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Combinatorial description of a moduli space
of curves and of extremal polynomials

A. B. Bogatyrëv
Abstract. For the description of extremal polynomials (that is, the typical solutions of least deviation problems) one uses real hyperelliptic curves. A partitioning
of the moduli space of such curves into cells enumerated by trees is considered. As
an application of these techniques the range of the period map of the universal cover
of the moduli space is explicitly calculated. In addition, extremal polynomials are
enumerated by weighted graphs.
Bibliography: 12 titles.

§ 1. History of the problem
We call a real polynomial P (x) of one variable a (normalized) g-extremal polynomial if all but g of its critical points are simple, and it takes the values ±1 at
these points. The number of exceptional critical points can be calculated by the
following formula:
g=


x : P (x)=±1

ord P  (x) +


x : P (x)=±1




1
ord P  (x) ,
2

(1)

where ord P  (x) is the order of the zero of the derivative of P at x ∈ C and [ · ]
is the integer part of a number. Extremal polynomials with g = 0 (Chebyshëv,
1853) or g = 1 (Zolotarëv, 1868) are well understood and used in the solution of
many problems on the least deviation in the uniform metric [1]. General extremal
polynomials allow one to extend considerably the spectrum of eﬀectively solved
optimization problems of this kind [2]. In the general case g-extremal polynomials
are described in terms of real hyperelliptic curves of genus g and depend on g integer
and g continuous parameters. Enumeration of the admissible systems of discrete
parameters was the motivation behind the present paper.
For small g (depending on the computational powers available) extremal polynomials have been eﬀectively calculated [3], [4] on the basis of their representation
This research was carried out with the support of the Science Support Foundation, the RAS
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going back to Chebyshëv and thoroughly described in [2]. One characteristic feature
of the Chebyshëv representation is the independence of the computational complexity of the degree n of the polynomial for ﬁxed g. We now explain the idea of the
representation, which is based on the geometric interpretation of Pell’s equation
with polynomial coeﬃcient. This equation has been used for many years in the
analysis of least deviation problems [5], and methods of its investigation go back
to Abel’s well-known paper of 1826. We associate with each polynomial P (x) the
hyperelliptic curve

M = M (e) =




(x − es )

2g+2

(x, w) ∈ C : w =
2

2

(2)

s=1

with branch divisor e := {es }2g+2
s=1 , where the es are the zeros of odd multiplicity
of the polynomial P 2 (x) − 1. The genus g of this curve is equal to the number of
exceptional critical points of P (x) calculated by (1), with multiplicities taken into
account. The polynomial P (x) gives rise in natural fashion to a map1 P(x, w) of
the covering spaces in the diagram

P

(x, w) ∈ M (e) −−−−→ CP1  u


χ
σ

,

(3)

P

x ∈ CP1 −−−−→ CP1
where χ(x, w) := x is the two-sheeted cover branched over the points in e and
σ(u) := 12 (u + u1 ) is the two-sheeted cover branched over ±1. The map P(x, w)
is equivariant with respect to the action of the covering transformation group
(the transposition of the sheets): P(x, −w) = 1/P(x, w), therefore the divisor of the
function P (x, w) consists of two points, a pole of order n := deg P at the point at
inﬁnity ∞+ on one sheet and a zero of the same order at the point at inﬁnity ∞−
on the other sheet. The converse also holds: a meromorphic function P on M (e)
with divisor n(∞− − ∞+ ) satisﬁes (after normalization) the equivariance condition
and lowers to a map P (x) between the bases. This last map turns out to be a
polynomial of degree n and necessarily has the required number of simple critical
points with values ±1 at these points.
In the framework of this construction the problem of the description of g-extremal
polynomials of a ﬁxed degree n is equivalent to enumeration of the curves M of
the form (2) admitting a meromorphic function with divisor n(∞− − ∞+ ). The
problem on the existence and a representation of such a function can be solved in
terms of the curve M itself with the help of Abel’s criterion [6]. There exists on
each curve (2) a unique Abelian diﬀerential of the third kind

g−1

dηM =

g

x +

s=0
1 This

cs xs

dx
w

map is also known as the Akhiezer function P (x) +


P 2 (x) − 1.

(4)
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with purely imaginary periods. This normalization has a clear physical interpretation: one must put electric charges ±1 at ∞± ; then the resulting potential on
the Riemann surface M is the real part of the corresponding Abelian integral ηM .
From the diﬀerential associated with M one can recover up to sign a polynomial
P (x) of degree n by the explicit formula
(x,w)

P (x) = ± cos ni

dηM ,

x ∈ C,

(x, w) ∈ M,

(5)

(e,0)

where the expression on the left-hand side is independent of the integration path,
the ramiﬁcation point (e, 0), or the point (x, w) on M lying over the independent variable of the polynomial. For the curve M associated with a polynomial of
degree n the diﬀerential dηM is equal to n−1 d log P(x, w), therefore the curves M
determined by polynomials of degree n are precisely the ones with periods of the
associated diﬀerential dηM belonging to the lattice 2πin−1 Z.

Figure 1. The system of cuts Λ in the plane for g = 4, k = 2 and an integral basis
in H1−(M, R)

We consider in what follows only real polynomials P (x). They are associated
with real curves M , that is, ones admitting an anticonformal involution (reﬂection)
J(x, w) := (x, w). The reﬂection J acts in the natural fashion in the homology
space H1 (M, R) of M , which can be obtained from the homology of the compact
curve Mc := M ∪ ∞+ ∪ ∞− by the addition of one generator, a cycle enclosing
the puncture ∞+ or ∞− . A basis C0 , C1 , . . . , Cg in the subspace of odd cycles
H1− (M, R) := {C ∈ H1 (M, R) : JC = −C} is depicted in Fig. 1, where the thick
lines depict cuts in the plane connecting pairwise the ramiﬁcation points in M . The
diﬀerential (4) associated with a real curve is itself real, that is, its coeﬃcients cs
are real. The periods of the real diﬀerential dηM over even cycles surviving the
reﬂection J are equal to zero and obviously belong to the lattice 2πin−1 Z. The
real curve M is associated with a real polynomial P of degree n if and only if the
following system of Abel’s equations holds [2]:

Z, s = 0, 1, . . . , k − 1,
ms
−i
dηM = 2π
,
ms ∈
(6)
n
2Z, s = k, . . . , g;
Cs
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here Cs is the ﬁxed basis in the lattice of odd cycles and k is the number of coreal
ovals in M . Some integers ms must be even because after the projection onto even
1-cycles integral 1-cycles can become half-integral.
The left-hand sides of Abel’s equations are locally single-valued analytic functions of the ramiﬁcation points of the curve, but they are not globally well deﬁned.
If one transposes a pair of branch points in the upper half-plane, then one obtains
another basis in the lattice of odd cycles. The left-hand sides of Abel’s equations,
the periods of the diﬀerential associated with the curve, live on the universal cover
of the moduli space of real curves M , which is a 2g-cell. Only g equalities in (6) are
g
independent since the cycle s=0 Cs retracts to a pole with known residue of the
diﬀerential dηM . One obtains in this way the full-rank [2] period map Π : R2g → Rg .
In the present paper we give an answer to two questions in connection with the
period map:
(1) we ﬁnd the image of the universal cover of the moduli space of real curves (2)
under the period map;
(2) we present an example of a ﬁbre of the period map that is invariant under
the covering transformation group; this means that the projection of a ﬁbre
of the period map onto the moduli space is not an embedding in the general
case.
§ 2. Main theorem
For the formulation of our main result we must give a rigorous deﬁnition of the
period map of the universal cover of the moduli space of curves (2). Let us introduce
the requisite concepts.
2.1. Moduli spaces of curves. Let e be an unordered system of distinct points
e1 , . . . , e2g+2 consisting of 2k real points and g − k + 1 pairs of complex conjugate
points. The group A+
1 of orientation-preserving aﬃne motions of the real axis acts
2g+2
freely on such systems: e = {es }2g+2
s=1 → Ae + B = {Aes + B}s=1 , A > 0, B ∈ R.
k
We call the orbits of this action the space Hg . Associating with each symmetric
simple divisor e the hyperelliptic curve (2) we arrive at the equivalent deﬁnition
of Hgk as the moduli space of (the conformal classes of ) real hyperelliptic curves of
genus g with k coreal ovals and a distinguished point ∞+ on the oriented real oval
that is distinct from the ramiﬁcation points.
The space Hgk is a real 2g-manifold. For the introduction of coordinates we
number locally the points in the system e and ﬁx a pair of complex conjugate or a
pair of real points e2g+1 , e2g+2 . For local coordinates in the moduli space we take
either the variables Re es in the case of real points es or Re es , Im es for points es
in the open upper half-plane H, 1  s  2g. Topologically, for k > 0 this space
is the product of a (2k − 2)-cell by the conﬁguration space of the half-plane H. In
particular, the fundamental group π1 (Hgk ) is isomorphic [2] to the braid group on
g − k + 1 strands Brg−k+1 (this holds also for k = 0).
 k of the moduli
There exist several representations of the universal cover H
g
space [4]; the most geometrically descriptive of them is the labyrinth space. A
labyrinth (e, Λ) with invariants g and k is by deﬁnition a pair consisting of the
above-described divisor e and a system Λ = (Λ0 , Λ1 , . . . , Λg ) of disjoint simple
smooth arcs connecting pairwise points in the divisor (see Fig. 2). The ﬁrst k arcs
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in the labyrinth are the projections of the coreal ovals {x ∈ R : w2 (x) < 0} of the
curve M (e). The other g − k + 1 arcs connect complex conjugate points in e, are
invariant under the reﬂection relative to the real axis and bypass the ﬁrst group
of arcs on the right. The intersections with the real axis deﬁne a natural ordering of
the arcs Λj . Two labyrinths (e, Λ) and (e , Λ ) are said to be equivalent if there

exists a motion in A+
1 taking e to e and the paths Λ to ones that can be contin
uously deformed into the paths Λ so that the paths undergoing the deformation
and the point set e form a labyrinth at each instant. We call the set of labyrinths
modulo this equivalence the labyrinth space Lkg .



βs−k 



. . . 
 ...




H




 



   
Λ0

Λ1 . . . Λk

Λk+1 Λg

 

 

 

Λ0

Λ1 . . . Λk−1

Λk



Λs−1 Λs

Λg

 ...
. . . 

βs−k 




Figure 2. (a) H cut along Λ; (b) Dehn half-twists β1 , . . . , βg−k as covering transformations of Lkg

Theorem 1 [4]. The labyrinth space Lkg is homeomorphic to the universal cover
 k of the moduli space and is a 2g-cell.
H
g
Both the labyrinth space and the universal cover of the moduli space are homeomorphic to the Teichmüller space of the disc with g − k + 1 punctures and 2k + 1
marked points at the boundary. The Teichmüller space is just a 2g-cell. A detailed
proof of the above correspondences is outside the framework of the present paper
as it requires special machinery. Informally, the universal cover of the moduli space
is the set of branch divisors e supplied with the histories of their motion from
the distinguished divisor e0 . Regarding the cuts in a labyrinth as the traces of the
motion of the divisor we can reconstruct this history.
The braid group Brg−k+1 acts by covering transformations in the universal cover
of the moduli space and, in particular, in the labyrinth space Lkg . We realize
Brg−k+1 as a modular group, the group Mod(H \ e) of isotopy classes of diﬀeomorphisms of the punctured disc H \ e ﬁxed on its boundary [7]. Generators of
this group are the Dehn half-twists β1 , β2 , . . . , βg−k along curves encircling a pair
of punctures in the disc (see Fig. 2(b)). Extended by symmetry into the lower halfplane a transformation f ∈ Mod(H \ e) takes the labyrinth (e, Λ) to the labyrinth
(e, fΛ).
Our interest in labyrinths is explained by the fact that there exists no distinguished basis in the odd homology space on the curve M (e), and a labyrinth (e, Λ)
presents us with such a basis.
Deﬁnition. Going counterclockwise along the banks of the cuts Λ0 , Λ1 , . . . , Λg on
the upper sheet of M (e) deﬁnes a distinguished basis C0 , C1, . . . , Cg in the space
H1− (M, R); see Fig. 1.
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2.2. Transport of 1-cycles and period map. For the analysis of the periods of
the diﬀerential dηM as functions of the variable curve M we construct the homology
bundle [8] over the moduli space. The ﬁbre over a point M of the rank 2g + 1 real
vector bundle H1 Hgk → Hgk is the homology space H1 (M, R) of M . Recall that M
can be obtained from the compact curve by making two punctures at inﬁnity,
therefore one must add to the usual 2g independent 1-cycles the cycle encircling
an (arbitrary) puncture. The homology bundle decomposes in the natural way
into the sum of subbundles H1+ Hgk and H1− Hgk with ﬁbres that are the eigenspaces
corresponding to the eigenvalues ±1 of the reﬂection operator J(x, w) := (x, w) on
the homology. A local trivialization of the homology bundle is deﬁned as follows.
Assume that a point M (e) in the base space of the bundle lies in a suﬃciently
small neighbourhood of a ﬁxed point M0 = M (e0 ) in the moduli space. Consider
a plane diﬀeomorphism commuting with complex conjugation, taking the distinguished divisor e0 to a ﬁxed divisor e and identical outside a small neighbourhood
of points in the distinguished divisor. This map of the plane lifts to a map of its
two-sheeted covers M (e0 ) → M (e) and induces an isomorphism of their homologies. This isomorphism H1 (M (e0 ))  H1 (M (e)) respects the decomposition into
even and odd 1-cycles and Z-homology. We obtain a natural identiﬁcation of the
homologies at close points e and e0 in the moduli space, which can be used for a
local trivialization of the homology bundle since it does not depend on one’s choice
of the plane diﬀeomorphism: all diﬀeomorphisms satisfying the above-mentioned
conditions are isotopic in the punctured plane C \ e0 .
The sewing functions of our bundle are locally constant, therefore it possesses a
natural ﬂat (Gauss–Manin) connection [8]. This connection enables one to translate
homology to nearby ﬁbres, and its action on cycles in H1 (M, Z) can be represented
as follows. In the 2-sheeted model of the curve M we draw a closed contour representing a 1-cycle and avoiding the ramiﬁcation points. Leaving this contour ﬁxed
and perturbing the ramiﬁcation points we translate the 1-cycle to close curves M .
This parallel translation of cycles is consistent with the above-mentioned decomposition of the homology bundle into the subbundles H1±Hgk and preserves the
lattice of Z-homology. The distinguished basis corresponding to a labyrinth in § 2.1
is obviously respected by the parallel translation governed by the Gauss–Manin
connection.
Example. The Dehn half-twist βs−k , s = k + 1, . . . , g, in Fig. 2(b) corresponds to
an elementary braid in the group Brg−k+1 and to a loop in the moduli space. The
translation of the distinguished basis of a labyrinth along this loop changes only two
of its elements: (Cs−1 , Cs )t → (−Cs , 2Cs + Cs−1 )t . In the process of deformation
the cycle Cs−1 moves to the lower sheet of the Riemann surface and dragging it
to the upper sheet results in a change of sign. We see that the monodromy of the
Gauss–Manin connection is non-trivial if so also is the topology of the moduli space.
The ﬂat connection enables one to deﬁne an action of the braid group Brg−k+1 on
the cohomology space H 1 (M0 , R) of the distinguished curve. Namely, we deﬁne the
action of a loop β ∈ π1 (Hgk , M0 ) on a functional C∗ ∈ (H1 (M0 ))∗ by the following
formula:
β · C∗ | C := C∗ | parallel translation of C along β,

C ∈ H1 (M0 ).
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 k of the moduli space to functionals
The period map Π takes the universal cover H
g
on the odd homology space of the distinguished curve by the following rule:
) | C := −i
Π(M

dηM ,

∈H
 k,
M
g

C ∈ H1− (M0 , R).

(7)

C

Here integration of the diﬀerential on M over cycles in the distinguished (and
therefore distinct from M in the general case) curve M0 proceeds with the use of
 k.
the Gauss–Manin connection in the homology bundle over the universal cover H
g
The following result holds.
 k → (H − (M0 , R))∗ commutes with the action
Lemma 1 [2]. The period map Π : H
g
1
of the braid group Brg−k+1 .
We describe explicitly the range of the period map in Theorem 2, for the statement of which we require several deﬁnitions.
0 = (e0 , Λ0 ) in
2.3. Statement of the main theorem. We distinguish a point M
 k . The distinguished basis C0 , C1 , . . . , Cg of the labyrinth Λ0
the universal cover H
g
introduced in § 2.1 provides us with the system of coordinates γs :=  · | Cs  in the
space of functionals over the odd 1-cycles (H1− (M0 , R))∗ ∼
= Rg+1 . The hyperplane
 k under the period
{γ0 + γ1 + · · · + γg = 2π} in that space contains the image of H
g
map Π.
We ﬁx topological invariants g and k, g  0, 0 < k  g + 1. The points
h := (h0 , h1 , . . . , hg+1 )t in the Euclidean space Rg+2 with coordinates satisfying
the conditions
(8)
0 = h0 < h1 < h2 < · · · < hg < hg+1 = π,
ﬁll an open g-simplex ∆g . We deﬁne as follows the action of the braid group Brg+2
in the ambient space on the generators (Burau, 1932):

 

  s − 1

· (. . . , hs−1 , hs , . . . )t := (. . . , hs , 2hs − hs−1 , . . . )t ,

 s
 



(9)

s = 1, 2, . . . , g + 1; a crossing on the (s − 1)th and sth strands aﬀects only the
variables hs−1 and hs .
With each (g − k + 1)-element subset i of the index set {1, 2, . . ., g} we associate
the braid κ(i) ∈ Brg+2 (see Fig. 3). We move the strands of the trivial braid with
indices in i away from the plane containing the ﬁgure, and ﬁxing their right-hand
end-points shift them upwards without crossings, while the other strands we shift
downwards without crossings. The braid κ(i) acts as follows at a point h ∈ Rg+2 :
the variables hs , s ∈ i, take the ﬁrst g −k +1 positions in the order of their indices s.
The other variables hj , j ∈
/ i, undergo successive reﬂections at all the points hs ,
s ∈ i, with larger indices s > j and after these transformations assume the last
k + 1 positions in the order of their indices j.
We treat braids β on g − k + 1 strands as embedded in Brg+2 by adding to them
horizontal strands below; see Fig. 3.
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Figure 3. The braids β ∈ Brg−k+1 and κ (i) ∈ Brg+2 for g = 8, k = 4, and
i = {2, 3, 5, 7, 8}

 k ), k > 0, is the image under the following linear map
Theorem 2. The set Π(H
g
g+2
g+1
R
→R
of the union in Rg+2 of the open simplexes β · κ(i) · ∆g taken over
k−1
all g -subsets of i and all braids β in Brg−k+1 :

γs :=

2(hg−s+1 − hg−s ),
4(−1)g+s hs−k ,

s = 0, . . . , k − 1,
s = k, . . . , g.

(10)

 k ) in Figs. 4 and 5.
Example. We depict the 2- and 3-dimensional images Π(H
g

Figure 4.

Figure 5.

 k ) for k = 3, 2, 1 (from left to right)
The range of the period map Π(H
2

 k ) for k = 4, 3 (from left to right)
The range of the period map Π(H
3

§ 3. Partitioning the moduli space into cells
We develop below a combinatorial geometric approach to the study of the period
map. To curves M from the moduli space we shall assign in a one-to-one fashion
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trees Γ of a special form with edges labelled
This deﬁnes a
g+1 numbers.
by positive
k
partitioning of the total moduli space H := ∞
g=0
k=0 Hg into cells A[Γ] enumerated by trees, in which some of the global coordinate variables are periods of the
diﬀerential associated with the curve. Similar cell partitionings of the moduli spaces
of curves are used in conformal ﬁeld theory (Penner, Kontsevich, Chekhov; see the
references in the survey paper [9]). We present applications of these techniques in
the last two sections of this paper.
x

3.1. Curves and trees. The Abelian integral of the third kind ηM (x) :=

dηM

is a Schwarz–Christoﬀel integral mapping the suitably cut upper half-plane H onto
a certain comb-like domain with geometric parameters allowing one to recover all
the periods of dηM . This important observation was made for the ﬁrst time for a
special case by Akhiezer (see a discussion in [3]) and in a more general situation
by Meı̌man [10]. To describe the system of cuts one can conveniently use Strebel’s
theory of foliations associated with quadratic diﬀerentials [11]. Throughout § 3.1
the curve M is ﬁxed, therefore we drop the corresponding subscript of the associated
diﬀerential dηM .
3.1.1. Global width function and foliation. In view of the normalization
of dη, the function


(x,w)



W (x) := Re
dη 
(es ,0)

is well deﬁned in the entire x-plane, vanishes at all the branch points x = ej ,
j = 1, . . . , 2g + 2, has a logarithmic pole at inﬁnity and is harmonic outside its zero
set. In other words, the width function W (x) is the Green’s function of the plane
cut along the piecewise smooth set Γ := {x ∈ C : W (x) = 0} containing all branch
points. The foliation (dη)2 (x) > 0 is orthogonal to the level curves of W (x) and
therefore has neither cycles nor limit cycles. In Strebel’s terminology [11] the global
structure of the trajectories in the foliation is as follows: the leaves starting at ﬁnite
critical points (that is, at points in the divisor of (dη)2 ) partition the complex plane
into strips each coming from inﬁnity, passing through a component of the zero level
of W (x), and returning to inﬁnity. The local structure of the foliation (dη)2 (x) > 0
in the neighbourhood of its critical points is depicted in Fig. 6.

Figure 6. The foliation (dη)2 > 0 in the neighbourhood of points with ord(dη)2 =
−2, −1, 0, 1, 2
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3.1.2. The graph Γ of the curve M .
Construction. We associate with each curve M ∈ H a compact planar graph
Γ = Γ(M ) consisting of two parts, Γ and Γ . The component Γ := {x ∈ C :
W (x) = 0} is said to be vertical. By the horizontal component Γ we shall mean
the set of intervals of the foliation (dη)2 (x) > 0 connecting critical points of the
foliation with one another or with Γ and oriented in the increasing direction of
W (x). By vertices V of the graph Γ we mean all ﬁnite points of the divisor of (dη)2
and points in the intersection Γ ∩ Γ . Outside its vertices the graph is the union
of ﬁnitely many intervals of vertical and horizontal trajectories of the quadratic
diﬀerential (dη)2 , which we call its edges R. The measures |Re(dη)| and |Im(dη)|
connected with (dη)2 allow one to deﬁne the width W and the height H, respectively,
of an arbitrary smooth curve in the plane. For instance, the width W (R) of an edge
R ⊂ Γ is equal to the increase of the width function W (x) along R, and the height
H(R) of each horizontal edge R is zero.
Remark. In terms of generic polynomials P (x) the graph Γ was introduced for the
ﬁrst time in [10]. Its part Γ := P −1 ([−1, 1]) had been considered before by many
authors (see the references in [3]) in their studies of polynomials of least deviation
on several intervals and is called the support set of the polynomial , the n-regular
set, or the maximal least deviation set.
Thus, each real hyperelliptic curve gives rise to a planar graph Γ with edges of two
types: oriented horizontal edges equipped with their widths W , and non-oriented
vertical edges equipped with their heights H. We present several typical graphs
Γ(M ) in Figs. 7(a), 9(b), 10, 11(a), where the double line denotes the vertical component. In what follows we are interested in a graph only as a combinatorial object
equipped with numbers. We say that two partially oriented graphs in the plane
are equivalent if one of them can be transformed into the other by an orientationpreserving motion of H extended by symmetry into the entire plane. We denote
the equivalence class of a graph Γ by [Γ], and the equivalence class of a graph with
edges labelled by positive numbers by {Γ}.
   

  




 









 
 



......
 .Im x = 0






 






   
  

π π

π
π 2 2 
2
 2

π

π


π
2π


π
 2π


Figure 7. (a) Admissible graph of a curve M ∈ H82 ; (b) calculation of the order of
(dη)2 at a vertex of a graph

3.1.3. Functions of a graph Γ(M )). Let us introduce several combinatorial
characteristics of a graph whose meaning will be clear from what follows. We denote
the subgraphs of Γ lying in the upper half-plane or on the real axis by Γ+
 := Γ ∩ H
and Γ0 := Γ ∩ R, respectively; the index  can be empty or equal to or . The
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degree of a vertex V relative to the graph Γ• will be denoted by d• = d• (V ). The
horizontal edges are oriented, therefore one can deﬁne also the quantities d•in (V )
and d•out(V ) equal to the numbers of edges of the graph Γ• starting or ending at
the vertex V , respectively, where the index • can be empty or equal to 0 or +.
We now introduce further notation:
ord(V ) := d (V ) + 2din (V ) − 2,
g(Γ) := #{V ∈ Γ : ord(V ) ≡ 1 (mod 2)}/2 − 1,
k(Γ) := #{V ∈ Γ0 : ord(V ) ≡ 1 (mod 2)}/2,
dim(Γ) := #{R ⊂ (Γ+ ∪ Γ0 )} + #{V ∈ (Γ+ ∪ Γ0 ) \ Γ } − 1,
codim(Γ) := 2g(Γ) − dim(Γ),

2din (V ) − 4,



 d (V ) − 2,
in
codim(V ) := d+
out (V ) +

2(d
(V ) (mod 2)) + d+ (V ) − 3,



d (V ) (mod 2) + d+ (V ) − 1,

V ∈ Γ+ \ Γ+ ,
V ∈ Γ0 \ Γ0 ,
V ∈ Γ+ ,
V ∈ Γ0 ;

in the last deﬁnition V ∈ Γ0 ∪ Γ+ and the residue mod 2 is 0 or 1.
3.1.4. Properties of the graph Γ(M )). In terms of the original curve M the
combinatorial characteristics ord, g, and k are explained by the following result.
Lemma 2. Let Γ(M ) be a graph corresponding to a curve M ∈ Hgk . Then
(1) ord(V ) is the order of the quadratic diﬀerential (dη)2 at the vertex V ,
(2) g(Γ) is the genus of M ,
(3) k(Γ) is the number of coreal ovals on M .
Proof. (1) The quantity 2 + ord(V ), which is either d for W (V ) = 0 or 2din for
W (V ) > 0, has the meaning of the number of trajectories in the (vertical or horizontal) foliation of the quadratic diﬀerential (dη)2 that are incident to V , therefore [11]
this integer is larger by 2 than the order of (dη)2 at this vertex.
(2) Points at which the order of (dη)2 is odd are ramiﬁcation points in M .
(3) 2k(M ) is the number of ramiﬁcation points of M lying over the real axis.
For weighted graphs {Γ} associated with curves there exist several structural
and qualitative constraints, which are listed in the next statement.
Lemma 3. (A1 ) [Γ] is a ﬁnite tree symmetric (together with all its weight structures) relative to the real axis.
(A2 ) Horizontal edges starting at some vertex are separated by edges ending at it
or by vertical edges. In particular, forbidden are hanging vertices of the following
form:
 .
(A3 ) Vertices with ord(V ) = 0 can be only of two kinds:




 .

(A4 ) The sum of the heights H of all vertical edges in a tree is π.
(A5 ) If V ∈ Γ , then W (V ) = 0.
and
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Proof. (A1 ) We claim that Γ is a connected graph without cycles. Assume that it
contains cycles; then there exists a bounded region in its complement. Integrating
the square of the gradient of W (x) over it we obtain 0 because W is a harmonic
function outside Γ vanishing at the vertical edges of the graph, while its normal
derivative vanishes at the horizontal edges.
The graph is connected since the sum ord(V ) taken over all vertices is twice
the number of edges minus twice the number of vertices, that is, it is equal to the
number of components of Γ multiplied by −2. By Lemma 2 this is also equal to
the degree of the divisor of the quadratic diﬀerential (dη)2 on the sphere plus the
order of its pole at inﬁnity, that is, −2. The symmetry of the weighted graph can
be seen from the fact that the quadratic diﬀerential is real: (dη)2 (x) = (dη)2 (x).
(A2 ) If W (V ) > 0, then the function W alternately increases and decreases on
the horizontal trajectories of (dη)2 with end-points at V . Trajectories of the second
type are locally the same as horizontal edges of Γ ending at V . On the other hand,
if W (V ) = 0, then the horizontal trajectories starting at V alternate with vertical
trajectories, which coincide locally with vertical edges of Γ.
(A3 ) ord(V ) = 0 only if V ∈ Γ ∩ Γ .
(A4 ) In the domain C \ Γ the diﬀerential dη(x) has a single-valued branch since
each component of Γ contains an even number of branch points of M . Deforming
the boundary of the domain into a large circle we obtain

±2πi =
dη = i
Im(dη) = ±2i
|Im(dη)| = ±2i
H(R).
∂(C\Γ )

∂(C\Γ )

Γ

R⊂Γ

(A5 ) This holds by deﬁnition.
The next lemma gives one a hint of the method of the recovery of a hyperelliptic
curve from a weighted graph.
Lemma 4 [10]. The Abelian integral of the 3rd kind η(x) maps homeomorphically
the upper half-plane cut along Γ onto a half-strip of height π with ﬁnitely many cuts
starting at the upper part of its boundary.
Proof. The Abelian integral has the following form: η(x) = W (x)+iH(x), x ∈ H\Γ,
where W (x) is the global width function and H(x) is the conjugate harmonic function with a single-valued branch in the simply-connected domain H \ Γ normalized
by the condition H(x) = 0, x > Γ0 . We shall interpret the height function H(x) in
terms of the foliation (dη)2 > 0 restricted to the domain H \ Γ.
Each leaf of the foliation starts and ends at the boundary of the domain, which
consists of the following parts: ∞, R \ Γ, Γ , Γ . Searching through all possible
cases we can derive the following behaviour of the leaves oriented in the increasing
direction of W (x): ﬁnitely many leaves start at vertices of Γ , all other leaves start
from Γ ; all leaves go to inﬁnity staying within the upper half-plane. For instance,
a leaf cannot start or end at R \ Γ; otherwise its end-point is a critical point of the
foliation (since the foliation is mirror-symmetric) and therefore lies in Γ.
The function H is constant on each leaf and is equal to lim Arg(x) as x → ∞
along the leaf. Corresponding to each value of H ∈ (0, π) there exists a unique leaf
in the cut half-plane and the width function W allows one to distinguish points in
this leaf. Hence the function η(x) maps H \ Γ one-to-one onto a comb-like domain.
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3.1.5. Recovery of the curve M from its graph Γ . Let {Γ} be a tree in the
plane with edges of two types, non-oriented ‘vertical’ and oriented ‘horizontal’ ones.
We call the positive numbers labelling the edges R their widths W (R) if R ⊂ Γ or
their heights H(R) if R ⊂ Γ . We set the height of horizontal edges and the width
of vertical ones to be zero. On the vertices V of the tree we can (uniquely in eﬀect)
introduce the width function W (V ) strictly increasing on (oriented) horizontal edges
such that the width of each edge is equal to the increment of the width function
between its end-points. If the tree satisﬁes conditions (A1 )–(A5 ), then we can
associate with it a real hyperelliptic curve M = M {Γ}.
Construction. It follows from (A1 ) that H \ Γ is a simply-connected domain.
Each piece of its boundary inherits from {Γ} the notions of vertices v, vertical and
horizontal edges r, height function H(r), and width function W (v). Going along
the boundary of the cut half-plane from −∞ to +∞ deﬁnes a strict ordering of the
vertices v and the edges r, so that on the vertices in the boundary one can deﬁne
the height function

H(v) :=
H(r).
r>v

Conditions (A2 ) and (A5 ) ensure that the monotonic behaviour of the height
and the weight functions of vertices v under the motion in the positive direction
along the boundary H \ Γ is similar to Fig. 8.
..
..
..
.. ..
H(v) ..
..
.
..
..
.. ..
.. ...
..
..
.. ..

..
..
..
..
.. ..

.. 
.
.
.
.
.
. ...
...
..
... ...

 W (v)...

..
.. ...
.. ..


.
.
.
.
.
.
 ..
 .. .. 
.. 
 .. 
... 
.
..
.
. ..


..

..
..
..


.
.
R
Γ
Γ
Γ
Γ
Γ
Γ
Γ
R
π 

v

Figure 8. Monotonicity of H(v) and W (v) on the boundary of H \ Γ

In the η-plane we consider now the comb-like domain
Σ{Γ} := {η ∈ C : 0 < Re η, 0 < Im η < π}
 
\
iH(v), iH(v) + max

v∈∂(H\Γ)


W (v ) ,

(11)

H(v )=H(v)

and map the vertices in the boundary of H \ Γ into its boundary by the formula
v → η(v) := W (v) + iH(v) ± i0,

(12)

where ± is the sign of the monotonicity of W at the vertex v. It is clear from the
graph in Fig. 8 that the map between the boundaries is monotonic relative to
the ordering of the vertices, therefore it associates in a unique fashion edges r in the
boundary of H \ Γ with edges η(r) in ∂Σ{Γ}. Corresponding to each edge R ⊂ Γ+
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in the boundary of the half-plane cut along Γ there is a pair of edges r − , r+ : its
banks. The linear map of the interval η(r− ) onto η(r+ ) reversing the orientation
of the boundary of the comb has the following form:

η→

η + iH + − iH − ,
R ⊂ Γ+ ,
−η + iH + + iH − , R ⊂ Γ+ ,

(13)

where H ± is the mean value of the height H = Im η on the interval η(r ± ). We
shall treat the intervals η(r− ) and η(r+ ) as identiﬁed in accordance with (13).
Taken with all boundary identiﬁcations the comb-like domain Σ{Γ} is an abstract
Riemann surface H{Γ} homeomorphic to a disc. A conformal map x(η) : H{Γ} → H
with ﬁxed inﬁnity is deﬁned up to motions in A+
1 . It is clear from gluing formula (13)
that on the half-plane H we obtain a well-deﬁned meromorphic quadratic diﬀerential
(dη(x))2 . It is real at the boundary and extends by symmetry into the lower halfplane. We take for M {Γ} the two-sheeted surface (2) with branch points at the
zeros (the poles) of odd multiplicity of the quadratic diﬀerential (dη)2 (x), x ∈ C.
Theorem 3. The constructions in §§ 3.1.2 and 3.1.5 establish a one-to-one correspondence between hyperelliptic curves M ∈ H and weighted graphs {Γ} satisfying
conditions (A1 )–(A5 ).
Proof. Let {Γ} → M {Γ} → Γ (M ) be the maps from §§ 3.1.5 and 3.1.2 performed
successively. The construction of the ﬁrst map associates with an abstract graph
{Γ} its realization x(Γ) in the x-plane with vertices x(V ), smooth edges x(R),
and distinct subgraphs x(Γ ), x(Γ ), . . . . We claim that the weighted graphs
x(Γ) and Γ are equal.
A calculation of angles at all the vertices η(v) in the boundary of the comb Σ{Γ}
corresponding to a vertex V ∈ [Γ] shows (see Fig. 7(b)) that ord(V ) is equal to the
order of (dη)2 at x(V ). This means that all branch points of the curve M {Γ} are
end-points of edges in x(Γ ). Each connected component of x(Γ ) contains ﬁnitely
many branch points, therefore M {Γ} is realized as a pair of sheets C \ x(Γ ) glued
crosswise along the edges in x(Γ ). The identiﬁcations (13) show that dη(x) on
the upper sheet and −dη(x) on the lower one are glued into a single meromorphic
diﬀerential on M with two simple poles at inﬁnity. We shall show that this is
the diﬀerential dηM associated with the curve M by calculating its periods.
Assume that R ∪ x(Γ) intersects transversally the projection of a cycle C ⊂ M
onto the x-plane partitioning this projection into pieces C1 , C2 , C3 , . . . . We reverse
the orientation of the pieces of C corresponding to the lower sheet of M ; then the
integral of dη over C is equal to the sum of the increments of the argument of η
along the images of the pieces C1 , C2 , C3 , . . . in the two combs Σ{Γ} ∪ Σ{Γ}. Each
intersection of the projection of the cycle C with R∪ x(Γ ) yields a pair of points on
the horizontal part of the boundary of the combs, which enter the above-mentioned
alternating sum with opposite signs. Each intersection with x(Γ ) yields a pair of
points in the vertical part of the boundary, which enter this sum with the same
sign. The rules (13) of the identiﬁcation of the boundary edges of the combs now
allow us to say that the integral of dη over an arbitrary closed cycle C in M is
an integer linear combination of the quantities iH(R), R ⊂ Γ . In particular, all
the periods of the diﬀerential are purely imaginary. Condition (A4 ) enables one to
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calculate the polar period: the residue of dη at the point at inﬁnity in the upper
sheet is −1.
The remaining veriﬁcation of the equality of the weighted graphs Γ (M ) and
x(Γ) is routine. Condition (A3 ), which we have not used yet, guarantees that x(Γ)
has no vertices distinct from ﬁnite points in the divisor of (dη)2 or in x(Γ ) ∩ x(Γ ).
iπ 
H3




H2 
H2 
H1 

H1

0

H2





W2 + 2i(H1 + H2 )





η
W1



H3



W2






H1





W1 .... ...... Im x = 0



x










Figure 9. (a) A comb-like domain with identiﬁcations of edges; (b) a weighted tree Γ

Conversely, let M → Γ(M ) → M  {Γ} be the maps of §§ 3.1.2 and 3.1.5 performed
successively. The conformal map x(η) in the second construction was the inverse
of the Abelian integral η(x) in Lemma 4 — it is in this way that one obtains the
map (12) and the gluings (13). Hence M = M  up to an aﬃne motion from A+
1.
3.2. Coordinate space of a graph. We ﬁx a topological class [Γ] of graphs. The
systems of weights on a graph satisfying conditions (A1 )–(A5 ) satisfy the following
constraints:
H(R) > 0,



H(R) + 2

R⊂Γ0

W (V ) > 0,



H(R) = π, the edge R ⊂ Γ+ ∪ Γ0 ;

(14)

R⊂Γ+

W (V  ) > W (V ) for V  > V, V, V  are vertices in (Γ+ ∪ Γ0 ) \ Γ ;
(15)

recall that the vertices in the horizontal part Γ of the graph are partially ordered.
This set of numbers parametrizes some manifold, depending on [Γ], in the total
moduli space H, which therefore is partitioned into disjoint manifolds enumerated
by admissible topological types [Γ].
Deﬁnition. By the coordinate space A[Γ] of a graph Γ we shall mean the product
of the open simplex (14) ﬁlled by the values of the variables H(R) and the open
cone (15) ﬁlled by the values of the variables W (V ).
Example. For the graph in Fig. 9(b) the coordinate space is an open 4-dimensional
polyhedron in the space R5  (H1 , H2 , H3 , W1 , W2 ) described by the constraints
2(H1 + H2 ) + H3 = π; Hs > 0, s = 1, 2, 3; W2 > W1 > 0.
We have the following result.
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Lemma 5. The dimension dim(Γ) of a cell A[Γ] does not exceed 2g(Γ) and is equal
to 2g if and only if all vertices V ∈ Γ have the following form:
 ,
 , 
 ,
and the vertices V ∈ Γ0 on the real axis can, in addition, have the following form
(up to the symmetry x → −x):
. . .  . . . . . .


 . . .
 . . .

 ... 

 . . .;



the axis R is plotted by dots.
Proof. We can show by brute force that the defect of a vertex codim(V ) is nonnegative for V ∈ Γ0 ∪ Γ+ , and only for vertices of the above-described form
codim(V ) = 0. The calculation below demonstrates that the sum of the defects
of the vertices V is equal to the codimension of the cell A[Γ] in the corresponding
moduli space Hgk :

V ∈Γ0 ∪Γ+

codim(V ) =


V ∈Γ0 ∪Γ+

+



R⊂Γ+

V

3−

R⊂Γ+

1−

2−

∈Γ0 \Γ

 


R⊂Γ0

1−


V ∈Γ



V ∈Γ+ \Γ

R⊂Γ

3−

+

3 +

2

+


V



V ∈Γ+



(d (mod 2)+d+ − 1)



1+

R⊂Γ0



4−

∈Γ+ \Γ

= (2g(Γ) + 2) +
−



V ∈Γ0



(1 + 2) +

R⊂Γ+







(din − 2)

V ∈Γ0 \Γ

(2(d (mod 2)) + d+ − 3)+

= (2g(Γ) + 2) +

V



(din − 2) +

V ∈Γ+ \Γ

V ∈Γ+

−



d+
out + 2

1

∈Γ0



 
1−
1

R⊂Γ0

1−



V ∈Γ0

1

V ∈Γ0 \Γ

= 2g(Γ) − dim(Γ).
In the last equality we take into account the fact that the expression in the ﬁrst
curly brackets is equal to zero (each component of Γ+ is a tree with one vertex
removed) and the expression in the second curly brackets is equal to −1 (Γ0 is a
tree).
Example. Corresponding to the moduli space H32 there are 20 graphs [Γ] with
maximum dimension of the coordinate space dim(Γ) = 6. We present them in
Fig. 10 up to the symmetry relative to the vertical axis.
Theorem 4. The coordinate space A[Γ] is real-analytically embedded in the total
moduli space H.
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Figure 10. Stable graphs corresponding to the space H32

Proof. Each component of the moduli space H is stratiﬁed into smooth strata in
accordance with the multiplicities of the zeros of the associated diﬀerential:


2g+2

dηM =

εs

(x−es )

s=1

l


αj

(x−aj )

j=1

dx
,
w



2g+2

εs  0,

αj  1,

εs +

s=1

l


αj = g,

j=1

(16)
where all the zeros aj = es of the diﬀerential are distinct and form a symmetric
set relative to the real axis. On such a stratum of real dimension g + l one can
introduce local coordinates γ1 , . . . , γg ; ϕ1 , . . . , ϕl as follows [2]:

γs (M ) = −i

dηM ,
Cs

s = 1, . . . , g,

ϕj (M ) =

Re


dηM ,

or

Im

j = 1, . . . , l,

Fj

where Cs is the ﬁxed basis in the lattice of odd 1-cycles on the curve M ; Fj is a
path on M (see Fig. 1) connecting a pair of zeros (aj , ±w(aj )) of the diﬀerential
dηM with the same projection aj . For a zero aj lying on the projection of a real
oval in M one must consider in the last formula the real part of the integral; in
the case of a zero on a coreal oval in M one considers the imaginary part of the
integral; for a pair of complex conjugate zeros aj , aj one takes the real part of
one integral and the imaginary part of the other.
From the topological structure of the tree [Γ] one can derive the multiplicities of all zeros of dηM and their equality to ramiﬁcation points of the curve
M {Γ}. Hence the image of the coordinate space of the graph Γ lies in one stratum
of the moduli space. In this image A[Γ] the above-mentioned coordinate variables on
the stratum are integral linear combinations of the heights H(R) and the widths
W (V ). However, an injective linear map is an embedding, and the injectivity was
established in Theorem 3.
The coordinate spaces A[Γ] form a cell decomposition of the moduli space H.
We indicate without proof neighbourhood relations existing between the cells. At
the boundary of a coordinate space some inequalities in (14), (15) become nonstrict. If the width of a horizontal edge vanishes, then the corresponding edges
are contracted into a vertex of the graph. The same occurs in the case when the
height of a vertical edge vanishes, however there can be a further transformation to
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 W

1
H
 
comply with condition (A2 ):
W2 is transformed as H → 0 into the fragment

W
1


W
2  if W1 < W2 . In Strebel’s terminology this corresponds to the contraction
of a strip in the foliation corresponding to (dηM )2 . The boundaries of the cells A[Γ]
can reach the boundary of the moduli space Hgk if the corresponding transformation
of the graph [Γ] changes its genus. This reﬂects the fact that moduli spaces of lower
genera lie on the boundary of moduli spaces of higher genera.
Lifted to the universal cover of the moduli space, in intersection with a ﬁbre of
the period map each A[Γ] produces a cell: in the coordinate space of the graph
we must ﬁx several linear combinations of the variables H(R). The partitioning
of the moduli space into the coordinate spaces of graphs induces in this way a
partitioning of the ﬁbres of the map Π into cells and allows one to study their
topology. Unfortunately, calculations of this kind are very labour-consuming even
for low genera g.
§ 4. Range of the period map
Proof of Theorem 2. By Lemma 1 the period map commutes with the action of the
braid group Brg−k+1 , therefore ﬁnding the range of Π falls in a natural way into
the following two steps:
(1) describe the action of the braid group Brg−k+1 on functionals in (H1− (M0 ))∗ ;
(2) ﬁnd the Π-image of a representative of each orbit of the covering transfor k.
mation group in H
g
(1) The braid group Brg−k+1 ∼
= Mod(H \ e0 ) has g − k generators β1 , . . . , βg−k
represented by half-twists along curves encircling a pair of punctures in H \ e0 (see
Fig. 2(b)) [7]. The twist βs ﬁxes all elements of the distinguished basis except
Cs+k−1 and Cs+k which are transformed by the Picard–Lefschetz formula [8]. The
corresponding action of the generator on the space of functionals respects all coordinates but two: βs · (γs+k−1 , γs+k )t = (−γs+k , 2γs+k + γs+k−1 )t . In terms of the
variable h related to the γ-coordinates by formulae (10) this corresponds to Burau
multiplication (9) of braids by vectors.
(2) We supplement each curve M in the moduli space Hgk represented by a
divisor e with a special labyrinth Λ, thus lifting it to the universal cover. On the
boundary of the domain H \ Γ(M ) we mark points v0 , v1 , . . . , vg+1 : two on the real
axis to the right and to the left of the interval Γ0 ; one point in the projection of
each ﬁnite real oval and one point at each vertex V ∈ e ∩ H. We denote the indices
of the g − k + 1 points in the last group by i. We can use our freedom in the
choice of the marked points so that the heights hs := H(vs ) satisfy conditions (8).
Conversely, each point h in the simplex (8) and each admissible index subset i can
be obtained from the consideration of trees of the form indicated in Fig. 11(a). The
ﬁrst k intervals of the special labyrinth Λ are uniquely deﬁned: these are coreal
ovals. The remaining arcs in the labyrinth connect pairs of complex conjugate
points vs , vs , s ∈ i, are disjoint from the tree Γ(M ) (except at their end-points,
of course) and meet the real axis to the right of the point v0 (see Fig. 11(b)). To
calculate the period map at a point (e, Λ) in the universal cover of the moduli
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space one must integrate dηM over the elements of the basis of odd homologies of
 k . We know that after
0 ∈ H
this point translated from the distinguished point M
g

the translation of the distinguished basis in M0 with the use of the natural ﬂat
connection we obtain the distinguished basis of the labyrinth Λ. The integrals over
its elements can be expressed in terms of the heights hs . We now perform the
corresponding calculations.

v 8 v 7
v 5
v 3 v 2
v 9 
v
v
6
4
1  v
   
 


 v
0
 











v9 
H=π

v8  +dH = dH
−
v7 
 
v6 
v5  +
H \ Γ(M )


v4 
v3  − 
 +  
v2 
   
v1 
H =0
−
v0    
Λ4Λ5 Λ6 Λ7Λ8

Figure 11. (a) A tree producing i = {2, 3, 5, 7, 8}; (b) the special labyrinth Λ in H \Γ

The diﬀerential dηM is holomorphic in the simply connected domain H \ Λ,
therefore we can deﬁne there a global height function
H  (x) := Im

x

dηM ,

x0 > Γ0 ;

x0


the branch of the diﬀerential is normalized by the condition Res dηM ∞ = −1. The
same equality deﬁnes a global height function H(x) in H \ Γ(M ). In components
of H \ (Γ ∪ Λ) the diﬀerentials dH(x) and dH  (x) are equal up to the sign, which
changes after crossing Λ or Γ . In the domain bounded by Λs , Λs+1 , and Γ we have
dH  (x) = (−1)g+s dH(x).
The value of Π on the cycle Cs , s = k, . . . , g, is four times the increment of the
height H  along the right-hand bank of the cut Λs – from the real axis to the ﬁnite
point v∗ . The index of this ﬁnite point can be conveniently expressed in terms of
the right action of braids κ(i) on the index set s = 0, 1, . . . , g + 1 by permutations.
For instance, 3 · κ(i) = 7 for the braid in Fig. 3. We ﬁnally obtain
γs = 4(−1)g+s h(s−k)·κ(i) ,

s = k, . . . , g.

The value of Π on the cycle Cs , s = 0, . . . , k − 1, is equal to twice the increk−1
ment of the height H  from the point v∗ in the component of R \ j=0 Λj to the
right of Λs to the point v∗∗ in the component to the left. Expressing the indices
of the points v∗ and v∗∗ in terms of the braid κ(i) we obtain
γs = 2H  (v(g−s+1)·κ(i) ) − 2H  (v(g−s)·κ(i) ),

s = 0, . . . , k − 1.

The heights H  (v∗ ) in the last formula can be expressed in terms of the known
heights hs . For j = g − k + 1, . . . , g + 1 we ﬁnd the smallest index m = m(j) in
the set 0, . . . , g − k such that j · κ(i) < m · κ(i); for instance, for the braid κ(i)
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in Fig. 3 we have m(7) = 2. If there exists no such index m, then H  (vj·κ(i) ) =
hj·κ(i) , otherwise

 

H  (vj·κ(i) ) = H  (vj·κ(i) ) − H  (vm·κ(i) ) + H  (vm·κ(i) ) − H  (v(m+1)·κ(i) )


+ · · · + H  (v(g−k−1)·κ(i) ) − H  (v(g−k)·κ(i) ) + H  (v(g−k)·κ(i) )
= 2h(g−k)·κ(i) − 2h(g−k−1)·κ(i)
+ 2h(g−k−2)·κ(i) − · · · ± 2hm·κ(i) ∓ hs·κ(i) .
The Burau representation now allows one to write the results of our calculations in
a compact form.
The above method of ﬁnding the range of the period map produces a slightly
diﬀerent answer for moduli spaces with k = 0. In the space Rg+1 with variables
(h0 , . . . , hg )t we deﬁne an open g-dimensional polyhedron ∆0g as the section of
the interior of the simplex {0 < h0 < h1 < · · · < hg < π} by a hyperplane
{hg − hg−1 + · · · ± h1 ∓ h0 = π/2}.
 0 ) is the image under the linear map γs := 4(−1)g+s hs ,
Theorem 5. The set Π(H
g
s = 0, 1, . . . , g of the union of the open polyhedra β · ∆0g  (h0 , h1 , . . . , hg )t taken
over various braids β on g + 1 strands.
Theorems 2 and 5 give an exhaustive answer to the ﬁrst question in the introduction. Our techniques give an aﬃrmative answer to the second question: some
ﬁbres of the period map (the inverse images of points in (H1− (M0 , R))∗) are ﬁxed by
non-trivial covering transformations of the universal cover. In fact, let h ∈ κ(i) · ∆g
be a point such that its coordinate hs is the arithmetic mean of the neighbouring
coordinates hs−1 and hs+1 , s ∈ {1, 2, . . ., g − k − 1}. If s = 1, then, for instance,
the curve M in the space H31 with graph depicted in Fig. 12 has this property. One
can verify that βs−1 βs+1 βs · h = h in this case. The topology of the projection of
a ﬁbre onto the moduli spaces Hgk can be distinct from the topology of the ﬁbre
itself.
v 3 v 2 
v 1
H2
H1
   



   




Figure 12. The graph Γ(M ) of a curve corresponding for H1 = H2 to ﬁxed points
of the braid group action in the range of Π

§ 5. Classiﬁcation of extremal polynomials
Another application of our graph techniques is a geometric representation and
a classiﬁcation of g-extremal polynomials by means of the graphs of the curves
assigned to them. The tradition of the use of graphs in the description of polynomials and other algebraic functions goes back to Hurwitz’s well-known paper
of 1891. One connects the critical points of the polynomial by rays of a ‘star’
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(a tree, but with hanging edges) the inverse image of which is a tree of a special
form, dubbed a ‘cactus’ [12]. Adapting the ‘star’ to our case we arrive at the graph
of the associated curve. In the plane of the values of the polynomial P (x) we draw
the interval [−1, 1] red and connect each critical value of P (x) with [−1, 1] by an
interval from the foliation of confocal hyperbolae with foci at ±1, which we draw
black. We lift this ﬁgure to the plane of the independent variable x of the polynomial
and wipe oﬀ the hanging edges one after another. The result is just the graph Γ;
its red part will be ‘vertical’ and black part ‘horizontal’. The graphs associated
with polynomials satisfy (in addition to (A1 )–(A5 )) an additional constraint on the
heights of the vertical edges.
Theorem 6. A weighted graph {Γ} corresponds to a polynomial of degree n if and
only if for each vertex V ∈ Γ0 ∪ Γ+ of odd order ord(V ) (a branch point ) there
exists a corresponding vertex v in the boundary of H \ Γ of height H(v) ∈ πZ/n.
Proof. (1) If a curve M corresponds to a polynomial of degree n, then (see [2])
Abel’s equations (6) hold and
v

2πiZ/n 

dηM = 2iH(v);
v

here the integration path bypasses the graph Γ(M ) on the right.
(2) Conversely, consider the special basis in the lattice of odd 1-cycles constructed
in the proof of Theorem 2. It is clear from formula (10) that if hs ∈ πZ/n, then
the periods of dηM over the odd cycles 2C0 , 2C1 , . . . , 2Ck−1; Ck , . . . , Cg belong to
4πiZ/n. Hence [2] the curve M corresponds to a polynomial of degree n.
Under the assumptions of the last theorem the height of each vertex on the
boundary of the cut half-plane corresponding to a ramiﬁcation point of the curve
belongs to πZ/n.
Lemma 6. Let M be a curve constructed from a polynomial of degree n, and for
a point in an edge R of the graph Γ(M ) of this curve let v, v be the corresponding
points in the boundary of the half-plane cut along the graph. Then H(v) − H(v )
lies in 2πZ/n if R ⊂ Γ (M ); H(v) + H(v ) ∈ 2πZ/n if R ⊂ Γ (M ).
Proof. Let R ⊂ Γ . We draw an arc C from v to v disjoint from the graph. This
arc encircles an even number of branch points of the curve and therefore deﬁnes
an element of the Z-homology on M . We project C onto the odd 1-cycles; then by
Abel’s equations (6) we obtain
H(v) − H(v ) = −i

dηM ∈ 2πZ/n.
C

On the other hand, if R ⊂ Γ , then we choose a vertex v corresponding to a
branch point, with height H(v ) ∈ πZ/n. We draw two arcs C and C  disjoint
from the graph: from v to v and from v to v , respectively. We represent M as
two sheets C \ Γ glued crosswise along the cuts. Let J be the transposition of the
sheets (the hyperelliptic involution); then C − JC  deﬁnes an integral 1-cycle on M
and therefore
H(v) + H(v ) − 2H(v ) = −i

C−JC 

dηM ∈ 2πZ/n.
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The polynomial P50(x) with graph

27
12
11
π
π
π
50 
 50   50

It is a characteristic feature of the g-extremal polynomials used as substitutions
in the solution of least deviation problems that their non-exceptional critical points
lie on the real axis. Accordingly, the classifying graph {Γ} of the normalized polynomial must be concentrated on R in some sense: for instance, R⊂Γ0 H(R) ≈ π.
We claim that oscillatory behaviour of the polynomial on the real axis, that is, its
qualitative graph is deﬁned by a neighbourhood of the graph Γ0 . Assume that a
polynomial Pn (x) with positive leading coeﬃcient corresponds to a graph Γ in the
plane. At a point v on the boundary of the upper half-plane cut along the graph
the polynomial takes the following value (5):
Pn (v) = cos ni(W (v) + iH(v)) = cos nH(v) cosh nW (v) + i sin nH(v) sinh nW (v),
(17)
which by Lemma 6 does not change when crossing cuts. If v ∈ R, then the imaginary
part of this value vanishes since W (v) := 0 on Γ0 , H(v) ∈ πZ/n on Γ0 , and
H(v) ∈ {0, π} on R\Γ0 . The multiplicity of the value (17) is by the same formula (5)
equal to

mult Pn (v) = (1 + ord(v)/2) ·

1, H(v) − iW (v) ∈
/ πZ/n,
2, H(v) − iW (v) ∈ πZ/n.

In particular, each edge (v− , v+ ) ⊂ Γ0 contains |[−nH(v− )/π] + [nH(v+ )/π] + 1|
simple critical points of Pn (x), whose values alternate between 1 and −1. We
have thus found all the critical points of the polynomial on the real axis and the
corresponding critical values, with their multiplicities. This is suﬃcient for plotting
a qualitative graph of Pn . The extremal polynomials can also be calculated using
computer software (see Fig. 13), in the spirit of [3] and [4].
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[2] A. B. Bogatyrëv, “Eﬀective approach to least deviation problems”, Mat. Sb. 193:12 (2002),
21–40; English transl. in Sb. Math. 193 (2002).
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