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What makes magnetic skyrmions diﬀerent from magnetic bubbles?
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A large enough piece of ferromagnet is usually not magnetized uniformly, but develops a magnetization texture.
In thin ﬁlms these textures can be doubly-periodic. Such are the well known magnetic bubble domains and the
recently observed “skyrmion” magnetization textures in MnSi. In this paper we develop a theory of periodic
magnetization textures, based on complex calculus to answer the question – is there a diﬀerence between those
two textures even if they seem to carry the same topological winding number (or topological charge)? We ﬁnd
that such diﬀerence exists, facilitated by a diﬀerent role played by the magnetization vector’s in-plane phase. We
separate classical-like and quantum-like features of magnetization textures and highlight the role of magnetic
anisotropy in favouring either of these cases.

There is a renewed interest to the topological properties of magnetization textures, which goes in concert with the recent developments
in the theory of quantum Hall eﬀect and the discovery of topological
insulators. The idea of such topological states can be tracked back to the
pioneering works by A. Skyrme [1–3] who have proposed to use the
non-linear σ -model to describe hadrons and found its singular point-like
solution called “hedgehog” or later “skyrmion”. Next, the multi-skyrmion solutions of this model in two dimensions were found [4] by
identifying them mathematically with mappings of a sphere onto itself.
They were called “Belavin-Polyakov solitons” for a time and later became a part of a larger family of “topological solitons” highlighting the
importance of topology in stabilizing these conﬁgurations and encompassing objects of any dimension, such as one-dimensional “domain
walls” or “kinks”. Behind them is the central concept of the topological
winding number (or “topological charge”) – an integer quantity, which
is conserved in the non-linear σ -model. It can be explained as a number
of times the Riemann sphere, representing the magnet’s plane with a
single “inﬁnitely distant” point, covers the sphere, corresponding to the
endpoint of a ﬁxed-length (magnetization) vector. The topological
charge conservation of σ -model makes it tempting to conclude that just
by possessing the topological charge a certain conﬁguration of ﬁelds
will inherently be absolutely stable (and impossible to destroy). In
Nature, however, the topologically non-trivial ﬁelds are created and
destroyed all the time. In theory too, the signiﬁcance of various properties of the ﬁeld conﬁguration (such as topological charge) exists only
in the context of the model, governing the ﬁeld evolution and equilibrium. There are ﬁeld conﬁgurations with the topological charge,
which is not conserved. Strictly speaking, they are not topological solitons or skyrmions, even if they have particle-like aspects to their
evolution. Magnetic domains (and magnetic bubbles [5] in particular)
are well known examples of such objects, which can easily be created
and annihilated at any point of a magnetic ﬁlm and not necessarily in

pairs [6]. This leads us to the main question of this work – can we
pinpoint a fundamental diﬀerence between the skyrmions and magnetic
bubbles ?
In thin ferromagnetic ﬁlms, where the skyrmions and bubbles exist,
the four magnetization ﬁeld conﬁgurations – an isolated 2-d hedgehog,
magnetic vortex1 (if all spins in the hedgehog are rotated by 90° in the
ﬁlm plane) and a magnetic bubble with either Néel or Bloch domain
wall are all topologically equivalent. However, we know of a wealth of
phenomena, such as [7] transitions between diﬀerent domain wall
types (all topologically equivalent), which are impossible if we assume
them to be the same, based on topological equivalence alone. Thus, a
diﬀerence we’re seeking not only exists, but also can bring fruits in
terms of new physical phenomena.
In addition to the topological charge conservation, there are other
properties of the magnetic skyrmions, which are due to the topology of
the magnetic system (or, more speciﬁcally, follow from the magnetization vector ﬁeld continuity and the boundary conditions), which we
call the “topological constraints”. We will use these properties for singling out the skyrmion magnetization textures (and physical systems,
supporting them) to help focus on novel and largely unexplored phenomena involving the interplay of strong non-linearity and topology.
A good case for our study is provided by the periodic magnetization
textures in thin ﬁlms. The periodic magnetic bubble lattice is well
known, its theory [8] have existed since the second half of the last
century. The periodic lattice of skyrmions was recently reported in
MnSi [9]. To compare these structures we ﬁrst develop a theory of
periodic magnetization textures under the similar assumptions to those
by A. A. Belavin and A. M. Polyakov. Then we derive a set of constraints
of topological nature stemming from the continuity of the textures and
the speciﬁc boundary conditions (periodic in this case). Next we consider several examples (both theoretical and experimental) of periodic
magnetization textures in light of these constraints and draw our

1
In the literature the term “magnetic vortex” is also often used to denote topological solitons in magnetic nanostructures. There should be no confusion since the inﬁnite thin ﬁlms
considered here do not support meron spin conﬁgurations.
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Fig. 1. Integration path (dashed parallelogram) around elementary cell of the 2-d lattice, formed by the complex vectors 1 and τ , avoiding zeros z j and poles pj with
j = 1. ..n of a degree n = 4 function.

Fig. 2. In-plane components of the magnetization vectors of a thin ﬁlm with doubly-periodic magnetization textures in a hexagonal lattice with lattice vectors 1 and
τ = exp(ıπ /3) . Thin lines separate the lattice cells. Subﬁgure (a) plots the Eq. (5) with n = 3, vortices at z j = 0, 1/3 + τ /3, 2/3 + 2τ /3 and saddles at
pj = 1/2, τ /2, 1/2 + τ /2 , shown by the ﬁlled circles and squares (the open ones are their translations by the integer multiples of the lattice vectors). Subﬁgures (b) and
(c) show the linear superposition of spirals and densely packed magnetic bubble lattice, as described in the text. Subﬁgure (d) shows sparse magnetic bubble lattice.
The actual numerical positions of vortices and saddles in subﬁgures (a)–(c) match exactly. There are no noticeable saddles in (d), the magnetization is largely
perpendicular to the ﬁlm (ﬁgure) plane outside of the domain walls.

deal only with quasistatic case). The most important of them is the
exchange interaction, which is responsible for ferromagnetism (ex⎯→
⎯ →
istence of the local spontaneous magnetization | M ( r )| = MS (T ) > 0

conclusions at the end.
⎯→
⎯ →
The magnetization texture M ( r ) in a ferromagnet is a vector ﬁeld,
resulting from minimization of several energy terms (in this work we
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(2) The sum of positions of vortices in a cell equals to the sum of
positions of saddles modulo L.
(3) The sum of chiralities χj of all vortices inside the elementary cell
equals zero.
Proof. These constraints directly follow from basic properties of elliptic
functions [11]. Let us slightly shift the elementary parallelogram Π so
that f (u) has neither poles nor zeros on its boundary like that shown in
Fig. 1. Then the constraint (1) follows from

when the exchange interaction is strong enough to suppress the paramagnetic temperature ﬂuctuations at temperature T < TC ) and for the
⎯→
⎯ →
topological features of the magnetization vector ﬁeld M ( r ) . The latter
is true both in the ﬁeld theory (as follows from the A. Skyrme’s line of
work) and for ferromagnets [4], where the exchange energy density in
the
simplest
isotropic
case
is
proportional
to
→
→
→
→
| ∇ MX |2 + | ∇ MY |2 + | ∇ MZ |2 with ∇ being the gradient operator and the
⎯→
⎯
indices denoting the Cartesian components of the vector M . The rest of
energy terms (such as crystalline magnetic anisotropy, Zeeman energy,
magnetic dipolar interaction) are very important too for stabilization/
destabilization of certain magnetization patterns and in general for
determining the scale for the magnetization texture (since the exchange-only variational problem is scale-invariant). They will, at the
very least, produce a certain distortion of the exchange-only patterns.
Nevertheless, since the topological features are usually insensitive towards small distortion and even rescaling, we will be following up directly on the Belavin and Polyakov work [4] and consider the exchangeonly solutions. Thus, our analysis is bound to be qualitative with respect
to speciﬁc form of the magnetization distributions, but the topological
properties we are hoping to ﬁnd can be expected to be valid much
further beyond our simple approximations.
Speciﬁcally, for an inﬁnite thin ﬁlm lying in the X-Y plane of a
Cartesian coordinate system, if we introduce the normalized magneti⎯
⎯ | = 1 can be automatically
⎯ = ⎯→
m
M / MS , the constraint | ⎯→
zation vector ⎯→
m
satisﬁed by the magnetization vector ﬁeld components (under assumption that the ﬁlm is thin enough to ignore their Z-dependence)
expressed via stereographic projection

2w (z , z )
1 + w (z , z ) w (z , z )
1−w (z , z ) w (z , z )
mZ =
,
1 + w (z , z ) w (z , z )

0 = ∮ d logf (z ) = 2πı (#[f (z )]−#[1/ f (z )]),
∂Π

where #[f (z )] denotes the number of zeros (including their
multiplicities) of the function f (z ) inside Π and #[1/ f (z )],
accordingly, the number of poles. Indeed, on the opposite sides of Π
we integrate the same form in opposite directions, this gives the
equality on the left, the right equality is due to the residue formula.
The constraint (2) follows from
n
j=1

j=1

(3)

where zj ( pj ) are the positions of zeros (poles) of function f (z ) inside Π
repeated if the zero (pole) has a multiplicity. The sum of integrals over
the vertical (inclined) sides of Π in Fig. 1 equals to τ times increment of
logf (z ) on such a side. The sum of integrals over the horizontal sides
belongs to 2πı for the same reason. Furthermore, for the same reason
as (2),
n

0 = ∮ dz / f (z ) = 2πı ∑ χj ,
∂Π

j=1

(4)

proving the constraint (3). It follows from (3) that the magnetization
rotation around all vortices cannot be clockwise. Also, all vortices
cannot be only sinks (attractors) or only sources (repellors), there
should be vortices of both types or neutral pure vortices with Reχj = 0 .

(1)

where z = X + ıY is a complex coordinate, ı = −1 , over-line denotes
the complex conjugation (e.g. z = X −ıY ) and the function is an arbitrary complex function of complex variable (not necessarily analytic).
The main result of Belavin and Polyakov [4] (which is especially evident in complex notation by Gordon Woo [10]) after performing the
variational minimization of the exchange energy is that meromorphic
functions w (z , z ) = f (z ) correspond to metastable states of an inﬁnite
thin ﬁlm ferromagnet. Doubly periodic magnetization textures are then
described by doubly periodic meromorphic functions f (z ) .
After rescaling and rotation we can represent every 2-d lattice as
generated by the lattice vectors (in complex notation) 1 and τ with
Imτ > 0 :

Constraints (1) and (2) above are necessary and suﬃcient for the
existence of a doubly periodic function with the given set of zeros and
poles. This function is unique up to multiplication by a nonzero constant and may be represented in terms of elliptic theta (or its close relative sigma) function [11]. The elliptic function θ1 (z|τ ) is an odd
function of variable z that has zeros exactly in the points of the period
lattice L. It acquires simple factors when the lattice vectors are added to
the
argument:
θ1 (z + 1|τ ) = −θ1 (z|τ ), θ1 (z + τ|τ ) = −exp(−
ıπτ −2πız ) θ1 (z|τ ) .
Now one can easily check that if the set of zeros {zj}nj = 1 and poles
n
{pj } j = 1 (points may collide in each set) satisfy condition (2), namely
n
n
∑ j = 1 zj− ∑ j = 1 pj = M + Nτ ∈ L (τ ) , then the following combination

M , N ∈ },

where  is the set of integers. There is a substantial freedom in
choosing an elementary cell of the lattice, which tiles the plane when
translated by all the elements of L. For instance, it can be the parallelogram

Π ≔ {z = t1 + t2 τ ,

n

2πıL ∋ oint∂Π d(z logf (z )) = 2πı ( ∑ z j− ∑ pj ),

mX + ımY =

L = L (τ ) ≔ {M + Nτ ,

(2)

n

f (z ) = exp(−2πıNz )

∏
j=1

θ1 (z−zj )
θ1 (z−pj )

(5)

is periodic with respect to the lattice and has prescribed sets of zeros
and poles modulo the lattice. Moreover, this function is essentially
unique, for otherwise we consider the ratio of two such functions. This
ratio will be a doubly periodic function without zeros and poles, hence
a constant by the maximum principle.
Let us now attempt to faithfully reproduce the real-space image of
the hexagonal skyrmion lattice from the Ref. [9]. From the Property (1)
it follows that a hexagonal lattice can’t consist of only vortices. Thus, to
respect the hexagonal symmetry we need to add at the very least six
antivortices around the vortex at the corners of the unit cell (each of
them belongs to several unit cells with three full antivortices per unit
cell). To balance these antivortices (as per constraint 1) two more full
vortices in a unit cell are necessary. Placing these vortices and antivortices in accordance with the constraint (2) results in the magnetization texture shown in Fig. 2a. Please note that the relative size of the
vortices as well as their relative chirality was not speciﬁed when

0 < ts < 1, s = 1, 2}

or any translation of it or – in case of a hexagonal lattice (τ = expıπ /3) –
a regular hexagon.
Zeros and poles of f (z ) correspond to vortices and anti-vortices (or
saddles) of the magnetization pattern. Chirality χj of a j−th vortex with
the center at z = zj can be measured by the ﬁrst order Taylor expansion
coeﬃcient of f (z ) near its zero: f (z ) = (z−zj )/ χj + O ((z−zj )2) . The
magnetization rotates (counter) clockwise around the center of the
vortex if its Imχj > 0 (resp. <0 ).
In terms of these deﬁnitions, the following constraints must always
hold for any doubly-periodic function f (z ) :
(1) The number of vortices equals to the number of anti-vortices
(saddles) in each elementary cell.
745
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in the other distant locations as well (in practice the distortion will, of
course, propagate locally across the ﬁlm until all the texture matches in
a new static conﬁguration, satisfying the constraints). This hints at a
possibility to create a version of quantum computer using topological
solitons for computation.
In summary, we have derived a set of topological constraints for the
periodic magnetization textures in thin ferromagnetic ﬁlms. The constraints are the result of the necessity to match the magnetization vector
in-plane phase across the whole ﬁlm. We propose to use these constraints to distinguish between the skyrmion magnetization textures
(where the constraints are relevant) and the magnetic domains (magnetic bubbles speciﬁcally, stabilized by the easy-axis anisotropy), where
the in-plane phase information is lost inside the uniformly magnetized
domains (and the topological constraints become irrelevant). Skyrmion
textures promise new topological phenomena due to their global geometric phase (Berry’s phase) eﬀects. The magnetic domains (such as
magnetic bubbles), on the other hand, are easier to manipulate individually. The easy axis anisotropy, favouring the uniform domains, is
a factor, suppressing the geometric phase. Finite magnetically soft
(when the easy-plane magnetostatic anisotropy dominates) planar nanoelements can support even more sophisticated topological constraints
[15].
The support of the Russian Foundation of Basic Research under the
project RFBR 16-01-00568 is acknowledged.

constructing the image, it follows emergently from the Eq. 5 and the
prescribed positions of zeros and poles.
A similar structure can be imagined as a superposition of three
spirals [12] shown in Fig. 2b, which is, probably, the closest to the
experimental observations [9]. Speciﬁcally, the in-plane components of
the magnetization vectors are given by the complex function
wS (z , z ) = ıq1cos(qRe q1 z ) + ıq2cos(qRe q2 z ) + ıq3cos(qRe q3 z ) ,
where
q1 = exp(ıπ /2), q2 = exp (−ı5π /6), q3 = exp (−ıπ /6) are the wave vectors
of the three spirals and q = 2π·2/ 3 with the speciﬁc angles in qi and
factor in q selected to match the lattice used in the previous example.
Finally, the skyrmion lattice can be represented as a dense hexagonal lattice of magnetic bubble domains, separated by Bloch domain
walls. We can model the in-plane magnetization components proﬁle of
a single Bloch domain wall by a complex function
w B (z , z ) = ız /|z|sech(2(|z|−s )/d ) with s and d specifying the domain size
and the domain wall width. This function is exponentially sharp as it is
typical for the 180° Bloch domain walls in uniaxial thin ﬁlm ferromagnets. Arranging these walls into a hexagonal lattice, which is
identical to the previous example, we get the magnetization texture,
shown in Fig. 2c.
As one can verify directly, the positions of zeros of the in-plane
components of the magnetization for all three considered models coincide exactly and satisfy the constraints we have formulated above. It is
worth noting that the models are very diﬀerent. The constraints follow
from considering the exchange energy term only, but are also satisﬁed by
a densely packed bubble lattice with Bloch walls (including the case of
non-negligible uniaxial magnetic anisotropy) and the model for an Aphase in MnSi, which speciﬁcally takes into account the DzyaloshinskiiMoria interaction. This shows the deﬁning role of the magnetization
vector ﬁeld continuity, mediated by the exchange interaction, which
ultimately forces the magnetization to reﬂect the topology of space.
As we can see in Fig. 2, diﬀerent magnetic interactions and the external factors may distort the magnetization texture (and, in particular,
introduce quantitative diﬀerences between the skyrmions and bubbles
[13]), but not necessarily destroy its topological features. However, this
is not always the case. In the case of low-density magnetic bubble domain lattice, shown in Fig. 2d, the constraints (1)–(3) do not apply. The
magnetization far enough outside of the bubbles has no appreciable inplane components, the positions of saddles and vortices (besides the
ones, corresponding to the bubble centers) are not deﬁned. This is because the in-plane phase (azimuthal angle) of the magnetization vector
far enough from the bubble loses its meaning. There is no necessity to
match this phase continuously and globally across the lattice (which is
the physical reason behind the existence of the topological constraints)
and thus the individual bubbles in a low-density bubble lattice gradually
(as its density decreases) become unconstrained globally, making it
possible to move (create, annihilate) them individually, as well as individually control their chiralities (see e.g. Figs. 3b and 3c in Ref. [14] for
examples of such magnetic bubble lattices).
A continuous transition from a more constrained dynamics to the
less constrained as scale changes is not new to physics. It reminds the
transition from quantum to classical mechanics. In the former case the
phase of the complex wave-function is important, which implies a
number of non-obvious physical eﬀects, in the latter case only the
amplitude (whether the particle is present or not) matters. On this
language, the low-density magnetic bubble lattice is a classical object,
which was already used in the last century as a basis for classical
computations [6]. Topological solitons, on the contrary, are similar to
quantum objects, endowed with their own version of “spooky action at
a distance” in the form of the topological constraints (following, as in
the case here, from purely local interactions of classical magnetic moments). Consider e.g. a constraint (2), which means that moving the
vortex/anti-vortex in one location, implies that something must move

⁎
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