of Chebyshev polynomials:

ys = cosh Uy, s=1,...,n—1.

The required homeomorphism [1,00)" ! — | T (E, -) is realized by the restric-
tion of the map ® ! to the coordinate sector. We have already shown that this
map is well defined, real analytic, and has maximum rank up to the boundary of
the sector.

(2°) The norm || T,,( -, #)|| o7y = max; ys is unbounded in the space of Chebyshev

polynomials because the map <I)|U (B, ) is surjective.
B An{,

2.1. Abel’s equations.

Proof of Theorem 3. (1°) Let T,,(E™, z) be a Chebyshev polynomial with support
set ET. By Theorem 1 the holomorphic map X: = CP, i CP; := S has
branching order 2 at all points in the inverse image of +1 € S except for 2g + 2
points in OET, where it is unbranched. We consider now the surfaces X and S
that two-sheetedly cover X and S, respectively. The surface X =M (ET1) has
ramification points of order 2 over points in E and S := CP; has second-order
ramification points over +1 € S:

M(E*") =: X i) S =CP, X, LN S,

(a) Xl la ’ (b) Xl la
CP,= Xx — I, 5 :=CP, X, — I, SO( )
24

The hyperelliptic involution J: (z,w) — (x, —w), (z,w) € M generates the cover-
ing group &(x) of the branched cover x: (z,w) — z. The covering group &(o) of
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the second branched cover o: § — (3 + 1/3) is generated by the map § — 1/3,
§ € S. We claim that T, can be lifted to the covering spaces, that is, there exists
a map T),: X — S such that the diagram (24a) is commutative.

We define first a narrowed-down map T,: Xo — S, such that o is unbranched
on its range S, C S. We consider the spaces

Sy =8, :=CP; \ {#1}, X,:=CP,\{T;}(£1)}, X.:=x *(X,),

in which we select distinguished points in a coordinated manner, taking account of
the maps x, Tp,, o in (24b). We define the map T,: X, — S, by associating the end-
point of each path 7 C )?O, starting at the distinguished point, with the end-point
of the lifted path o=t o T}, o x(7) C S, starting at the corresponding distinguished
point. This map is well defined if we have the embedding of fundamental groups [17]

(T, 0o x)m1(Xo) C om1(So). (25)

We now verify this embedding. The fundamental group m(S,) is a free one-
generator group. Its subgroup om; (§O) is generated by the square of the generator.
We can choose in m; ()?O) a basis with elements representable by two types of loop:
the 4n loops of the first type enclose the punctures x ! o7,;1(£1) in the Riemann
surface M (E™), while the 2g loops of the second type are homotopic to the cycles
A, . A ]§1, cen, ]§g (see Fig. 1). The branching order of T;, 0 x at each puncture
of X, is 2, therefore the projections of the loops of the first type make two circuits
about punctures of S,. The projection onto X, of a loop of the second kind encloses
(see Fig. 1) an even number of points in JET (11) as well as some other points in
the inverse image of T, ! (+1). We can deform this projection in X, into a product
of simple loops enclosing punctures of X,. The projection of this product onto .S,
is homotopic to an even power of the generator of 1 (.S,).

Thus, we have defined Tn on the entire surface X except for 4n punctures at
which we can define it by continuity. Analyzing the dependence of the above lifting
construction on the distinguished points in the spaces in the diagram (24b) we
conclude that the solution Tn is unique up to translations in & (o) and satisfies the

equivariance relation
~ 1 ~
T,(Jt) = =——, te X. (26)

Tu(t)
On the cover X := M(E") we consider the Abelian differential of the third kind

_dT,

d . 27
n T (27)

in view of the commutativity of (24a), it has the same poles as T), o x, that is, it
has poles at the points co; and co_ at infinity in the upper and the lower sheets
of M(E™). We specialize T), by setting

Res d77(t)|t=OOi = Fl. (28)
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It remains to find the periods of dn. Deforming the contour A; into the interval
[as, bs] passed first in the lower sheet of M, and then — in the opposite direction
— in the upper sheet, we see that

1. ~ i ~
/SdnzﬁlnTn|As:Earng|AS=0, s=1,...,9.

In a similar way we deform ﬁk into the interval [bg, ar+1] passed along the lower
bank first and along the upper bank after that. As z € X moves along this contour,

the point § := T,,(Z) makes my counterclockwise circuits on the circle |§| = 1,
therefore )
i ~ m
/ dnz—arng|]§ =27rz'—k, k=0,1,...,9.
B n k n

The diagram (24a) is commutative, which gives us the representation (16): if
x = x(t), then

_ t (z,w)
T.(ET,z) =T, (E", x(t)) = 0 0 Ty, (t) = 0 0 exp (n/ dn) = cos (zn/ dn).
to (1,0)
(2°) Conversely, let M(E™) be a Riemann surface of the form (12) such that
relations (15) hold for an A-normalized differential dn of the third kind. In view
of (15), we have on M (E™) the well-defined function

t
Tn(t)zexp<n/ dn), te M, ty=(1,0)e M,
to

satisfying equivariance condition (26) because dn changes sign after the involu-

tion J, which fixes ty. The function T, gives rise to the map of quotient spaces

T, X = X/&(x) = §/6(c) = S,
which can be parametrically expressed as follows:

t
Tn(m)ZUOTn(t)zcos<m'/ dn), r=x(t)eX, telX,
to

and which is a rational function with a single pole of order n at infinity, that is, a
polynomial.

It remains to show that the interval (by, ax+1) consists of my, subintervals mapped
onto I by the function T, (x) in a one-to-one manner. In fact, as = decreases
from aj41 to by, the argument of the cosine in (16) changes monotonically (because
the differential (14) is of constant sign on this interval) by wmy. At the end-points by,
and a1 the values of this argument are multiples of 7; this can be deduced by
induction on k from the A-normalization of dn. Since the sum of the my is equal
to the degree of T, (x), it follows by Theorem 1 that 7}, is a Chebyshev polynomial
with support set ET.

2.2. Geometry of the manifold of support sets. We have already associated
with each Chebyshev polynomial 7}, its support set ET and the hyperelliptic curve
M (E™). We shall now study differential-geometric properties of the map of the cell
T(mo, ..., my) into the space of two-sheeted surfaces of genus g.
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Definition. By the moduli space H(R;g, 1) associated with the problem of least
deviation we mean the 2g-dimensional open simplex (11) in the space of the vari-
ables ag, bs the points in which are identified with Riemann surfaces M with two
homology bases described above.! The solutionsof Abel’s equations (15) with n asin
(9) make up the set of support sets, denoted also by T(mg, m1,...,mg) C H(R; g,1):
it will always be clear from the context whether we speak about a set of polynomials
or about a subset of the moduli space.

Theorem 5 [12]. For each collection of positive integers (mg,m1,...,my) the
set T(mo, m1,...,mg) is a g-dimensional non-singular real analytic submanifold
of H(R; g,1) homeomorphic to a cell. Distinct submanifolds T are either disjoint
or the same; in the latter case the corresponding collections (mg, ..., mg) are pro-
portional. The union of T-submanifolds is dense in the moduli space.

We now formulate a lemma of which Theorem 5 is a consequence. Let dn be
an Abelian differential (14) of the third kind (not necessarily normalized) on a
Riemann surface (12). We define a map {ag, b, ck}5_; — { i, ik, Vi }i—; by the
equalities

Ak :z/ dn, pg:= —i/ dn, vy ;:/ dn, k=1,....g; (29)
Ay Bx Ck

the paths Ay, Cg are as in Fig. 1, and By := ]§0 + f’;l + o+ ﬁk_l.

Lemma 1. The map (29) is a real-analytic diffeomorphism of the 3g-dimensional
simplex
“l<a<e<b<ar<--<cg<by <1 (30)

onto the product of the g-dimensional simplex and the 2g-dimensional cone described
by the inequalities
0<pr <pg < --< pg < 2m,

1
A < vk, 0<uy, k=1,...,9. (3)

Proof. The Schwarz—Christoffel integral

x
21'/ dn, Imz >0,

—1

maps the upper half-plane conformally onto a ‘comb-step’ domain similar to the one
depicted in Fig. 2. The parameters of this domain are in one-to-one correspondence
with {Ag, sk, v }; for instance, the a-coordinate of the kth slit is ug, the height of
the kth slit over the horizontal platform following next is vy, and the overfall of the
horizontal platforms adjoining the kth slit is A,. We can define the inverse map from
the domain (31) onto the simplex (30) by means of a suitably normalized conformal
map of the ‘comb-step’ domain in Fig. 2 onto the upper half-plane. The injectivity

1The space 3 also contains conformally equivalent surfaces.
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Figure 2. A ‘comb-step’ domain for g = 3

of the real-analytic map {ak, bx, ck} — { Ak, 4k, vk} is a simple consequence of the
uniqueness of the normalized conformal map.

We claim that the bijective map {ag, bk, cr} +— {Mg, tik, v} has maximum
rank. Differentiating the expressions for A, u, v with respect to a, b, ¢ we obtain
the following expression for the Jacobian matrix of (29):

l/ dn l/ dn _/ dn
2 g, —as 2 Jp, x—by A, T —Cs
o\ uwv) |1 dn 1 dn _}/ dn
da,b,c) |2 )g, z—as  2iJg, x—bs iJp, T —cs |’
1 / dn 1 / dn _/ dn
2)c,z—as 2 )g, x—bs c, T —Cs
k,s = 1,...,g. If this matrix is singular, then there exists a differential of the
second kind
L[ «a & v
dw := Z ( ST SER—" ) dn
S\T—as r—by x—cs

with constant coefficients as, G, and 5 such that its integrals over all the curves
Aj, By, and Cj vanish. Note that dw can have poles only at the points (as,0),
(bs,0) € M, and the residues of dw at the poles must be equal to zero because dw
changes sign after the involution J, which fixes the ramification points of M. The
Abelian integral ,
w(t) = / do,  to=(1,0)€ M, (32)
to
is a single-valued function on M because the periods of dw over the basis cycles and
over cycles about the poles are equal to zero. The function w changes sign after
the involution J because the differential dw is odd, therefore w = 0 at both points
tr € M lying over ¢, k = 1,...,g. The function ww € C(M) is J-invariant, and
its only singularities are the two poles at infinity of order at most g 4 1, therefore

w(t)w(t) = Pyy1(z), x=x(t), teM,

where Pj;, is a polynomial of degree g + 1, which, however, has the g 4 2 zeros
+1,¢1,...,¢4. Hence w = 0 and the Jacobian matrix is non-singular.
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Proof of Theorem 5. We embed the moduli space H(R; g, 1) in the 3g-dimensional
simplex (30) by complementing the system {ay,br}]_, by the zeros c¢j of the
A-normalized differential of the third kind dn. The correspondence between H
and the manifold {\x(a, b, c) = 0}]_; is one-to-one. We claim that the restriction
of the projection {ax,br,cr}y_; — {ak,bp}i_, to the zero set of Ay(a,b,c) has
maximum rank.

The cotangent space to {Ax(a, b, c) = 0}]_, is spanned by the differentials dax,
dby, dcy, with the constraint that

1
g

- (/A mf”g)dcj, k=1,...,9. (33)
i=1 k J

A (@)t

Abelian differential of the first kind Z?:l vj(x — ¢j)~tdn with A-periods zero.
Hence the map of the cotangent spaces induced by the projection is non-degenerate.

The subset T(my, . .., mq) of H(R; g, 1) is described in (30) by g additional equal-
ities pp = 2wmy/n, k = 1,...,g, where n is as in (9). Hence all the assertions of
the theorem follow easily by Lemma 1.

The matrix is non-degenerate, for otherwise there exists an

2.3. Deformations of Chebyshev polynomials. We now study the question
of the stability of the representation (16) under small variations of the variables
{a, b} in the moduli space H(R;g,1). The main result here is a consequence of
Theorem 6: the function

T*(B*, ) i= cos <m / ’ dn(E+)> (34)

1

represents a Chebyshev polynomial with the same accuracy with which ET satisfies
Abel conditions (15). The same conclusion follows from numerical calculations.
Calculating with accuracy 10713 one can achieve that (15) holds with accuracy
107*-107'2, in which case the function T}* will be equal to its Lagrange inter-
polation polynomial with accuracy 10~1°-10~!! for various collections of points of
interpolation.

For an arbitrary point {ay, bk}izl in the moduli space we fix the A-normalized
Abelian differential dn(E™*,z) (14), which is single-valued in the plane with slits
(—o0, —1J U {U{_;[ak, bx]} U [1,400) and the sign of which we choose from the

1

condition / dn(E*,z) = —im. The corresponding function T)(E™T,z) is not an
-1

z-polynomial in general. The function T takes equal values on the opposite sides
of the cuts (—oo, —1] and [1, 400), therefore it is z-holomorphic in C\ ;] _, [ax, bx]
and has a pole of order n at infinity.

We now study the dependence of the function (34) on the parameter E*. The
function T}F is real analytic in a, b and holomorphic in z in the (2g+ 2)-dimensional
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domain

g
{{a, bya}: {ag, bi}t)_, € H(R;9,1), z € C\ U [ak, bk]}. (35)
k=1
Its differential is as follows:

dT:(E",x) = —insin (nz/ dn(E"’,u))
1

i S S
+Z (/ %)d%—i(/j%ﬁ)dq].(%)

j=1
The integration here proceeds on the surface {a,b} = const, and the coeflicients
of the differential form are independent of the integration path thanks to condi-
tions (33), which hold in view of the A-normalization of dn. One can verify that
the singularities of the coefficients of the form dT)f for x = £1 are merely ‘imagi-
nary’.
Theorem 6. The function T:(E*,x) is differentiable with respect to {a,b,z} at
each point {a®,b°, 2%} such that {a°,b°} € T(mo,m1,...,my) and x° lies in the
closure of the domain C\ Jj _,[ak, br] such that a sphere with slits is completed by
the two banks of each slit.? For a° ¢ {a), b)}{_, the differential dT is well defined
and coincides with (36), while if z° € {al, b9} _,, then

dz —day,  for 2° = af,

37
dx —dby,  for z° =b. (37)

dT;; (Ef, %) = (=1)""7*2n Res i (B, u) - {
U=x

Proof. At an arbitrary point {ay, b }{_, in the moduli space the function T};(E*, z)
can be continued analytically with respect to x across the slits J]_, [ax, bi]. Accord-
ingly, the differential d7;" is well defined at both banks of the slits and is as in (36).
This differential has singularities at the ramification points of T, which vanish on
the T-manifolds.

For instance, assume that z° = a?. We transform the expression for the Abel
integral in (34) as follows:

[ e = [+ dn(E*)

= im— i D)
2
j:/ (u— ak)_1/2( Res 72(Ey,u) + O(|6al + |6b] + |u — ak|)) du

Myt my
= 1mM—
n

+ 2z —ag Resn (Ef,u) + O(|dal + |6b] + |6z|),

2We mean here the closure with respect to the distance measured within the domain (that is,
in the Mazurkiewicz metric).
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where [da| :=>27_, |a; — all, |6b] := g1 1bj— bY], [6z] := x —2°, and the signs of
the root functions are chosen depending on the bank of the slit containing x. The
variation of T)¥ is as follows:

6T :=TX(E',x) - Ti(ES, 2°)
— (_l)mk+"'+mg

X [COS(:I:Qni\/m —ak, | Res n2(Ef,u) + O(|da| + |0b] + |5m|)) — 1}

u=a,

= (—1)" ™22 Res 1 (Ef, u)(0z — dax) + o(|dal + |8b| + |5z|).

§ 3. Schottky model

We showed in §2 that the problem of the effective calculation of Chebyshev
polynomials T}, (-, - ) can be reduced to finding representations (models) of Riemann
surfaces M making up the moduli space H(R; g, 1) such that

(A) the constraint (15) is effectively resolved,

(B) the expression (16) for T;, and the dependence of the variable z on a point

in M are effectively calculated.

We shall take for such a representation the Schottky uniformization. We supply
all necessary information about that model in the present section.

3.1. Symmetric Schottky group. Let Cy, ..., C, be circles with centres on the
real axis that lie in the right half-plane outside one another (see Fig. 3).

Figure 3. A circular domain R with boundary >>9_,(C_s+ Cs), g=3

The set of motions GG of the Riemann sphere that are products of even numbers of
reflections relative to the imaginary axis Cy and the circles Cy, ..., Cy is the Schot-
tky group &; its fundamental domain R(®) is the exterior of the circles Cy,...,Cy
and the circles C_q,...,C_, symmetric to them relative to Cy (see [18]). The
components of the boundary of the fundamental domain are identified with one
another by means of the linear fractional maps

k=1,...,q, (38)
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which are free generators of ®&; here c; is the centre and 7y the radius of the
circle C,. We introduce the norm |G| in the Schottky group in the standard way
as the length of the non-cancellable representation of an element G in terms of the

generators G=', G2, ..., GEL.
On the Riemann surface D(®)/& (here D is the region of discontinuity of & [18])
we fix the canonical basis Cy,...,Cy; D1,...,Dy in the homology group, where

D, := Di+ -+ D and we 1nd1cate representatives of C; and D in Fig. 3.

3.2. Functions and differentials in the region of discontinuity. It turns
out that the Poincaré O;-series for the above-defined symmetric Schottky group &
converge absolutely [19] and uniformly on compact subsets of the region of discon-
tinuity D(®). This enables one to construct an ‘effective’ function theory on the
Riemann surface D(®)/&. We start from an Abelian differential of the third kind

Aney(u Z{ (Gu—2)" — (Gu—1y) '} dG(u)
Ged
(42) B -1 -1
= D> {(u=Gx)™ — (u—Gy) '} du, (39)
Ged
where z,y € D(&). Integrating the series (39) termwise over the circles Cy, ..., Cy

we can verify that if points z and y lie in the above-described fundamental domain
R(®), then dn,, is a C-normalized differential of the third kind on the surface
M = D(&)/®, that is,

/ dnwy:07 mny:R; 5217"'7.9' (40)

s

The easiest way to obtain a differential of the first kind is to put the poles x
and y in (39) in the same orbit of &:

Ak (v) = dngyyy = Z {(u — GGry) ' — (u— Gy)_l} du
Ged

> Z {(u— GG y) ™ — (u— GGPy) "} du

GEB|(Gg) m=—00

Z {(u—Gop)™ — (u—GB) "} du

GeB|(Gy)

Z {(Gu—ak)_l—(Gu—ﬁk)_l}dG(u), k=1,...,g,
Ge(Gi)|® (41)

here ay, and Gy are the attracting and repelling fixed points of G and we take the
sum over some representatives of the cosets of & by its subgroup (Gj) generated
by the element Gy, € &. The terms in (41) are independent of our choice of these
representatives; this follows from the infinitesimal form of the cross-ratio identity

d

—G(u)(a — -1 -1

Tu (u)(a = B) _ G_a—G g_ | (@2)
(Gu—a)(Gu—0) (u—Gla)(u—G1p)
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We observe (by integrating the series termwise) that the d{;, k = 1,..., g, make
up a C-normalized collection of differentials, that is,

/ de=27T’i(Ssk, S,k=1,...,g. (43)
CS

The Abelian integrals 1, and (j are many-valued in the region of discontinuity
D(®), but their exponentials are single-valued:

“ u— Gz v— Gz
exp ANgy = : =: (u,v;x,y), 44
| dn, 113G g = wuow (44)
“ u— Ga
eXp/ de = H u_iGﬁk = Ek(u), k = 1, ey g. (45)
oo Ged|(Gr) k

The functions (u,v; z,y) and Ej(u) were introduced by Schottky [20] and, as func-
tions of u, are ‘Prym functions’ on the Riemann surface M = D(®)/&: going
around a cycle in M multiplies them by constants:

(Gru,v;z,y) = (u,v; 2,9) (46)

Ek(Gju) = Ek(u)Ekj. (47)

The constant Ey;, the exponential of the period of an Abelian integral of the first
kind, has the representation

k?j:17"'7g7 (48)

Ga; —ar GB; —ay

Goj—Br  GB;j — B’

where the product is taken for bilateral cosets of the group & and if j = k, then the
coefficient 0/co corresponding to G = 1 must be replaced by the dilation coefficient
)\k = Gk(ak).

Each single-valued meromorphic function F'(u) on M (an automorphic function)
has a representation

S

= v u, v, - Ek(U) "
F(u) = F( )H( ;U3 k,yk)IE(Ek(v)) , (49)

k=1

where the zj are the zeros and the y; are the poles of F(u), v is an arbitrary
point in D(B), and I}, € Z. In fact, expanding the Abelian differential dF/F into a
sum of differentials of the third kind dn,,,, and differentials of the first kind d(p,
integrating from v to u, and exponentiating we arrive at (49). The restrictions on
the divisor F' imposed by Abel’s theorem are just the conditions that the right-hand
side of (49) must remain the same after going around D-cycles.
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3.3. Calculation of functions and differentials. In this subsection we give
an estimate of the remainder in the series (39) that is uniform on compact sets,
demonstrates the convergence of all series and products in § 3.2, and enables one
to find also estimates for their remainders.

Computational practice shows that Poincaré ©O;-series converge slowly if the
intervals between successive circles in the sequence C_g4,...,C_1,Cy,...,C, are
small compared with their radii. We shall introduce a quantity gmax characterizing
the convergence rate of the ©-series for a fixed group &.

Definition. Let z,f = c¢p 1K, K =1,...,9, be the intersection points of the
circles Cy, and the real axis. We set

29 — 21 ,Zl .

q1 ‘= — :
2y — 2 T a’
z z 271 — 21
k1 k. Pkl k .
qk ‘= —— T+ - ¥ ) k= 2, X L; (50)
k41 T Rk Pr-1T Pk
=+ —
o = C_g . Zg—l Zg
9T FF +
Zg  Rg—1 T Ry
1 < gmax := max gg. (51)
k=1,....g

Lemma 2. The remainder in the Poincaré ©1-series satisfies the asymptotic esti-
mate

Y (Gu—2)7 = (Gu—y) |G (w)]

|G|>k

<230 ) ot 2430 (@) + o] (VEZE

uniformly on compact subsets X of D(®), where A(&) := CP1 \ D(8) is the limit
set of the group, z,y € R, u € X, and o(1) — 0 as k — oo.

k
) Va1 (52)

s=1

Proof. We have already noted that cross-ratio identity (42) enables one to write
the Poincaré ©;-series (39) in the following form:

O1(u) = Z{(U—Gm)_l —(u—Gy)~ '} (53)

Ged

The compact set K is disjoint from the compact set GR for elements of G of
sufficiently large norm, therefore the corresponding terms of (53) are holomorphic
on K. The absolute value of the general term of (53) has the estimate

dist (X, GR)|Gz — Gy,

and since dist(X, GR) > dist(K, A(&)) — o(1), it follows that to prove the lemma
we must find an estimate for the sum - ., |Gz — Gy|.
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First, we prove that if |G| # 0, then the diameter of the outer circle of GR is at
V/@max + 1
vV Gmax —

Let [wy ,wd | be the smallest interval of the real axis containing the diameters of all
the inner circles of GR and let [w]", w] ] be the diameter of the outer circle lying on
the real axis. It is known that a geodesic segment of fixed non- Euclidean length in
the Lobachevskii—Poincaré plane has the largest Fuclidean length in the case when
it is concentric with the absolute (see Fig. 4).

least times as large as the sum of the diameters of the 2g—1 inner circles.

Figure 4. The outer boundary GRR is the absolute of the Lobachevskii—Poincaré
plane

Applying this observation to [wg , wj] we obtain

wo —wy VE—L o wp —wg wi
wy —wf ©E+1 wy —wg w —wg

in fact, u is one of the cross-ratios listed in (50).
Denoting by d(GR) the diameter of the outer circle GR we obtain the required
estimate

Y IGz -Gy < Y dGR) = > > dGR)

|G|>Ek |G|>Ek I=k+1|G|=l
> \/Qmax_l !
< Ny - -
< 2 d(G:R)Z<m+1

|G|=k+1 1=0

< 2(y/¢max + 1) [%r (gn)

d d
Corollary. The series ey %Ck and the products (u,v;z,y), Ex(u), and Ey;

(see §3.2) are absolutely convergent.

Proof. The series (41) for (i, (u) is a (transformed) special case of the series 7j,,; the
infinite products Ey(u) and Ey; are special cases of the product (u,v;z,y), which,
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in turn, is obtained by exponentiating the integral of dn,,. Hence it suffices to
show that the expression (39) for dn,, converges uniformly on compact subsets of
the region of discontinuity for =,y € D(®). The representation (53) shows that the
series does not change if we apply a transformation G € & to its poles x and y,
therefore each series (39) can be represented as a finite sum of series of the same

form with poles z,y € R. As concerns the latter, their uniform convergence on
compact subsets is a consequence of the lemma.

Finally, we discuss briefly the general scheme of computation of sums and pro-
ducts taken over the group &. We construct the Caley graph of the Schottky group
by putting the elements of the group at the vertices of a tree and by joining an
element G with elements of the form GF'G, s = 1,...,g, one of which (provided
that |G| # 0) is an element from the upper level (of norm |G| — 1) and 2g — 1 are
elements from the lower level (of norm |G|+ 1). To calculate some term in the
series (53) at a vertex GG it suffices to move one level up the tree and take the
values of Gx and Gy stored at the vertex G. This scheme is particularly efficient if
one must calculate the same series 7)., for several values of the variable u. On the
other hand, if we must calculate the values of distinct series 7)., for the same value
of u, then we must store at the vertex GG the values of Gu and Gu and use in our
calculations the first series in (39).

Of course, the actual calculations are performed for finite subtrees. If we take
here a subtree of fixed depth k, then the above lemma gives us an a priori estimate
of the summation error. Practice shows, however, that it is more economical to use
another tree, which will be defined in the process of the calculations. Namely, if a
term of the series in (39) at a vertex G is smaller than the prescribed accuracy e,
then one need not consider the part of the sum corresponding to the subtree with
top vertex G because estimates show that the sum taken over that (infinite) subtree
has the same order as the term corresponding to G. For this scheme of calculations
we can find only a posteriori estimates of the error, that is, we know the accuracy
only when the calculations are complete.

3.4. Variational theory. In connection with the solution of equations (15) we are
interested in the question of the variations of the Schottky functions (44), (45) and
the factors (48) under perturbations of the group &. The space of (non-normalized)
Schottky groups of genus g with fixed system of generators has the natural structure
of a 3g-dimensional complex manifold [21], in which the symmetric groups of §3.1
form a real submanifold of (real) dimension 2g. Coordinates in the neighbourhood
of a fixed group B( can be defined by the identification of the generators Gy (u)
with matrices ék € SLe(R), k=1,...,g, defined up to a sign.
We consider now Schottky groups & close to &y and generated by matrices

ékZéko—FEﬁk, k=1,...,9, (54)

where H k 1S a matrix tangent to the space SLo at the point éko- For small € the
maps G}, corresponding to (54) generate a Schottky group that has the necessary
symmetric form only for a special choice of the perturbations Hy:

~ 1
for Gio =: —
Tko

2 2
Ck0  Cro — Tko
1 Cko

1 2Ck0

~ 0 r2 —¢2
Hk::é-f 0 1 +§§ ko 0 k0 y (55)

1
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where &F €8 ¢ R, k =1,..., g. For the perturbed group we can define the following
objects:

® dn,y, a C-normalized Abelian differential of the third kind,

® d(i,...,d(s, C-normalized Abelian differentials of the first kind,

o Tk, j,k =1,...,9, the integrals of the Abelian differentials d¢; over the

cycles D;j := Dy + --- 4+ D, on the perturbed surface.

We shall equip similar objects corresponding to the unperturbed group with sub-
script 0.

Theorem 7. Let $ = (ﬁIl, . g) be a tangent vector to the manifold of Schottky

groups at a point Gy = <é10, .. é o). Then the derivatives in the direction of $
satisfy the following relations:

N 1 ¢ . P
lim e ! / (dnxy dnxy = 2_7” Z/ ny( )ngq(u’) tr[M(u)HSGs()l] du’ (56)
p s=1 s0

e—=0 I,

lims_l/ (d¢r, — d¢) = ! zg:/ O (w)Al (w) tr[M (u) é_l] du (57)
€0 » k ~ Je., k\U)Tlpq sGgo | AU,

2mi

1 . . ~ ~
lim & (5 — 7%) = 2—7”2_:1 /C i @A b, (6

e—=0

where

ESIQ; p7q7w7yE:R0'

o |

Proof. We verify (56) first. For small € the fundamental domain Ry of the group &
lies in the region of discontinuity of the perturbed group &, therefore the difference
of integrals of the third kind 67,y := 14y — 19, is a (single-valued) holomorphic
function in Ry. We have the chain of equalities

g
2701y (q) — Oay (D)) = D / . My A,
s0 —s0

g9
-3 ey dnly (59)
s=1 CSO _C—SO

(because ngy (Gsou) — ngy (u) = const and / dngq = 0)
C1so

|
M

(Uﬂcy( ) — ny(G )) dnpq

s0

(nacy (u) - nacy(Gs o Gs_olu)) dngq (60)

s0

@
Il
—

I
M=
g~ a—

@
Il
—
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(by the same arguments as above: the difference between 7,,(Gsv) and 13, (v) is a
constant)

=y /C | oy (u) tr[M(u) H,G ol ] dnSy(u) +o(e)  (61)

—e) / 70, (u) tr[ V() B G o] dnl, (u) + ofe).

In the last equality we use the uniform estimate 7, — ﬁgy = O(e) on the circle Cs,
which can be obtained in the framework of the theory of quasiconformal maps (see
Ahlfors [22] and Bers [23] for detail).

Variational formula (57) can be easily obtained using the same scheme as for (56).
Nevertheless, we present another derivation of this formula on the basis of a limit
transition in (56). We shall look for the limit of the expression

q q q
et / (dney — dnl,) =" [ / (dnay — dng,) + / dnﬁz] (62)
p p p

as * = Gry, z — Groy, and € — 0 (the limit with respect to ¢ is taken last).
We fix y € R and small € and find the limit as * — Gy of the first integral
on the right-hand side of (62). We shall use identity (59)-(60) and continue the
right-hand side of (60) analytically in « inside the circle Cyg: to this end one splits
the kth term of the sum into two integrals, and for both intervals one deforms the
integration contour Cgo so that it remains all the time in the domain where the
Abelian integral 7, (u) (respectively, the integral 1, (G o Gy u)) is single-valued;
the kth term on the right-hand side of (60), on passing to the limit as z — Gyy,
takes the following form

() i, (u) — / Ch(Gr o Gidu) di, (u), (63)
c, cy

where the paths C) and C}/, which are deformations of Cy, start at the points
Gi(y) and Gro(y), respectively. The starting points of integration over Cj, and Cy/
are important because the value of the Abelian integral i changes after making a
circuit on a contour. We transform the expression (63) as follows:

/ (Ck(u) — (G o Glzolu)) dngq(u) + 27rz'/ dngq. (64)
Ci Gro(y)

Taking this for the first term on the right-hand side of (62) and cancelling, in view
of Riemann’s relation for Abelian integrals of the third kind, the last term in (62)
with the last term in (64) we arrive at the relation

2 /p "(dge - dc?) = 2::1 /C ) (Gr(w) = G (G 0 Gigtu)) dnly(u). (65)

The limit transition with respect to € is now perfectly similar to (61).
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The remaining variational formula (58) can be obtained by a limit transition
in (57). For the variation of the period 7, we have

Gjoq

q q q
- - d¢l = d¢e — d¢? dC.
Mﬁ(@ﬂkémﬁ AJQ m+Lq@ (66)

In fact, we have already found the first integral on the right-hand side of (66):
continuing both parts of (65) analytically in p inside the circle C;o and passing to
the limit as p — G,0(gq) we obtain

2@f<m—w>

Gjoq

= Z/c (Cr(u) — C(Gs o Gs_olu)) dC? —2mi(Ce(Gjoq) — Ce(Gq)).

Hence

g
2midmy, = Z/ (Ck(u) —G(Gso Gs_olu)) dC;) (u)
s=1"Cs0

and, letting & approach zero, we obtain the required expression (58) for the deriv-
ative.

Remarks. (1) Formula (56) is in fact Hadamard’s formula for the variation of
the Green’s function. Similar variational formulae can be found by Schiffer and
Spencer [24], Rauch [25], Ahlfors [22].

(2) The geometric nature of the expressions on the right-hand sides of (56)—(58)
is of some interest. In view of the identity tr[M(u)M(v)] = —(u —v)?, these are the
values of the periods of the Eichler integral for the quadratic differentials dngy dnpq,
d(k dnpg, and d(; dy. As regards the connections between variational formulae and
Eichler cohomology, see also [26].

3.5. Calculation of variations. The direct calculation of variations on the basis
of (56)—(58) is an expensive business because quadrature formulae require that the
series be calculated at many points. However, there is a way round, which allows
one to obtain the result by summing the series only at 2g — 1 points. We refer here
to Hejhal [27], who has explicitly calculated for relative Poincaré ©,-series the map

E(u)(du)? — . E(u)M(u) du, k=1,...,g, (67)

from the space of (meromorphic) quadratic differentials into sly(C), which partici-
pates in our variational formulae.

3.5.1. Quadratic Poincaré series. With each element T € & distinct from unity
with fixed points a (the attracting point) and S (the repelling one) and with dila-
tion coefficient A, 0 < A < 1, we can associate a holomorphic quadratic differential
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O2[R7](du)? and also a meromorphic quadratic differential ©2[R7¥](du)? with poles
in the orbits of points z,y € D(B); namely,

O2[Rr)(du)*:= Y Rp(Gu)(dG(u))?,
Ge(T)|® (68)

Ry(u) = (u—a)"*(u—B)7%

©2[R7Y)(du)* := Y R7¥(Gu)(dG(u))?, ”
Ged
RpY(u) := (u—a) Hu—B)"Hu—=z)H(u—y) "

The convergence of (68) is in our case a consequence of the convergence of the
series in (41) for the holomorphic differential d¢;, and in the general case it follows
from classical area estimates [28]; as regards the convergence of the Poincaré
O-series (69), see, for instance, [28].

Definition. For fixed k =1, ..., g we now define the elements T;(k) of & concomi-
tant to an element T'. If the non-cancellable representation of 7' in terms of the
generators has the form

T:(G.---Gil"'G?"'Gil'”G*)'(GA”'G?H'”G?”'GV)
(GGG GG, (T0)

where we indicate all occurrences of the element Gi, €; = 1, and GAGy # 1,
then we set

G,;l fore; =1,

j=1,...,s. (71
1 for e; = —1, J (71)

Tith) = (G-"'G?---G?--G?)-{

Theorem 8. (1°) For quadratic Poincaré series the map (67) is expressed by a
finite sum (cf. [27]):

~

arls —208 150 (72)

2 —a—pf

2mi 4
/C k O2[Ry] (w)M(u) du = @ o7 > &T (k)

j=l+1
(2°) if the poles x and y of the quadratic differential ©2[R7"](du)? lie in R, then

9 l

oy 27 A1 M(«) 3 M(B) ~
L, el d = 25 [ET rer e A e R

e AVME@ AN a
2 b e Rl e vzt ] M

Proof. (1°) First of all, we point out Hejhal’s key identity

M(Gu) = GM(uw)G'G(u), Ge®, (74)
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using which we can transform the left-hand side of (72) as follows:

/Ck O2[Rr](u)M(u) du = Z é_l{/ack Ry (w)M(u) du}@

GE(T)|®

The poles of Rr(u) lie inside the circle GCy, for the following elements G of &:

TABLE 1
pole Ged comments
U=« T1,...,T; T, T T4 0,..., T™Ts m 20
u=_p Ty,..., T TTs, T™Ts_1,...,T™T 111 m <0

Estimates for the length of the non-cancellable representation in terms of the
generators show that the elements 71,...,7;;Tj41,...,Ts belong to distinct right
cosets by the subgroup (T'), therefore calculating the residue

Res (R (u)M(u)) = (a = 6)*M(a) — 2(a — 8)*M(a)

a+pB —2a0

=(@=87"" a_p| (75)

and the residue of RpM at u = [ we arrive at the right-hand side of (72). Note
that the matrix (75) is Ad T-invariant, as the identity

3 29 (oo (oo

shows, therefore in the calculations of the right-hand side of (72) we can choose
representatives of cosets by the subgroup (7T") from Table 1.
(2°) We now transform the left-hand side of (73) using Hejhal’s identity:

O3[R} (u)M(u)du =Y G~ R (w)M(u) du G.
Cpk GCy

Ged

Note that the points x,y € R lie outside all the circles GCy, and the points o and 3
lie inside the circle GCy, only for the elements G in Table 1. To take the sum of
the quantities G! Resu:aﬂ(R?yM)é for G in Table 1 we must know the sums
of the series

o

fo: F—m Tm § : m M(a

T M(O[)T = 2 A M(a) = T E )? R
m m m )\M )

E T M(B T E ATM(B —

m=1

Carrying out the calculations we arrive at (73).
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3.5.2. Basis of Poincaré ©s-series. Using Theorem 8 we can calculate Hejhal’s map
for several (relative) quadratic Poincaré series:

TABLE 2
Teo / Oa [Rer] (w)M(u) du
CS
i 0 a

i a7 (ar )0
GrGsla T a (0 @)agn

ks Tk 202 ka1t o)k

1 i 0 «@ =~ 0 a\ A
aeia | gal{(an 5) e (5 §)e)

Corollary to Theorem 8. The quadratic differentials (68) with T=G1, G2, ...,Gg;
G1G2_1G1,G1G§1G1, . ..,GnglGl make up a basis in the (2g — 1)-dimensional
space of even (that is, invariant under the hyperelliptic involution) holomorphic
quadratic differentials on M.

Proof. We claim first that all quadratic differentials under consideration are invari-
ant under the involution M, which in our model has the form v — —u. Indeed
all the motions T in the statement of the corollary satisfy the relation T'(—u) =
—T~!(u) (recall that each element G1,...,G, is a composite of two reflections),
therefore

() o(T)+ B(T) =0,
(b) the involution G(u) — G(u) := —G(—u) can be extended to the right cosets
(T)|®.

These two observations allow us to conclude that ©3[R7| is an even function of u
for the T under consideration.

To prove the completeness of the system of quadratic differentials in question we
consider the linear functionals (I, =) and (my, Z) on holomorphic quadratic differ-
entials =(u)(du)? that are the entries (1,2) and (1, 1), respectively, of the matrix

E(u)M(u) du. Using Table 2 we make up a matrix of the values of the system
Cg
of 2g — 1 functionals (l1, - ),...,(lg, - ); (M2, -),..., (Mg, -) at the quadratic differ-

entials O[R7](du)?. This matrix is indicated in Fig. 5 below, where we have set
Ly, :=imaY(Gy)/2 and My := ira=3r %ci(a? —a?(G1))/2 for a := a(G1G}, 'Gy).

If o = a?(Gy), then o(G1) must be a fixed point of G. Hence the diagonal
entries of the matrix are distinct from zero, the matrix is non-degenerate, and the
quadratic differentials in question actually make up a basis.
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T (lla'> <l2a'> (lga'> <m2a'> <m3a'> (mga'>

G1 Ly 0 0 0 0 0

Go 0 Lo 0 0 0 0

0

Gy 0 0 Ly 0 0 0 ,
G1G3;'G1 ||« . % Mo 0o ... 0
G1G3 G * % 0 M3 0
Gng_lGl * * * 0 0 My

Figure 5

We shall now show how one can use Poincaré series for the calculation of direc-
tional derivatives in Theorem 7. We start with the holomorphic quadratic differen-
tials d(; d(x used in the calculations of derivatives of the periods m;;. These qua-
dratic differentials are invariant under the involution of M, therefore knowing the
coefficients of the expansion of d(; d(x with respect to the explicit basis of quadratic
Poincaré series we can use Table 2 to calculate the map (67) for =(du)? = d¢; d{.
As regards the calculation of the coefficients of the expansion, it suffices to know
a complete collection of effectively calculated functionals on the space of even qua-
dratic differentials.

Lemma 3. Fiz local variables at 2g—1 points in the hyperelliptic curve M such that
no two of them correspond to each other under the involution. Then the values of the
quadratic differentials at these points make up a complete collection of functionals
on the (2g — 1)-dimensional space of even holomorphic quadratic differentials.

Proof. Note that the completeness of the system does not depend on our choice
of local variables at the distinguished points pi,pa,...,p2g—1 € M — a change of
coordinates means multiplication of the functionals by constants distinct from zero.

We consider now a second-order element x € C(M) [14] that is finite at the
distinguished points and an element w € C(M) related to x by an equation of the
form w? = Ppgio(z), where Payio is a polynomial of degree 2g + 2 with simple
zeros. We can assume without loss of generality that w # 0 at p1,p2, ..., Pm,
and we can take z for a local variable at these points; we take w for the local
variable at the remaining points pp, 41, Pm+2, ..., P2g—1. We arrange the values of
the corresponding functional at the basis w227 (dz)? (j = 0,...,2g — 2) in the
space of even quadratic differentials [14] into a matrix:

| pr (k=1,...,m) | pr (k=m+1,...,2g—1)
w™2ad (d)’* w2ed () | AP 2e0ei e - (76)
(j=0,...,29—2)

The matrix (76) differs from the Vandermonde matrix |27 (pg)|| by right multi-
plication by a diagonal matrix. By assumption x(py) # z(ps) for px, # ps, therefore
the matrix in question is non-degenerate and the functionals make up a basis in the
dual space.
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In the case of meromorphic quadratic differentials dnzy dnpg, d¢k dnpg we can find
a sum of (at most four or at most two, respectively) quadratic differentials of the
form (69) with the same singularities and expand the remaining holomorphic part
with respect to the explicit basis of relative quadratic Poincaré O-series [27].

§ 4. Calculations of Chebyshev polynomials

We shall now show how one can solve in the Schottky model the problems stated
in the introduction:

(A) the solution of Abel’s equations,
(B) the calculation of T;, and the value of the z-variable.

4.1. Uniformization with slits A;, Ag, ..., A,.

4.1.1. Schottky group. Let (11), (12) be a point in the moduli space H(R; g,1). We
associate with it a symmetric Schottky group & as follows. We map the Riemann
sphere with slits [a1, b1], [ag, b2], . .., [ag, bg], [1, —1] conformally onto a circular
domain with normalization {—1, 0oy, 1} — {0, &4, 00}, as in Fig. 6. The slit domain
is invariant under complex conjugation, therefore the circular domain is also sym-
metric relative to the real axis. The last domain generates a Schottky group & of
the form described in §3.1.

Figure 6. Uniformization of M with slits along the A-cycles

The theory of quasiconformal maps [29] — or results on the monodromy map [26]
— enable one to assert that the quantities ¢ and 7k, the centres and the radii of
the discs in (38), satisfying the constraints

O<ci—rm<ca+ri<c-—ro<co+ra<---<cg—rg<cg+ry, (77)
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make up a global real-analytic system of coordinates in the moduli space H(R; g, 1).
These coordinates are preferable to the old ones, when the moduli are the rami-
fication points in the surfaces, because the central object of the theory, the A-
normalized Abelian differential of the third kind dn involved in (15) and (16) now
has a representation that can be effectively used in calculations:

dn™ =dn_ii =Y {(Gu+i)™ — (Gu—1i)"'}dG(u). (78)
Ged

4.1.2. Equations of the cell T(mo, ..., mg).

Lemma 4. Abel’s equations (15) are equivalent to the following relations:

Bi(i) = exp(m%), k=10 (79)

where my, :=mg +m1 + -+ mr_1.

Proof. (1°) By (15) we obtain

o T / dn — / dn_s & / s = / dc, 22 / dce (80)
n Bk Gku —1 —1 (o]

where the equality () follows from Riemann’s bilinear relations, the integration
of d(; proceeds along the imaginary axis from —i through oo to i; in (x*) we use
the fact that d(y is odd with respect to the involution. Dividing both sides of (80)
by 2 and exponentiating we obtain (79).

(2°) Conversely,

exp/ dn & exp (2/ de> (™ exp <2m' %>
Bk o0 n

The assertion of the lemma now follows from the inequality

0<—i/ dn < 2w
B

established in the proof of Lemma 1 for the model (12) on the basis of the conformal

map of the upper half-plane onto a ‘comb’ domain of width 27. In the Schottky

model the quantity —i dn_;; is double the angle at which one sees from the
Dy

point u = ¢ the subset Dy, = {D; U---U Dy} of the real axis (see Fig. 3).

4.1.3. ‘Navigation’ in the moduli space. The problem of ‘navigation’ is to find a
descent from an arbitrary point M in the moduli space onto the cell T described by
the system (79). In the final stage of the descent it proves very efficient to use the
Newton method, when one linearizes the left-hand sides of equations (79) in the
variables {cg, 7 }7_; of the moduli space using variational Theorem 7. One makes
the descent to the closest point in the g-dimensional plane defined by the linear
part of (79).



1600 A. B. Bogatyrév

If the initial point My lies far away from the cell, then the ‘navigation’ becomes
a mere ‘drift’ towards T, for instance, along the trajectories of a suitable dynamical
system.

Consider the function of distance from a fixed cell T(my,...,my) in the coor-
dinate system {u, v, }7_; in the moduli space induced by the embedding of H in
the simplex (30) as the submanifold {\(a,b,¢) =0, k=1,...,g}:

g (2
mg
(M) = —2r— | .
(M) Z(,uk(M) 27 - ) (81)
k=1
In the coordinates {cx, 7 }]_, the same function has the following expression
g e\ 2
(pA = 1) — _
(M) 4Z<Arg B (i) — ) (82)
k=1
— here we use (80) and the fact that |Ex(u)] = 1 on the imaginary axis. This
distance function, and also its differential, vanishes only for M € T(my,...,mg).
On the complement to T(my, ..., my) we consider the dynamical system
dM ve
— =———M M e H(R;g,1)\ T, 83

which, unfortunately, is not invariant under changes of variables. The derivative of
® along a trajectory of (83) is —1, so that starting from My we can arrive at the
submanifold in time ®(Mj). However, we cannot be sure that the trajectory does
not leave the moduli space in even shorter time. To understand whether all trajec-
tories of the dynamical system (83) written with respect to the variables {cx, T} _,
intersect the cell T(my,...,mgy) one must analyze in detail the behaviour of the
diffeomorphism {cx, i}y _; <> {#r, vk }5_; near the boundary of the moduli space.
Thus far, this remains an open question.

Finding ourselves on a T-manifold we can move along it because we can effectively
calculate the tangent plane at each point; in this manner we can attain each point
in the manifold.

4.1.4. Parametric representation of Chebyshev polynomials. It remains to recover
the Chebyshev polynomials corresponding to points in the manifold of support
sets. We start with the z-variable, which we regard as a function on the surface
M € H(R; g,1). We consider a second-order element x; € C(M) taking the values

0,1, 00 for z = —1, 00, 1, respectively, so that
r1+1
1 — 1 ( )
. dzq
It is easy to see that — (u) = 2 dngoo(u), therefore
T

x1(u) = exp (2/ d77000> = (u, i;0, 00)?
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and z(u) can be recovered by formulae (84) and (44). The expression for T, is an
immediate consequence of (16):

T, = =[(u, 005 —i,4)" + (u, 003 1, —i)"].

DN =

4.2. Uniformization with slits f’)l, . ..,f’)g. Carrying out the Schottky uni-
formization with slits along the B-cycles we obtain more cumbersome formulae.
4.2.1. Schottky group. We fix a surface M of the form (11), (12) and map the

extended plane with slits [—1, a1], [b1, a2], [b2, as], - . -, [bg, 1] conformally, with nor-
malization {—1, a1, 00} — {00,0, 1}, onto a circular domain (see Fig. 7).

Figure 7. Uniformization of M with slits along the ]~3—cycles

As before, this circular domain gives rise to a symmetric Schottky group, which
gives us another system of global real-analytic coordinates {cx, 7 }{_, in the moduli
space,

O<cr—rm<a+r<c—Tre<co+re<---<cg—reg<cg+ry<1; (85)

they are, of course, different from the variables in (77).
4.2.2. Equations of the cell T(my, ..., mg).

Lemma 5. Abel’s equations (15) are equivalent to the following relations:

Ei"(1) = EJQER2 - Ep, k=1,...,g. (86)
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Proof. The A-normalized differential of the third kind dn has the following form in
the model under consideration:

g
dn® :=dn_11+ Y _ v d¢, (87)

=1

where the coefficients v; are the solutions of the linear system

1 g
2/ dgs+zyj/~ d¢G; =0, s=1,...,g. (88)
oo j=1 A,

Indeed, A-normalization is the same as A-normalization and

u 1 1 1
/~ dn_1y = / dn1y = / NGun = / dc, =2 / dc.,.
A Gsu —1 —1 oo

s

The differential (87) satisfying Abel’s equations has the coefficients v; = m;/n,
which brings us to the form (17) of these equations. Equations (88) are real,
therefore, we arrive at equivalent equations (86) by exponentiating.

4.2.3. ‘Navigation’ in the moduli space. The above-introduced function ® measuring
the distance to the cell T embedded in the space H has in the new variables (85)
the following form:

B(M) = (21)? i(i ('ys - %))2, (89)

where the v;(M) are the solutions of the linear system (88). Descending along
gradient trajectories of ®B we arrive at the manifold of support sets T (again,
this is an experimentally established fact) and can move further along this
manifold.

4.2.4. Recovering the polynomial. A parametric representation of the Chebyshev
polynomial T,,( -, ) is as follows:

1
Tn = §(V + V_1)7

(90)
V(u) = (=1)"(u, 00; =1, 1)"E{™ (u) By (u) - - By (u),
€= 7’311_‘;‘11 , @i(u) = (4,150,00)% a1 = 2z1(cg +74) — 1. (91)

Remark. The normalization that we used in §4.2 is not completely symmetric rel-
ative to the components of the support set: the cycle f’)o is distinguished. We
could use the normalization {bs, as4+1, 00} — {00, 0, 1} instead, which would slightly
change formulae (87), (86), (90), and (91).
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Figure 8. The Chebyshev polynomials for ¢ = 2, n = 30, and the partitionings
11+15+4; 10+ 17+ 3; 13+ 2+ 15; 15444 11; and 13+ 7+ 10

4.3. Graphs of Chebyshev polynomials. Using the formulae presented in
this paper this author has written a computer program SCHOTTKY calculating
Chebyshev polynomials least deviating from zero on systems of intervals. The input
data are the integers g, my, . . ., my specifying the cell T; the initial point {c, 70} _,
in the moduli space (85); and accuracy €. The program performs with accuracy
¢ the gradient descent onto the manifold T(my, ..., my) in the moduli space and
finds a parametric representation for the corresponding Chebyshev polynomials by
formulae (90) and (91). We present the graphs of several polynomials in Fig. 8.
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