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� 75-«¥â¨î  ª ¤¥¬¨ª  �.�.� àçãª 

8 ¨îï 2000 £®¤  ¨á¯®«ï¥âáï 75 «¥â ¢ë¤ îé¥¬ãáï ãç¥®¬ã ¨ ®à£ ¨§ â®àã
 ãª¨  ª ¤¥¬¨ªã ��� �ãà¨î �¢ ®¢¨çã � àçãªã. � íâ®¬ ¦¥ £®¤ã ¨á¯®«ï¥âáï
20 «¥â �áâ¨âãâã ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨ �®áá¨©áª®©  ª ¤¥¬¨¨  ãª, ®á®¢ â¥«¥¬
¨ ¡¥áá¬¥ë¬ ¤¨à¥ªâ®à®¬ ª®â®à®£® ¢ â¥ç¥¨¥ íâ¨å «¥â ¡ë« �ãà¨© �¢ ®¢¨ç.

�á®¢ ï  ãç ï ¤¥ïâ¥«ì®áâì  ª ¤¥¬¨ª  �.�. � àçãª  á¢ï§   á è¥áâìî
 ¯à ¢«¥¨ï¬¨. � ª ¦¤®¬ ¨§ íâ¨å  ¯à ¢«¥¨© �ãà¨¥¬ �¢ ®¢¨ç¥¬ ¯®«ãç¥ë
¢ë¤ îé¨¥áï à¥§ã«ìâ âë.

�ãà¨© �¢ ®¢¨ç � àçãª { ®¤¨ ¨§ ®á®¢®¯®«®¦¨ª®¢ á®§¤ ¨ï ç¨á«¥ëå
¬¥â®¤®¢ à áç¥â  ï¤¥àëå à¥ ªâ®à®¢. �  à ¡®âë ¢ íâ®© ®¡« áâ¨ ¥¬ã ¢ 1961 £®¤ã
¡ë«  ¯à¨áã¦¤¥  �¥¨áª ï ¯à¥¬¨ï.

�¨à®ª® ¨§¢¥áâë à¥§ã«ìâ âë, ¯®«ãç¥ë¥ �ãà¨¥¬ �¢ ®¢¨ç¥¬ ¯® ¬¥â®¤ ¬
¯®áâà®¥¨ï ¡ « áëå à §®áâëå áå¥¬, â¥®à¨¨ ¬¥â®¤®¢ à áé¥¯«¥¨ï ¤«ï ¥áâ æ¨® àëå
§ ¤ ç, â¥®à¨¨ á®¯àï¦¥ëå ãà ¢¥¨©, ¬¥â®¤ ¬ �®â¥-� à«® ¨ ¬®£¨¥ ¤àã£¨¥.
�  æ¨ª« à ¡®â ¯® à §¢¨â¨î ¨ ¯à¨¬¥¥¨î ¬¥â®¤®¢ áâ â¨áâ¨ç¥áª®£®¬®¤¥«¨à®¢ ¨ï
¤«ï à¥è¥¨ï ¬®£®¬¥àëå § ¤ ç â¥®à¨¨ ¯¥à¥®á  ¨§«ãç¥¨ï ¥¬ã ¢ 1979 £. ¡ë« 
¯à¨áã¦¤¥  �®áã¤ àáâ¢¥ ï ¯à¥¬¨ï.

�¥§ã«ìâ âë, ¯®«ãç¥ë¥ �.�. � àçãª®¬ ¢ ®¡« áâ¨ ç¨á«¥ëå ¬¥â®¤®¢ à¥è¥¨ï
§ ¤ ç ¯à®£®§  ¯®£®¤ë ¨ ®¡é¥© æ¨àªã«ïæ¨¨  â¬®áä¥àë, ¢  áâ®ïé¥¥ ¢à¥¬ï
ã¦¥ áâ «¨ ª« áá¨ç¥áª¨¬¨. � áä®à¬ã«¨à®¢ « â ª¦¥ ¬¥â®¤ë à¥è¥¨ï ¯®«ëå
ãà ¢¥¨© â¥à¬®£¨¤à®¤¨ ¬¨ª¨ ®ª¥  , ¢ ®á®¢¥ ª®â®àëå «¥¦ â ¬¥â®¤ë à áé¥¯«¥¨ï
¨ ¢ë¯®«¥¨¥ ®á®¢ëå § ª®®¢ á®åà ¥¨ï. �  æ¨ª« à ¡®â ¢ ®¡« áâ¨ £¨¤à®¤¨ ¬¨ç¥áª¨å
¬¥â®¤®¢ ¯à®£®§  ¯®£®¤ë ¢ 1975 £. ® ¡ë« ã¤®áâ®¥ ¯à¥¬¨¨ ¨¬. �.�. �à¨¤¬  
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�� ����.
�.�. � àçãª ï¢«ï¥âáï ®á®¢ â¥«¥¬ ®¢®£®  ¯à ¢«¥¨ï ¢ ¬ â¥¬ â¨ç¥áª®¬

¬®¤¥«¨à®¢ ¨¨ { á®§¤ ¨ï ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«¥© ¨¬¬ã®£® ®â¢¥â    ¢¨àãáë¥
¨ä¥ªæ¨¨. �  á®§¤ ¨¥ ®¢ëå ¬¥â®¤®¢ ¬ â¥¬ â¨ç¥áª®£® ¬®¤¥«¨à®¢ ¨ï ¢ 1981
£®¤ã ¥¬ã ¡ë«  ¯à¨áã¦¤¥  §®«®â ï ¬¥¤ «ì ¨ ¯à¥¬¨ï ¨¬. �.�. �¥«¤ëè .

� ®¡« áâ¨ ¬ â¥¬ â¨ç¥áª®£® ¬®¤¥«¨à®¢ ¨ï ¯à®æ¥áá®¢ ®ªàã¦ îé¥© áà¥¤ë
�.�. � àçãª®¬ ¡ë«¨ áä®à¬ã«¨à®¢ ë¬¥â®¤ë à¥è¥¨ï æ¥«®£® àï¤  ®¯â¨¬¨§ æ¨®ëå
§ ¤ ç, ¢ ç áâ®áâ¨ § ¤ ç¨ ® ¤®¯ãáâ¨¬®© ®¡« áâ¨ à §¬¥é¥¨ï ¯à®¬ëè«¥ëå
¯à¥¤¯à¨ïâ¨©. �  à ¡®âë ¢ ®¡« áâ¨ ¬®¤¥«¨à®¢ ¨ï ®ªàã¦ é¥© áà¥¤ë ¥¬ã ¢ 1988
£®¤ã ¡ë«  ¯à¨áã¦¤¥  ¯à¥¬¨ï ¨¬. �.�. � à¯¨áª®£®.

�®¨¬ ï, çâ® ¯ à ««¥«ìë¥ ¢ëç¨á«¥¨ï { íâ® ¡ã¤ãé¥¥ ¢ëç¨á«¨â¥«ì®©
â¥å¨ª¨ ¨, á«¥¤®¢ â¥«ì®, æ¥âà «ì ï ¯à®¡«¥¬  ¯à¨ ¯®áâà®¥¨¨ ¢ëç¨á«¨â¥«ìëå
 «£®à¨â¬®¢, �.�. � àçãª á¤¥« « íâ®  ¯à ¢«¥¨¥ ¯à¨®à¨â¥âë¬ ¯à¨ ®à£ ¨§ æ¨¨
�áâ¨âãâ  ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨.

�¢ï§ãîé¨¬ §¢¥®¬ íâ¨å à §ëå  ãçëå  ¯à ¢«¥¨© ï¢«ïîâáï ¬¥â®¤ë
à áé¥¯«¥¨ï ¨ â¥®à¨ï á®¯àï¦¥ëå ãà ¢¥¨©. �â  ¬¥â®¤®«®£¨ï { ª«îç¥¢®©
¬®¬¥â ¢ à ¡®â å �.�. � àçãª , á¢ï§ ëå á ¬ â¥¬ â¨ç¥áª¨¬ ¬®¤¥«¨à®¢ ¨¥¬
ª § «®áì ¡ë á®¢¥àè¥® à §ëå ®¡ê¥ªâ®¢ { ï¤¥àëå à¥ ªâ®à®¢,  â¬®áä¥àë ¨
®ª¥  , ¨¬¬ã®© á¨áâ¥¬ë ¦¨¢ëå ®à£ ¨§¬®¢, á«®¦ëå íª®«®£¨ç¥áª¨å á¨áâ¥¬.
�®áª®«ìªã á®¯àï¦¥ë¥ ãà ¢¥¨ï ï¢«ïîâáï ª«îç¥¢ë¬  ¯¯ à â®¬ â ª¦¥ ¨
¯à¨ à §à ¡®âª¥ â¥®à¨¨ ¨  «£®à¨â¬®¢ à¥è¥¨ï § ¤ ç ® çã¢áâ¢¨â¥«ì®áâ¨ £«®¡ «ìëå
á¨áâ¥¬ ª ¢¥è¨¬ ¢®§¤¥©áâ¢¨ï¬ ¨ § ¤ ç ã¯à ¢«¥¨ï íâ¨¬¨ á¨áâ¥¬ ¬¨, ¬®¦®
á¬¥«® áª § âì, çâ® ã íâ®£®  ãç®£®  ¯à ¢«¥¨ï ¡®«ìè®¥ ¡ã¤ãé¥¥.

� áâ®ïé¨© á¡®à¨ª á®¤¥à¦¨â â¥ªáâë ¤®ª« ¤®¢, ª®â®àë¥ ¡ë«¨ á¤¥« ë à®áá¨©áª¨¬¨
¨ ¨®áâà ë¬¨ ãç¥ë¬¨   î¡¨«¥©®© ª®ä¥à¥æ¨¨ "�ëç¨á«¨â¥«ì ï ¬ â¥¬ â¨ª 
¨ ¬ â¥¬ â¨ç¥áª®¥ ¬®¤¥«¨à®¢ ¨¥", ¯®á¢ïé¥®© 75-«¥â¨î �.�. � àçãª  ¨ 20-
«¥â¨î ¢®§£« ¢«ï¥¬®£® ¨¬ ¨áâ¨âãâ .



�¥â®¤ë à áç¥â  ï¤¥àëå à¥ ªâ®à®¢

�¤¥à ï í¥à£¥â¨ª  ¨ ¬ â¥¬ â¨ª  1

�. �. �« ¤¨¬¨à®¢, �. �. �¥¡¥¤¥¢�

� â¥¬ â¨ç¥áª¨© ¨áâ¨âãâ ¨¬. �.�. �â¥ª«®¢  ���
���� "�ãàç â®¢áª¨© ¨áâ¨âãâ",

�áâ¨âãâ ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨ ���

� ¥âáï ®¡§®à ¯¥à¢ëå ¢  è¥© áâà ¥ à ¡®â ¯® â¥®à¨¨ ¨ ¬¥â®¤ ¬ à áç¥â 
ï¤¥àëå à¥ ªâ®à®¢, à §à ¡®â ëå �.�. � àçãª®¬ ¨ ¥£® èª®«®©. �¡áã¦-
¤ îâáï ¥ª®â®àë¥  á¯¥ªâë ¢«¨ï¨ï íâ¨å ¬¥â®¤®¢   ¯®á«¥¤ãîé¥¥ à §¢¨â¨¥
¬ â¥¬ â¨ª¨: ®¢ëå ¢ëç¨á«¨â¥«ìëå ¬¥â®¤®¢, à®«ì ¨ ¨á¯®«ì§®¢ ¨¥ á®¯àï-
¦¥ëå ãà ¢¥¨© ª ª ¤«ï «¨¥©ëå, â ª ¨ ¥«¨¥©ëå § ¤ ç, ¯à¨¬¥¥-
¨¥ ¬®£®ç«¥®¢,  ¨¬¥¥¥ ®âª«®ïîé¨åáï ®â ã«ï á® á¢ï§ï¬¨, ª ®¯â¨-
¬¨§ æ¨¨ ¢ëç¨á«¨â¥«ìëå  «£®à¨â¬®¢. �ë à áá¬ âà¨¢ ¥¬ «¨¥©®¥ ãà ¢-
¥¨¥ ¯¥à¥®á  ª ª ¨áâ®ç¨ª ®¢ëå § ¤ ç ª« áá¨ç¥áª®© ¬ â¥¬ â¨ç¥áª®©
ä¨§¨ª¨ ¨ ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨.

1. �¢¥¤¥¨¥
�ª®«® ¯®«ã¢¥ª  â®¬ã  § ¤ ¯¥à¥¤  è¥© áâà ®© ¢®§¨ª«  ¯à®¡«¥¬  ¬¨à-

®£® ¨á¯®«ì§®¢ ¨ï í¥à£¨¨  â®¬ . � â¥¬ â¨ª ¬ ¯à¥¤áâ®ï«® à¥è¨âì ®¢ë¥ ¬ -
â¥¬ â¨ç¥áª¨¥ § ¤ ç¨, ®¯¨áë¢ îé¨¥ ¯à®æ¥ááë ¯¥à¥®á  ¥©âà®®¢ ¨ â¥¯«  ¢ ¢¥-
é¥áâ¢¥, ¢ë¯®«¨âì ¥¢¨¤ ë© ¤® â®£® ¢à¥¬¥¨ ®¡êñ¬ ¢ëç¨á«¨â¥«ì®© à ¡®âë.
�§¢¥áâ®, çâ® ª ¦¤ ï ®¢ ï ¢ ¦ ï ®¡« áâì ¯à¨ª« ¤®© ä¨§¨ª¨ ¢ë§ë¢ ¥â ª
¦¨§¨ ®¢ë¥ ª®æ¥¯æ¨¨ ¢ ¬ â¥¬ â¨ª¥, ¨ á¢®¨¬¨ £«ã¡®ª¨¬¨ ¤®áâ¨¦¥¨ï¬¨ ® 
®¡ï§   áâà®£¨¬ ¬ â¥¬ â¨ç¥áª¨¬ ¨áá«¥¤®¢ ¨ï¬ íâ¨å ª®æ¥¯æ¨©. � ¤ ç¨ â¥®-
à¨¨ ¯¥à¥®á  ç áâ¨æ, ¡ã¤ãç¨ áãé¥áâ¢¥® ¬®£®¬¥àë¬¨, ¤®áâ â®ç® á«®¦ë¬¨
¨  ªâã «ìë¬¨, ¯à¥¤áâ ¢«ïîâ á®¡®© ¤®áâ®©ë© ¯à¨¬¥à ¨áá«¥¤®¢ ¨ï á â®çª¨
§à¥¨ï ®á®¢ëå ¯à®¡«¥¬ ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨, ¤  ¨ ¬ â¥¬ â¨ª¨ ¢ æ¥-
«®¬. �¢®¥®¡à §¨¥ ¨ ¢ ¦®áâì íâ¨å § ¤ ç ¢«¨ï«® ¨ ¡ã¤¥â ¢«¨ïâì   à §¢¨â¨¥
®á®¢ëå ª®æ¥¯æ¨© ¨ ¬¥â®¤®¢ ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨ ¨   ¯à®£à¥áá ¢ë-
ç¨á«¨â¥«ì®© â¥å¨ª¨. �ëç¨á«¨â¥«ìë¥ § ¤ ç¨ ¯® à áçñâã ï¤¥àëå à¥ ªâ®à®¢
®ª § «¨áì ¤ ¦¥ ¡®«¥¥ á«®¦ë¬¨ ¨ âàã¤®ñ¬ª¨¬¨ ¯® áà ¢¥¨î á   «®£¨çë¬¨

1� ¡®â  ¢ë¯®«¥  ç áâ¨ç® ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ ���� (£à âë ¿ 00{15{96073,
¿ 96{01{00141).
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§ ¤ ç ¬¨ ¯® ï¤¥à®¬ã ®àã¦¨î, à ¡®âë  ¤ ª®â®àë¬¨ à §¢¥àã«¨áì ¥áª®«ìª®
«¥â à ¥¥.

�  à ¨å íâ ¯ å ¨áá«¥¤®¢ ¨©, ª®£¤  ¥éñ ¥ ¡ë«® ���, ¢ëç¨á«¨â¥«ìë¥
à ¡®âë ¯à®¢®¤¨« áì ¢àãçãî   í«¥ªâà®¬¥å ¨ç¥áª¨å ¬ è¨ å â¨¯  Meráedes.
�â® ®¡áâ®ïâ¥«ìá¢® ¯à¥¤êï¢«ï«® ®á®¡ë¥ âà¥¡®¢ ¨ï ª ¢ëç¨á«¨â¥«ìë¬ ¬¥â®¤ ¬
¨ áå¥¬ ¬: ®¨ ¤®«¦ë ¡ëâì ¤®áâ â®ç® íª®®¬¨çë¬¨ ¨ ãáâ®©ç¨¢ë¬¨, ¯® ¢®§-
¬®¦®áâ¨ ¯à®áâë¬¨ ¨ â®çë¬¨, çâ®, ¢ á¢®î ®ç¥à¥¤ì, âà¥¡®¢ «®  ¤«¥¦ é¥©
¨§®¡à¥â â¥«ì®áâ¨ ¨ ¯à¨¢«¥ç¥¨ï ¤®¢®«ì® "¢ëá®ª®©" ¬ â¥¬ â¨ª¨.

� ¡®â  ®á«®¦ï« áì ¨ â¥¬, çâ® ¢ â® ¢à¥¬ï  è¨ ¢ã§ë â®«ìª®  ç¨ «¨ £®â®-
¢¨âì á¯¥æ¨ «¨áâ®¢ ¢ ®¡« áâ¨  â®¬®© í¥à£¥â¨ª¨, ¢ ç áâ®áâ¨ ¯® â¥®à¥â¨ç¥áª¨¬
¨ ¢ëç¨á«¨â¥«ìë¬  á¯¥ªâ ¬ ï¤¥àëå à¥ ªâ®à®¢. � ¡®â  ¨ ®¡ãç¥¨¥ ¯à®¢®¤¨-
«¨áì á¯¥æ¨ «¨áâ ¬¨ ¨§ ¤àã£¨å ®¡« áâ¥©  ãª¨ ¨ â¥å¨ª¨ ("ç¨áâë¬¨" ¬ â¥¬ â¨-
ª ¬¨, ¬¥å ¨ª ¬¨, ¬¥â¥®à®«®£ ¬¨, £¥®ä¨§¨ª ¬¨, £¥®¤¥§¨áâ ¬¨ ¨ â.¯.), ª®â®àë¬
  å®¤ã ¯à¨å®¤¨«®áì ¯¥à¥áâà ¨¢ âìáï ¨ ¯¥à¥ãç¨¢ âìáï. �¥ á«ãç ©®, çâ® ¢ íâ®
¢à¥¬ï �.�. �®¡®«¥¢ { ¯¥à¢ë© § ¬¥áâ¨â¥«ì �.�. �ãàç â®¢  ¯® �áâ¨âãâã  â®¬®©
í¥à£¨¨ { ®à£ ¨§®¢ë¢ ¥â ¯¥à¢ãî ¢ �®¢¥âáª®¬ �®î§¥ ª ä¥¤àã ¢ëç¨á«¨â¥«ì®©
¬ â¥¬ â¨ª¨   ¬¥å ¨ª®-¬ â¥¬ â¨ç¥áª®¬ ä ªã«ìâ¥â¥ ���.

�¥â®¤ë à áç¥â  ï¤¥àëå á¨áâ¥¬ ¢®§¨ª«¨ ª ª á¨â¥§ ¨áá«¥¤®¢ ¨© ¬®£¨å
ãçñëå { ¬ â¥¬ â¨ª®¢ ¨ ä¨§¨ª®¢ { ¨ ¨áâ¨âãâ®¢ ª ª ¢ â¥®à¥â¨ç¥áª¨å, â ª ¨
¢ ¯à¨ª« ¤ëå  á¯¥ªâ å. �ãà¨© �¢ ®¢¨ç � àçãª ¢ ª®à®âª¨© áà®ª  ¡¨à ¥â
á¨«ìë© ª®««¥ªâ¨¢ ¬ â¥¬ â¨ª®¢, ä¨§¨ª®¢ ¨ ¢ëç¨á«¨â¥«¥©, ¯® ªàã¯¨æ ¬ ªà®-
¯®â«¨¢® á®¡¨à ¥â «ãçè¨¥ ¨ ®à¨£¨ «ìë¥ ¤®áâ¨¦¥¨ï ¢ ¬ â¥¬ â¨ª¥ 2, ¬®£ãé¨¥
 ©â¨ ¯à¨¬¥¥¨ï ¢ ¨áá«¥¤®¢ ¨ïå ¨ à áçñâ å ï¤¥àëå á¨áâ¥¬, ¨, ¥ ®áâ  ¢«¨-
¢ ïáì ¯¥à¥¤ âàã¤®áâï¬¨, á®§¤ ñâ ¯ ª¥â ®à¨£¨ «ìëå ¬ â¥¬ â¨ç¥áª¨å ¬¥â®¤®¢
¨ ¯à®£à ¬¬, ®à£ ¨§ã¥â á¥à¨©ë¥ à áçñâë à §«¨çëå â¨¯®¢ ï¤¥àëå à¥ ªâ®à®¢
¨ § é¨âë ®â ¨§«ãç¥¨©, ®à¨¥â¨à®¢ ëå    ç «ì®¬ íâ ¯¥   àãç®© áçñâ,
  ¢ ¤ «ì¥©è¥¬ {   ¢áñ ¡®«¥¥ ¬®éë¥ ���.

�¥à¢®¥ ¯ã¡«¨ç®¥ ¢ëáâã¯«¥¨¥ �.�. � àçãª  ® ¯à¨¡«¨¦ñëå ¬¥â®¤ å à á-
çñâ  ï¤¥àëå à¥ ªâ®à®¢ ®â®á¨âáï ª ¨îî 1955 £.   á¥áá¨¨ �ª ¤¥¬¨¨  ãª
���� ¯® ¬¨à®¬ã ¨á¯®«ì§®¢ ¨î  â®¬®© í¥à£¨¨ [1]. �¥à¥§ ¤¢  £®¤  ® § é¨-
é ¥â ¤®ªâ®àáªãî ¤¨áá¥àâ æ¨î ¯® â®© ¦¥ ¯à®¡«¥¬¥. � 1958 £®¤ã ® ¢ë¯ãáª ¥â
¨§¢¥áâãî ¬®®£à ä¨î "�¨á«¥ë¥ ¬¥â®¤ë à áçñâ  ï¤¥àëå à¥ ªâ®à®¢" [2],  
ç¥à¥§ âà¨ £®¤  { ¥ñ ãá®¢¥àè¥áâ¢®¢ ë© ¨ ¤®¯®«¥ë© ¢ à¨ â [3]. �®á«¥¤ïï
¬®®£à ä¨ï áâ «   áâ®«ì®© ª¨£®© ¬®£¨å ¨áá«¥¤®¢ â¥«¥©, § ¨¬ îé¨åáï
ï¤¥à®© í¥à£¥â¨ª®© ª ª ¢  è¥© áâà ¥, â ª ¨ §  àã¡¥¦®¬. �®¤¢®¤¨â ¨â®£ ¨á-
á«¥¤®¢ ¨ï¬ ¬®®£à ä¨ï �.�. � àçãª  ¨ �.�. �¥¡¥¤¥¢  "�¨á«¥ë¥ ¬¥â®¤ë ¢
â¥®à¨¨ ¯¥à¥®á  ¥©âà®®¢", ¢ëè¥¤è ï ¤¥áïâì «¥â á¯ãáâï [4] (1971 £.) ¨ ¤¢ ¤-
æ âì «¥â á¯ãáâï [4] (1981 £.)

�®£®£àã¯¯®¢ë¥ à áçñâë ï¤¥à®£® à¥ ªâ®à  ¤«ï ¯¥à¢®© ¢ ¬¨à¥ ��� ¢ £.
�¡¨áª¥, § ¯ãé¥®© 27 ¨îï 1954 £., ¡ë«¨ ãá¯¥è® ¢ë¯®«¥ë ª®««¥ªâ¨¢®¬
á®âàã¤¨ª®¢ ¯®¤ àãª®¢®¤áâ¢®¬ �.�. � àçãª . �  à ¡®âë ¯® ¬¥â®¤ ¬ à áçñâ 
ï¤¥àëå à¥ ªâ®à®¢ ¨ ¨å ¯à¨¬¥¥¨ï¬ ª à §à ¡®âª¥ ��� ¨ ï¤¥à®£® ¯®¤¢®¤®£®
ä«®â  �.�. � àçãª ¡ë« ã¤®áâ®¥ �¥¨áª®© ¯à¥¬¨¨ (1961 £.).

� ¢¢¥¤¥¨¥¬ ¢ íªá¯«ã â æ¨î ¢ 1964 £. �®¢®¢®à®¥¦áª®© ���   à¥ ªâ®-

2� ª £®¢®à¨« �.�. �®£®«î¡®¢, "... ª ¦¤ ï ¢¥àñ¢®çª  è«  ¢ ¤¥«®".
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à å ����  áâ « ®¢ë© "¢§à®á«ë©" íâ ¯ ¢ à §¢¨â¨¨ ¢ëç¨á«¨â¥«ìëå § ¤ ç. �
1973 £. ¯®¤ �¥¨£à ¤®¬ ¡ë« ¢¢¥¤ñ ¢ íªá¯«ã â æ¨î ¯¥à¢ë© í¥à£¥â¨ç¥áª¨©
¡«®ª à¥ ªâ®à®¢ ����. �¨§¨ç¥áª¨¥ ®¡®á®¢ ¨ï íâ¨å à¥ ªâ®à®¢ á á®¯à®¢®¦¤ -
îé¨¬ ¥£® ª®¬¯«¥ªá®¬ ä¨§¨ª®-â¥å¨ç¥áª¨å ¯à®¡«¥¬,   â ª¦¥ ¢ëç¨á«¨â¥«ì®©
à ¡®âë ¡ë«¨ ¢ ®á®¢®¬ ¢ë¯®«¥ë ª®««¥ªâ¨¢®¬ á®âàã¤¨ª®¢ ���. �¤¨¬
¨§  ¢â®à®¢ (�.�. �¥¡¥¤¥¢ë¬) ¡ë«  á®§¤   ¯¥à¢ ï ¤¢ãå£àã¯¯®¢ ï ¤¢ã¬¥à ï
¯à®£à ¬¬  ¤«ï à áçñâ  à¥£ã«¨àãîé¨å áâ¥à¦¥©, ª®â®à ï ¢¯®á«¥¤áâ¢¨¨ è¨à®ª®
¨á¯®«ì§®¢ « áì ¯à¨ ¯à®¥ªâ¨à®¢ ¨¨ à¥ ªâ®à®¢ ����.

� íâ®© à ¡®â¥  ¢â®àë ¥ áâà¥¬¨«¨áì ¤ âì ¨áç¥à¯ë¢ îé¨© ®¡§®à ¢á¥å à¥-
§ã«ìâ â®¢ ¨ ¤®áâ¨¦¥¨© ¬ â¥¬ â¨ç¥áª¨å ¨ ¢ëç¨á«¨â¥«ìëå ¬¥â®¤®¢ ¢ â¥®à¨¨
¯¥à¥®á . �¨ ¯®¯ëâ «¨áì «¨èì áä®à¬ã«¨à®¢ âì á¢®î â®çªã §à¥¨ï â®«ìª®
¯® â¥¬ ¢®¯à®á ¬ íâ®© ¥®¡êïâ®© ®¡« áâ¨ ¨áá«¥¤®¢ ¨©, ª®â®àë¥  å®¤¨«¨áì ¢
áä¥à¥ ¨â¥à¥á®¢ ¨ ¢¨¬ ¨ï èª®«ë �.�. � àçãª . �¢â®àë å®â¥«¨ ¯®ª § âì,
çâ® íâ  â¥¬  ¨   á¥£®¤ïè¨© ¤¥ì ¤ «¥ª  ®â á¢®¥£® § ¢¥àè¥¨ï ¨ ï¢«ï¥âáï
¥¨áç¥à¯ ¥¬ë¬ ¨áâ®ç¨ª®¬ ®¢ëå ¬ â¥¬ â¨ç¥áª¨å ¨¤¥©.

2. �à ¥¢ë¥ § ¤ ç¨ â¥®à¨¨ ï¤¥àëå à¥ ªâ®à®¢
� ª ç¥áâ¢¥ ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ ï¤¥à®£® à¥ ªâ®à  ¯à¨¨¬ ¥âáï á¨áâ¥¬ 

¨â¥£à®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¯¥à¥®á  ¥©âà®®¢ («¨¥ à¨§®¢ ®¥
ãà ¢¥¨¥ �®«ìæ¬  ) á ãçñâ®¬ ¨å § ¬¥¤«¥¨ï ¨ â¥à¬ «¨§ æ¨¨   § ¢¥àè îé¥¬
íâ ¯¥. �¥áâ æ¨® à®¥ ãà ¢¥¨¥ ¯¥à¥®á  ¤«ï ¯«®â®áâ¨ ¥©âà®®¢N(x;
; v; t)
¢ ä §®¢®© ®¡« áâ¨ G� S2 � R

+ � R
+ ¯¥à¥¬¥ëå (x;
; v; t) ¨¬¥¥â ¢¨¤ [2{4, 37]

dN

dt
+ v�(x; v)N =

Z 1

0

Z
S2
W (x; �0; v; v0)v0N(x;
0; v0; t)d
0dv0 + q (2:1)

á £à ¨çë¬ ãá«®¢¨¥¬   ¢¥è¥© £à ¨æ¥ S áà¥¤ë G

N jS = 0; (nx;
) < 0; x 2 S; (2:2)

¢ëà ¦ îé¨¬ ®âáãâáâ¢¨¥ ¯ ¤ îé¨å ¥©âà®®¢ ¨§¢¥   S, ¨  ç «ìë¬ ãá«®-
¢¨¥¬

N jt=0 = N0(x;
; v): (2:3)

�¤¥áì dN
dt { ¯®« ï ¯à®¨§¢®¤ ï ¯® ¢à¥¬¥¨ ®â ¯«®â®áâ¨ ¥©âà®®¢:

dN

dt
=
@N

@t
+ v(
;r)N; (2:4)

S2 { ¥¤¨¨ç ï áä¥à  ¢ R
3, nx { ¢¥èïï ®à¬ «ì ¢ â®çª¥ x ª ¯®¢¥àå®áâ¨ S,

�0(
;
0), q { ¨áâ®ç¨ª ¥©âà®®¢.
�à ¢¥¨¥ (2.1) á®¯à®¢®¦¤ ¥âáï ¤®¯®«¨â¥«ìë¬¨ ¤¨ää¥à¥æ¨ «ìë¬¨ ãà ¢-

¥¨ï¬¨, ®¯¨áë¢ îé¨¬¨ à á¯à®áâà ¥¨¥, ¢«¨ï¨¥ § ¯ §¤ë¢ îé¨å ¥©âà®®¢,
£¨¤à®¤¨ ¬¨ç¥áª¨¥ íää¥ªâë ¨ â.¯. � ª®¥æ, ¯®áª®«ìªã á¢®©áâ¢  áà¥¤ë ¯®¤
¢®§¤¥©áâ¢¨¥¬ ¨§«ãç¥¨ï ¬®£ãâ ¬¥ïâìáï, â® ª®íää¨æ¨¥âë ãà ¢¥¨ï ¡ã¤ãâ
§ ¢¨á¥âì ®â à¥è¥¨ï. �«ï ¯à®áâ®âë ¡ã¤¥¬ áç¨â âì, çâ® à¥§ã«ìâ â íâ¨å ¤®¯®«-
¨â¥«ìëå ¢®§¤¥©áâ¢¨© ãç¨âë¢ ¥âáï ¢ ¨áâ®ç¨ª¥ q.
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�®à¬ã«ë (2.1) ¨ (2.4) ¯®ª §ë¢ îâ, çâ® å à ªâ¥à¨áâ¨ª ¬¨ ãà ¢¥¨ï ï¢«ï-
îâáï ¯à¨ «î¡ëå x0 2 G, 
 ¨ v ¯àï¬ë¥

x = x0 +
vt: (2:5)

� ª¨¬ ®¡à §®¬, ¬ë ¢¨¤¨¬, çâ® ãà ¢¥¨¥ (2.1) ¥áâì á¢®¥®¡à §®¥ ¨â¥£à®-
¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥, ®¯à¥¤¥«ñ®¥ ¢ 7-¬¥à®¬ ä §®¢®¬ ¯à®áâà áâ¢¥
¯¥à¥¬¥ëå (x;
; v; t). � ¯®«®¬ ®¡êñ¬¥ à¥è¥¨¥ â ª¨å ãà ¢¥¨© á á®¯à®¢®¦-
¤ îé¨¬¨ ¨å ¤®¯®«¨â¥«ìë¬¨ á¨áâ¥¬ ¬¨ ãà ¢¥¨© ¥ ¯®¤ á¨«ã ¤ ¦¥ á®¢à¥-
¬¥ë¬ ���. �®íâ®¬ã, ¥áâ¥áâ¢¥®, ¬ â¥¬ â¨ç¥áª¨¥ ¨áá«¥¤®¢ ¨ï ¨áâ®à¨ç¥áª¨
à §¢¥àã«¨áì ¢®ªàã£ ¡®«¥¥ ¯à®áâëå, ¥¦¥«¨ (2.1), â¨¯®¢ ãà ¢¥¨©. �å ¬®¦®
à §¡¨âì   ¤¢¥ £àã¯¯ë: áâ æ¨® àë¥ ¨ ¥áâ æ¨® àë¥.

�¥è¥¨ï áâ æ¨® àëå ãà ¢¥¨© ®¯à¥¤¥«ïîâ â ª  §ë¢ ¥¬ë¥ ªà¨â¨ç¥áª¨¥
á®áâ®ï¨ï à¥ ªâ®à , ª®£¤   ¨¬¥ìè¥¥ á®¡áâ¢¥®¥ § ç¥¨¥ ®¯¥à â®à  ¯¥à¥®á 
(¯à¨  «¨ç¨¨ ¤¥«¥¨ï) à ¢® ã«î. �¯¨è¥¬ áâ æ¨® àë¥ § ¤ ç¨. �ãáâì ' =
vN { ¯®â®ª ¥©âà®®¢, â®£¤  ¢ ¯¥à¥¬¥ëå (x;
; v) ¨§ (2.1) ¯®«ãç ¥¬ ãà ¢¥¨¥

(
;r)' + �(x; v)' =
Z 1

0

Z
S2
W (x; �0; v; v0)'(x;
0; v0)d
0dv0 + q (2:6)

á £à ¨çë¬ ãá«®¢¨¥¬ (2.2)   ¢¥è¥© £à ¨æ¥ S áà¥¤ë G

'jS = 0; (nx;
) < 0; x 2 S: (2:7)

C®¯àï¦ñ ï § ¤ ç  ª § ¤ ç¥ (2.6){(2.7) ¨¬¥¥â ¢¨¤

�(
;r) + �(x; v) =
Z 1

0

Z
S2
W (x; �0; v0; v) (x;
0; v0)dv0d
0 + p; (2:6�)

 jS = 0; (nx;
) > 0; x 2 S: (2:7�)

�®¯àï¦ñ ï á¨áâ¥¬  ãà ¢¥¨© à¥ ªâ®à  è¨à®ª® ¨á¯®«ì§®¢ « áì �.�. � à-
çãª®¬ ¨ ¥£® èª®«®© ¥éñ   à ¨å áâ ¤¨ïå ¯®áâà®¥¨ï â¥®à¨¨ ¨ ¬¥â®¤®¢ à áçñâ 
ï¤¥àëå à¥ ªâ®à®¢ [2, 3, 5]. �â¬¥â¨¬ ¥ª®â®àë¥ ¨§ ¢ ¦ëå ¥ñ ¯à¨«®¦¥¨©.

�¥®à¨ï ¢®§¬ãé¥¨© á¯¥ªâà «ì®£® ¯ à ¬¥âà  � { ¯¥à¢®£® á®¡áâ¢¥®£®
§ ç¥¨ï á®®â¢¥âáâ¢ãîé¥© ®¤®à®¤®© § ¤ ç¨. �¥«¨ç¨  � ¨ ¥£® ¢®§¬ãé¥¨¥ ��
á¢ï§ ë á ªà¨â¨ç¥áª®© ¬ áá®© á ¬®¯®¤¤¥à¦¨¢ îé¥© æ¥¯®© à¥ ªæ¨¨. �®«ãç¥-
ë¥ ä®à¬ã«ë (¢  ¡áâà ªâ®© ä®à¬¥ { íâ® ä®à¬ã«ë â¨¯  (3.12)) ¨£à îâ ¢ ¦ãî
à®«ì ¢ ®æ¥ª¥ ¯¥à¢®£® á®¡áâ¢¥®£® § ç¥¨ï ¯® ®â®è¥¨î ª â¥¬ ¨«¨ ¨ë¬
¢ à¨ æ¨ï¬ ¢å®¤ëå ¤ ëå, ¥®¡å®¤¨¬ëå ¤«ï ä¨§¨ç¥áª®£® à áçñâ  ï¤¥à®£®
à¥ ªâ®à . �â¨ ¨áá«¥¤®¢ ¨ï ¯®á«ã¦¨«¨ ®á®¢®© à¥è¥¨ï ¢ ¦¥©è¨å ®¡à âëå
§ ¤ ç ¯® ¢®ááâ ®¢«¥¨î ä¨§¨ç¥áª¨å ¯ à ¬¥âà®¢ ¬®¤¥«¥©.

�î¤  ®â®á¨âáï â ª¦¥ à §à ¡®âª  á¨áâ¥¬ ï¤¥à®© ¡¥§®¯ á®áâ¨ á ¯®¬®éìî
 ¨¡®«¥¥ â®çëå à áçñâ®¢ ªà¨â¨ç¥áª¨å ¬ áá ï¤¥àëå á¨áâ¥¬ à §«¨çëå á¯¥ª-
âà®¢, ¯®¤ªà¥¯«ñëå íªá¯¥à¨¬¥â «ìë¬¨ ¤ ë¬¨. �®á«¥¤¨¥ à ¡®âë ¨¨-
æ¨¨à®¢ «¨áì �.�. �ãàç â®¢ë¬, ¨ ¨å ¢ë¯®«¥¨¥ ¡ë«® ¢ëá®ª® ®æ¥¥® á ¬¨¬
�£®à¥¬ � á¨«ì¥¢¨ç¥¬ (ï¢ àì 1960 £.).
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�®£®£àã¯¯®¢ë¥ ¬¥â®¤ë à áçñâ  ï¤¥àëå à¥ ªâ®à®¢ ¯à¨è«¨   á¬¥ã
¤¢ãå£àã¯¯®¢ë¬, ª®£¤  ¢¥áì á¯¥ªâà ¥©âà®®¢ ®¡ê¥¤¨ï«áï ¢ ¤¢¥ £àã¯¯ë: § ¬¥¤-
«ïîé¨åáï ¨ â¥à¬ «¨§®¢ ëå. � â¥¬ â¨ç¥áª¨ ¬®£®£àã¯¯®¢ ï § ¤ ç  (2.1){
(2.2), c®®â¢¥âáâ¢ãîé ï § ¬¥¤«ïîé¨¬áï ¥©âà® ¬, á¢®¤¨âáï ª á¨áâ¥¬¥ ¨â¥£à®-
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á«¥¤ãîé¥£® ¢¨¤ :
¤«ï ¯«®â®áâ¨

@Nk
@t

+ vk((
;r)Nn + �kNk) =
X
i

�vi

Z
S2

W k;i(x; �0)viNi(x;
0) d
0 + q; (2:8)

¤«ï ¯®â®ª 

1
vk

@'k
@t

+ (
;r)'k + �k'k =
X
i

�vi

Z
S2

W k;i(x; �0)'i(x;
0) d
0 + q; (2:9)

k = 1; 2; : : : ;m, á  ç «ìë¬¨ ãá«®¢¨ï¬¨ ¢¨¤  (2.3) ¨ £à ¨çë¬¨ ãá«®¢¨ï¬¨
¢¨¤  (2.2), (2.7). � «®£¨ç® ¢ë¯¨áë¢ ¥âáï áâ æ¨® à ï ¨ á®¯àï¦ñ ï § -
¤ ç¨. �à ¢¥¨ï (2.9) ¬®¦® âà ªâ®¢ âì ª ª ãà ¢¥¨ï á ¬ «ë¬ ¯ à ¬¥âà®¬
¯à¨ ç áâ®© ¯à®¨§¢®¤®© ¯® ¢à¥¬¥¨.

�®£®£àã¯¯®¢ë¥ à áçñâë ¯®âà¥¡®¢ «¨ § ¨ï ¥®¡å®¤¨¬®© ¨ä®à¬ æ¨¨ ®
á¥ç¥¨ïå ï¤¥àëå à¥ ªæ¨©: ª®áâ â å �k ¨ W

k;i
l ¢ à §«¨çëå §® å à¥ ªâ®à .

(�¤¥áìW k;i
l ; l = 0; 1; : : : { ª®íää¨æ¨¥âë à §«®¦¥¨ï äãªæ¨¨ �viW k;i(x; �0) ¯®

¯®«¨®¬ ¬ �¥¦ ¤à .)
� §à ¡®â  ï â¥®à¨ï á®¯àï¦ñëå ãà ¢¥¨© ¯®§¢®«¨«  ¤ âì â®çãî ¨

¯à¨¡«¨¦ñë¥ ä®à¬ã«¨à®¢ª¨ ãáà¥¤¥¨© ï¤¥à®-ä¨§¨ç¥áª¨å ª®áâ â ¯® £àã¯-
¯ ¬ ¨ ¯® §® ¬ ç¥à¥§ ¤à®¡®-«¨¥©ë¥ äãªæ¨® «ë. �â¨ à ¡®âë ®¡¥á¯¥ç¨«¨
áãé¥áâ¢¥ë© ¯à®£à¥áá ¢ ¬¥â®¤ å à áçñâ  ï¤¥àëå à¥ ªâ®à®¢ à §«¨çëå á¯¥ª-
âà®¢ { "¡ëáâàëå", "¯à®¬¥¦ãâ®çëå" ¨ "â¥¯«®¢ëå", ¯®§¢®«¨«¨ ¯®¢ëá¨âì â®ç-
®áâì à áçñâ®¢, ¨ ®¨ è¨à®ª® ¢®è«¨ ¢ ¯à ªâ¨ªã.

�¤®£àã¯¯®¢®¥ ãà ¢¨¥ ¯¥à¥®á  á ¨§®âà®¯ë¬ à áá¥ï¨¥¬. � íâ®¬
á«ãç ¥ ¯®áâà®¥  áâà®£ ï ¬ â¥¬ â¨ç¥áª ï â¥®à¨ï ®¡®¡éñëå à¥è¥¨© ¨ áä®à-
¬ã«¨à®¢ ë ¢ à¨ æ¨®ë¥ ¯à¨æ¨¯ë, çâ® ¯®§¢®«ï¥â ®¡®á®¢ë¢ âì ç¨á«¥ë¥
¬¥â®¤ë à¥è¥¨© [15, 16]. �ãáâì

L' = (
;r)'+ �(x)'; (2:10)

'0 = S' =
1
4�

Z
S2
'(x;
0)d
0: (2:11)

�®£¤  ®¤®£àã¯¯®¢®¥ ãà ¢¥¨¥ (2.6) ¯à¨¬¥â ¢¨¤

L' = �(x)S'+ q: (2:12)

�î¡ ï ¯àï¬ ï ¢¨¤  x = x0 +
�; x0 2 G ï¢«ï¥âáï å à ªâ¥à¨áâ¨ª®© íâ®£® ãà ¢-
¥¨ï, ¢¤®«ì ª®â®à®© ãà ¢¥¨¥ ¯à¨¨¬ ¥â ¢¨¤

d'

d�
+ �(x)' = �(x)S' + q: (2:13)
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�á«¨ ¢¢¥áâ¨ äãªæ¨î

u(x;
) =
1
2
['(x;
) + '(x;�
)]; (2:14)

â® ¯à¨ �(x) 6= 0 ¨ q(x;
) = q(x;�
) ®  ¡ã¤¥â ã¤®¢«¥â¢®àïâì ãà ¢¥¨î ¢
á ¬®á®¯àï¦ñ®© ä®à¬¥ [16]

�[l(x)(
;r)]2u+ u = c(x)Su+
q

�
(2:15)

á ªà ¥¢ë¬ ãá«®¢¨¥¬   S:
u� l(
;r)ujS = 0; (2:16)

£¤¥ l(x) = ��1(x), c(x) = �(x)=�(x) � 1. �à ¥¢ ï § ¤ ç  (2.15){(2.16) ¢¤®«ì
å à ªâ¥à¨áâ¨ª¨ x0 +
� ¯à¨¬¥â ¢¨¤

�
�
l
d

d�

�2
u+ u = c(x)Su+

q

�
; (2:17)

u� l
du

d�
j�=�1 = 0; x1 = x0 +
�1 2 S; (nx1 ;
) < 0; (2:18)

u+ l
du

d�
j�=�2 = 0; x2 = x0 +
�2 2 S; (nx2 ;
) > 0: (2:19)

�á«¨ ¢¢¥áâ¨ áª «ïàë¥ ¯à®¨§¢¥¤¥¨ï ¯® ä®à¬ã« ¬

< u; v >=
Z
G

Z
S2
�uvdxd
;

[u; v] =
Z
S

Z
S2
j(
; n)juvd
ds+ < l(
;r)u; (
;r)v > + < u; v > (2:20)

¨ ®à¬ã
[u] = [u; u]1=2;

â® äãªæ¨ï u, à¥ «¨§ãîé ï ¬¨¨¬ã¬ äãªæ¨® « 

G(v) = [v]2� < cSv; v > �2 < v; q=� >; (2:21)

¡ã¤¥â à¥è¥¨¥¬ § ¤ ç¨ (2.15)-(2.16) [16].
�¥¯¥àì áä®à¬ã«¨àã¥¬ ®á®¢ë¥ á¯¥ªâà «ìë¥ § ¤ ç¨ ¤«ï ®¤®£àã¯¯®¢®£®

ãà ¢¥¨ï, áç¨â ï , çâ® ¨áâ®ç¨ª Q ¨¬¥¥â ¢¨¤

q = ���fS': (2:22)

�à¨ ªà ¥¢®¬ ãá«®¢¨¨ (2.7) âà¥¡ã¥âáï  ©â¨ ¯¥à¢®¥ á®¡áâ¢¥®¥ § ç¥¨¥ �1 ãà ¢-
¥¨ï

�L'+ �(x)S' + ��fS' = �': (2:23)

�à¨ ªà¨â¨ç¥áª®¬ á®áâ®ï¨¨ �1 = 0. �«ï ãá«®¢®-ªà¨â¨ç¥áª¨å § ¤ ç âà¥¡ã¥âáï
 ©â¨ â ª®¥ kef , çâ®¡ë

�L'+ �(x)S' +
1
kef

��' = 0: (2:24)
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�à®áâ¥©è¥© á¨áâ¥¬®© ®¤®£àã¯¯®¢®£® ãà ¢¥¨ï ¯¥à¥®á  á § ¯ §¤ë¢ î-
é¨¬¨ ¥©âà® ¬¨ ï¢«ï¥âáï á¨áâ¥¬  ãà ¢¥¨©

1
v

@'

@t
+ L' = �(x)S' + �C + (1� ��)��fS';

(2.25)

dC

dt
= ��C + ����fS';

£¤¥ C = C(x; t), � > 0. �â¨¬ ãà ¢¥¨ï¬ á®®â¢¥âáâ¢ã¥â ãà ¢¥¨¥   á®¡áâ¢¥-
ë¥ § ç¥¨ï

�L'+ �(x)S' + �C + (1� ��)��fS' =
1
v
';

(2.26)

��C + ����fS' = C:

�áª«îç ï ¨§ íâ¨å ãà ¢¥¨© C, ¯®«ãç¨¬ ®¡®¡é¥ãî § ¤ çã   á®¡áâ¢¥ë¥
§ ç¥¨ï ¤«ï ¯ãçª  ®¯¥à â®à®¢. � ¤ ç¨ (2.23), (2.24), (2.26) à áá¬ âà¨¢ îâáï
¯à¨ ªà ¥¢®¬ ãá«®¢¨¨ (2.7). �¯¥ªâà § ¤ ç¨ (2.26), (2.7) ¨¬¥¥â á«¥¤ãîéãî áâàãª-
âãàã   ¯«®áª®áâ¨ ª®¬¯«¥ªá®£® ¯¥à¥¬¥®£® : ® á®áâ®¨â ¨§ ¤¨áªà¥â®£® á¯¥ª-
âà , áà¥¤¨ ª®â®à®£® ¨¬¥¥âáï ¯à®áâ®¥ ¢¥¤ãé¥¥ ¢¥é¥áâ¢¥®¥ á®¡áâ¢¥®¥ § ç¥¨¥
¨ ¯®¤¯®á«¥¤®¢ â¥«ì®áâì, ¨¬¥îé ï ¯à¥¤¥«ì®© â®çª®© ¢¥«¨ç¨ã  = ��,   ¢áï
¯®«ã¯«®áª®áâì Re � �C0 ¤«ï ¥ª®â®à®£® C0 > 0 ï¢«ï¥âáï â®çª ¬¨ ¥¯à¥àë¢-
®£® á¯¥ªâà  [40].

� ¦¥   á¥£®¤ï ¯à¨  «¨ç¨¨ ¢ëá®ª®¯à®¨§¢®¤¨â¥«ìëå ��� § ¤ ç¨ ¤«ï
áä®à¬ã«¨à®¢ ëå ¢ëè¥ ãà ¢¥¨© ®áâ îâáï á«®¦ë¬¨ ¤«ï á¥à¨©ëå "¨¦¥-
¥àëå" à áçñâ®¢. �å § ¬¥ïîâ ã¯à®éñë¬¨ ¬®¤¥«ï¬¨, ¯à®áâ¥©è¥© ¨§ ª®â®-
àëå ï¢«ï¥âáï â ª  §ë¢ ¥¬®¥ ¤¨ääã§¨®®¥ ¯à¨¡«¨¦¥¨¥, ¢ ª®â®à®¬  ¯¯à®ª-
á¨¬ æ¨ï ¤«ï ã«¥¢®£® ¬®¬¥â  '0 = S', ¯à¨¬¥¨â¥«ì®,  ¯à¨¬¥à, ª ªà ¥¢®©
§ ¤ ç¥ (2.12), (2.7),  å®¤¨âáï ª ª à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ ¤«ï ¤¨ääã§¨®®£®
ãà ¢¥¨ï

�divDr'0 + �(x)'0 = q0; (2:27)

'0 + 2D
@'0
@n

jS = 0; (2:28)

£¤¥ D = 1=3�(x); �(x) = �(x) � �(x); q0 = Sq:
�à®¡«¥¬  § é¨âë ®â ¨§«ãç¥¨©. � §¢¨â¨¥ ï¤¥à®© í¥à£¥â¨ª¨ ¯®áâ -

¢¨«® ¢®¯à®á ® à áçñâ å ¨§«ãç¥¨©, ¢ëå®¤ïé¨å ¨§ à¥ ªâ®à . � íâ®¬ á«ãç ¥
¥®¡å®¤¨¬® ¡ë«® à¥è âì ¥®¤®à®¤ãî § ¤ çã ¯¥à¥®á  ¥©âà®®£® ¨ - ¨§-
«ãç¥¨ï, ¨áâ®ç¨ª®¬ ª®â®àëå ¢ ®á®¢®¬ ï¢«ï¥âáï  ªâ¨¢ ï §®  à¥ ªâ®à ,
â.¥. §®  ¤¥«¥¨ï ï¤¥à ¨ §®  ¯®£«®é¥¨ï ¥©âà®®¢ ¥¤¥«ïé¨¬¨áï ï¤à ¬¨ á
¯®á«¥¤ãîé¨¬ ¨á¯ãáª ¨¥¬ ¥©âà®®¢ ¨«¨ -ª¢ â®¢. �à¥¡®¢ «®áì ¢ëç¨á«¨âì
á¥à¨î «¨¥©ëå äãªæ¨® «®¢

Ip('k) =< 'k; p > (2:29)
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®â à¥è¥¨© 'k ¥®¤®à®¤®© § ¤ ç¨ (2.6)-(2.7) ¯à¨ q = qk, ¯à¥¤áâ ¢«ïîéãî á®-
¡®© áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ äãªæ¨¨ ¨§¬¥à¥¨ï p ¯®«ï ¨§«ãç¥¨ï ¨ à¥è¥¨ï
'k . C ¯®¬®éìî à¥è¥¨ï  p á®¯àï¦ñ®© § ¤ ç¨ (2:6�) � (2:7�)3 ã¤ «®áì ¯®«ã-
ç¨âì [5] ®¢ãî ä®à¬ã«ã ¤«ï äãªæ¨® «®¢

Ip('k) =< qk;  p >; k = 1; 2; : : : ;m; (2:30)

ª ª áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¨áâ®ç¨ª  ¨§«ãç¥¨ï qk ¨ à¥è¥¨ï  p ¨ ¥£® ¢ à¨-
 æ¨¨

�Ip('k) = � < (�L)'k;  p >; k = 1; 2; : : : ;m (2:31)

(¢  ¡áâà ªâ®© ä®à¬¥ { íâ® ä®à¬ã«ë (3.7) ¨ (3.10)). �â¨ ä®à¬ã«ë ¯®§¢®«¨«¨
¯®-¤àã£®¬ã áä®à¬ã«¨à®¢ âì ¯à®¡«¥¬ã § é¨âë ®â ¨§«ãç¥¨©   ®á®¢¥ äãªæ¨¨
æ¥®áâ¨ ¥©âà®®¢  p,   â ª¦¥ ¯®áâ ¢¨âì àï¤ ¢ ¦ëå ®¯â¨¬¨§ æ¨®ëå § ¤ ç.
� á ¬®¬ ¤¥«¥, ¯à¨ â ª®¬ ¯®¤å®¤¥ ¤®áâ â®ç® ®¤¨ à § ®¯à¥¤¥«¨âì äãªæ¨î  p,
ª ª à¥è¥¨¥ á®¯àï¦ñ®£® ãà ¢¥¨ï,   § â¥¬ ¢ëç¨á«ïâì Ip('k) ¥¯®áà¥¤áâ-
¢¥® ¯® ä®à¬ã«¥ (2.30), ¥ à¥è ï § ¤ çã (2.6)-(2.7).

�
� �

� â¥¬ â¨ç¥áª ï â¥®à¨ï ï¤¥àëå à¥ ªâ®à®¢ ¯®§¢®«¨«  à áè¨à¨âì ª« áá ª -
®¨ç¥áª¨å ãà ¢¥¨© ª« áá¨ç¥áª®© ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. � âàñ¬ â¨¯ ¬
®á®¢ëå ãà ¢¥¨©:

�
@'

@t
= a2�'+ V (x)' + f(x; t) (2:32)

{ ãà ¢¥¨¥ â¥¯«®¯à®¢®¤®áâ¨ (¯à¨ � = 1), ãà ¢¥¨¥ �àñ¤¨£¥à  (¯à¨ � =
i)(¯ à ¡®«¨ç¥áª¨© â¨¯),

@2'

@t2
= a2�'+ b(x)' + f(x; t) (2:33)

{ ¢®«®¢®¥ ãà ¢¥¨¥ (£¨¯¥à¡®«¨ç¥áª¨© â¨¯), ¨

��'+ �(x)' = f(x) (2:34)

{ ãà ¢¥¨¥ �ã áá®  (í««¨¯â¨ç¥áª¨© â¨¯) { á«¥¤ã¥â ¯à¨¡ ¢¨âì ç¥â¢ñàâë© â¨¯
ãà ¢¥¨© { ®¤®áª®à®áâ®¥ ãà ¢¥¨¥ ¯¥à¥®á  á ¨§®âà®¯ë¬ à áá¥ï¨¥¬

1
v

@'

@t
+ (
;r)'+ �(x)' =

�

4�
�(x)

Z
S2
'(x;
0)d
0 + f(x; t;
) (2:35)

¢ ®¡« áâ¨ G � (0; T ) � S2 ä §®¢®£® ¯à®áâà áâ¢  R
4 � S2 ¯¥à¥¬¥ëå (x; t;
).

�¨¯¨ç®¥ £à ¨ç®¥ ãá«®¢¨¥ ¤«ï ãà ¢¥¨ï (2.35) ¢ ¢ë¯ãª«®© ®¡« áâ¨ G á £à -
¨æ¥© S ¥áâì (áà.(2.2))

'jS = 0; (
; nx) < 0; x 2 S: (2:36)

3�â  äãªæ¨ï  §ë¢ ¥âáï äãªæ¨¥© æ¥®áâ¨ ¥©âà®®¢.
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�à ¢¥¨¥ (2.35)  á«¥¤ã¥â ç¥àâë ª ª ¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï (2.32), â ª ¨
£¨¯¥à¡®«¨ç¥áª®£® ãà ¢¥¨ï (2.33),   á®®â¢¥âáâ¢ãîé¥¥ áâ æ¨® à®¥ ãà ¢¥¨¥

(
;r)'+ �(x)' =
�

4�
�(x)

Z
S2
'(x;
0)d
0 + f(x;
) (2:37)

{ ç¥àâë í««¨¯â¨ç¥áª®£® ãà ¢¥¨ï (2.34). �â¬¥â¨¬, çâ® § ¤ ç    á®¡áâ¢¥-
ë¥ § ç¥¨ï ¤«ï ®¤®à®¤®£® ãà ¢¥¨ï (2.37) á £à ¨çë¬ ãá«®¢¨¥¬ (2.36)
íª¢¨¢ «¥â  ¨â¥£à «ì®¬ã ãà ¢¥¨î � ©¥à«á  [4, 37]

'0(x) = �

Z
G
�(y) exp

�
�
Z x

y
�(s)ds

� '0(y)
jx� yj2 dy (2:38)

®â®á¨â¥«ì® áà¥¤¥© ¯«®â®áâ¨ '0 = S'. � (2.38)Z x

y
�(s)ds =

Z 1

0
�[ty + (1� t)x]dt:

� ª ¢¨¤® ¨§ (2.38), ï¤à® ¨â¥£à «ì®£® ãà ¢¥¨ï � ©¥à«á  ¨¬¥¥â ¯®«ïàãî
®á®¡¥®áâì ¢¨¤  jx � yj�2   ¤¨ £® «¥ x = y, ¢ â® ¢à¥¬ï ª ª äãªæ¨ï �à¨ 
¤«ï ãà ¢¥¨ï � ¯« á  ¨¬¥¥â á« ¡®¯®«ïàãî ®á®¡¥®áâì ¢¨¤  jx � yj�1. �â®
®¡áâ®ïâ¥«ìáâ¢® áãé¥áâ¢¥® § âàã¤ï¥â ¯à¨¬¥¥¨¥ ç¨á«¥ëå ¬¥â®¤®¢ ¥¯®-
áà¥¤áâ¢¥® ª ãà ¢¥¨î (2.38).

�á®¡¥®áâ¨ à¥è¥¨ï ãà ¢¥¨ï ¯¥à¥®á . �«ï ¯®¢ëè¥¨ï â®ç®áâ¨
¬¥â®¤®¢ à áçñâ  áä¥à¨ç¥áª¨á¨¬¬¥âà¨çëå § ¤ ç ¡ë«¨ ¨áá«¥¤®¢ ë ®á®¡¥®áâ¨
¯à®¨§¢®¤ëå à¥è¥¨ï áâ æ¨® à®£® ãà ¢¥¨ï ¯¥à¥®á  (2.37)

�
@'

@r
+
1� �2

r

@'

@�
+ �(r)' = Q(r) (2:39)

á £à ¨çë¬ ãá«®¢¨¥¬ (2.36)

'(�;R) = 0; �1 � � � 0 (2:40)

ª ª ¢ ®ªà¥áâ®áâ¨ à §¤¥«  r = r0 ¤¢ãå áà¥¤, â ª ¨ ¢ ®ªà¥áâ®áâ¨ å à ªâ¥à¨áâ¨ª¨
r20 � r2(1� �2) = 0, ¯à®å®¤ïé¥© ç¥à¥§ £à ¨æã à §¤¥«  r = r0 ¤¢ãå áà¥¤.

� à¥§ã«ìâ â¥ ¯®«ãç¥  á«¥¤ãîé ï ª àâ¨ . � ®¡« áâ¨ r < r0, j�j � 1:

@'

@r
= � rM(r0)p

r20 � r2(1� �2)
+O(j ln j�jj); (2:41)

@'

@�
=

r2�M(r0)p
r20 � r2(1� �2)

+O(1); (2:42)

¢ ®¡« áâ¨ r > r0; � <
p
1� (r0=r)2:

@'

@r
= O(j ln j�jj); (2:43)
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@'

@�
= O(1); (2:44)

¢ ®¡« áâ¨ r > r0; � >
p
1� (r0=r)2:

@'

@r
= � 2rM(r0)p

r20 � r2(1� �2)
+O(j ln j�jj); (2:45)

@'

@�
=

2r2�M(r0)p
r20 � r2(1� �2)

+O(1); (2:46)

§¤¥áì M(r0) = '(r0; 0)[�](r0)� [Q](r0); [f ](r0) = f(r0 + 0)� f(r0 � 0).
�§ ä®à¬ã« (2.41){(2.46) á«¥¤ã¥â ¤«ï áà¥¤¥© ¯«®â®áâ¨ '0(r) â ª ï  á¨¬¯-

â®â¨ª :
'0(r) � 1

2
M(r0) ln jr � r0j+O(1); r ! r0: (2:47)

�â¨ à¥§ã«ìâ âë ¡ë«¨ ¯®«ãç¥ë ¢ 1952 ¨ ®¯ã¡«¨ª®¢ ë ¢ [17] (1968). �®¤à®¡-
®áâ¨ á¬. �.�. �¥à¬®£¥®¢  [39]. �®à¬ã«  (2.47) ¤àã£¨¬ ¬¥â®¤®¬ ¡ë«  ¯®«ãç¥ 
�.�. �¬¨âà¨¥¢ë¬ ¢ 1949 £®¤ã.

�®¤à®¡ ï â¥®à¨ï ®¤®áª®à®áâ®£® ãà ¢¥¨ï ¯¥à¥®á  à §¢¨â  ¢ ¬®®£à -
ä¨¨ �.�. �« ¤¨¬¨à®¢  [16],   ®â®áïé¨¥áï ª ¥¬ã ç¨á«¥ë¥ ¬¥â®¤ë { ¢ áâ âì¥
[15].

3. �¥â®¤ á®¯àï¦ñëå ãà ¢¥¨©
�¯¥à¢  ªà âª® ¨§«®¦¨¬  ¡áâà ªâë© ¬¥â®¤ á®¯àï¦ñëå ãà ¢¥¨© ¢ «¨-

¥©®¬ á«ãç ¥, á«¥¤ãï ª®ªà¥â®© áå¥¬¥, ª®â®à ï ¨á¯®«ì§®¢ « áì �.�. � àçã-
ª®¬ ¨ ¥£® ãç¥¨ª ¬¨ ¢ â¥®à¨¨ ï¤¥àëå à¥ ªâ®à®¢[2-5].

�ãáâì H { ¢¥é¥áâ¢¥®e ¨«¨ ª®¬¯«¥ªá®¥ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® á® áª -
«ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ < '; > ¨ ®à¬®© k'k =< ';' >1=2. �ãáâì § ¤ 
«¨¥©ë© ®¯¥à â®à L á ®¡« áâìî ®¯à¥¤¥«¥¨ï4 D(L), ¯«®â®© ¢ H. � áá¬®âà¨¬
¥®¤®à®¤®¥ ãà ¢¥¨¥

L' = q; ' 2 D(L) (3:1)

á ¯à ¢®© ç áâìî q 2 H.
�®¯àï¦ñë© ®¯¥à â®à L� ª ®¯¥à â®àã L ¢¢®¤¨âáï   ®á®¢¥ à ¢¥áâ¢ 

< L'; >=< ';L� >; ' 2 D(L);  2 D(L�): (3:2)

� ¢¥áâ¢® (3.2) ã¦® ¯®¨¬ âì á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì í«¥¬¥â  2 H
â ª®¢, çâ® ä®à¬  ' 2< L'; > ®¯à¥¤¥«ï¥â «¨¥©ë© ¥¯à¥àë¢ë© äãªæ¨® «
¢ H. �®£¤  ¯® â¥®à¥¬¥ �¨áá  áãé¥áâ¢ã¥â (¨ ¥¤¨áâ¢¥ë©) í«¥¬¥â g 2 H â ª®©,
çâ®

< L'; >=< '; g >; ' 2 H: (3:3)

4� ª ¢ «¨¥©®¬, â ª ¨ ¢ ¥«¨¥©®¬ á«ãç ¥ íâ® ¬®¦¥â ¡ëâì ¤¨ää¥à¥æ¨ «ì-
ë©, ¨â¥£à «ìë©, ¨â¥£à®-¤¨ää¥à¥æ¨ «ìë© ¨«¨ ¤ ¦¥ ¯á¥¢¤®¤¨ää¥à¥æ¨ «ìë© ®¯¥à -
â®à,§ ¤ ë© ¢ ®¡« áâ¨ G ä §®¢ëå ¯¥à¥¬¥ëå X = (x1; x2; : : : ; xn) á £à ¨çë¬¨ ãá«®¢¨ï¬¨,
¢ª«îçñë¬¨ ¢ ®¯à¥¤¥«¥¨¥ ®¡« áâ¨ D(L). � ª ç¥áâ¢¥ H ¬®¦¥â ¡ëâì L2(G).
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�«¥¬¥â g  §®¢ñ¬ § ç¥¨¥¬ á®¯àï¦ñ®£® ®¯¥à â®à  L�   í«¥¬¥â¥  , L� =
g,   í«¥¬¥â  ®â¥áñ¬ ª ®¡« áâ¨ ®¯à¥¤¥«¥¨ï D(L�) ®¯¥à â®à  L�, â ª çâ®
à ¢¥áâ¢® (3.3) ¥áâì ¥ çâ® ¨®¥, ª ª à ¢¥áâ¢® (3.2).

�¯¥à â®à L  §ë¢ ¥âáï § ¬ªãâë¬, ¥á«¨ ¥£® £à ä¨ª f(';L'); ' 2 D(L)g
§ ¬ªãâ ¢ H�H, â.¥. ¨§ 'k ! ' ¨ L'k !  ; k !1 ¢ H á«¥¤ã¥â, çâ® ' 2 D(L) ¨
L' =  .

� ¬ëª ¨¥¬ �L ®¯¥à â®à  L  §ë¢ ¥âáï  ¨¬¥ìè¥¥ § ¬ªãâ®¥ à áè¨à¥¨¥
L.

�¯¥à â®à L� § ¬ªãâ. �¯¥à â®à L ¤®¯ãáª ¥â § ¬ëª ¨¥ â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  D(L�) ¯«®â  ¢ H. �á«¨ D(L�) ¯«®â  ¢ H, â® á¯à ¢¥¤«¨¢ë à -
¢¥áâ¢ 

�L = L��; �L� = L�: (3:4)

� áá¬®âà¨¬ § ¤ çã ® ¢ëç¨á«¥¨¨ «¨¥©®£® äãªæ¨® «  ®â à¥è¥¨ï '
ãà ¢¥¨ï (3.1)

Ip(') =< '; p >; p 2 H: (3:5)

�«ï íâ®£® ¢¢¥¤ñ¬ ¥®¤®à®¤®¥ ãà ¢¥¨¥, á®¯àï¦ñ®¥ ª ãà ¢¥¨î (3.1)

L� p = p;  2 D(L�): (3:6)

�à¥¤¯®«®¦¨¬, çâ® ¥£® à¥è¥¨¥  p áãé¥áâ¢ã¥â ¨ ¥¤¨áâ¢¥® ¢ ª« áá¥ D(L�);  
 §ë¢ ¥âáï á®¯àï¦¥®© äãªæ¨¥©. �§ (3.6), (3.5) ¨ (3.2) ¤«ï ¨áª®¬®£® äãª-
æ¨® «  Ip(') ¥¬¥¤«¥® á«¥¤ã¥â à ¢¥áâ¢®

Ip(') =< q;  p > : (3:7)

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ®¯¥à â®à L ®¡« ¤ ¥â (®¡®¡éñë¬) à¥è¥¨¥¬ ' ¨§ H
ãà ¢¥¨ï

L' = �(X �X0); (3:8)

£¤¥ �(X�X0) { ¤¥«ìâ -äãªæ¨ï �¨à ª , á®áà¥¤®â®ç¥ ï ¢ â®çª¥ X0. �ãáâì íâ®
à¥è¥¨¥ ¥¯à¥àë¢® ¢ ®ªà¥áâ®áâ¨ â®çª¨ X0. �®£¤  ä®à¬ã«  (3.7) ¯à¨¨¬ ¥â
¢¨¤

Ip(') =  p(X0): (3:9)

� «®£¨çë¥ à ááã¦¤¥¨ï ¯à¨¬¥¨¬ë ¨ ¤«ï â¥®à¨¨ ¢®§¬ãé¥¨©.
�á«¨ ®¯¥à â®à L ¢®§¬ãéñ ®¯¥à â®à®¬ �L, â® ¢®§¬ãé¥¨¥ äãªæ¨® «  Ip(')

¢ëà ¦ ¥âáï ç¥à¥§ á®¯àï¦ñãî äãªæ¨î  p ä®à¬ã«®©

�Ip(') = � <  p; (�L)' > : (3:10)

�®§¬ãé¥¨¥ �� ¯¥à¢®£® á®¡áâ¢¥®£® § ç¥¨ï5 � â ª¦¥ ¢ëà ¦ ¥âáï ç¥à¥§
á®¯àï¦ñãî á®¡áâ¢¥ãî äãªæ¨î  ,

L� = � ;  2 D(L�): (3:11)

5� á«ãç ¥ ï¤¥à®£® à¥ ªâ®à  ®® ¯®«®¦¨â¥«ì®¥ ¨ ¯à®áâ®¥.
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�® à ¢®

�� =
< (�L)';  >

< '; >
: (3:12)

�§«®¦¨¬  ¡áâà ªâë© ¯®¤å®¤ ª ¬¥â®¤ã á®¯àï¦ñëå ãà ¢¥¨© ¢ ¥«¨-
¥©®¬ á«ãç ¥, á«¥¤ãï à ¡®â ¬ �.�. � àçãª  ¨ ¥£® ãç¥¨ª®¢ (á¬. [6{10]) ¨
�.�. � ©¡¥à£  ([38]) á ãçñâ®¬ ®¢®£® (®¤®§ ç®£®) ®¯à¥¤¥«¥¨ï á®¯àï¦ñ-
®£® ®¯¥à â®à , ¯à¥¤áâ ¢«¥®£® ¢ à ¡®â¥ [18] �.�. �« ¤¨¬¨à®¢  ¨ �.�. � àçãª .

�ãáâì D { «¨¥©®¥ ¬®¦¥áâ¢®, ¯«®â®¥ ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ H, ¨
ª ¦¤®¬ã í«¥¬¥âã ' 2 D á®®â¢¥âáâ¢ã¥â ¬®¦¥áâ¢® «¨¥©ëå ®¯¥à â®à®¢ ¢ H,

f ! A' ;  2 D(A')g (3:13)

á ®¡« áâìî ®¯à¥¤¥«¥¨ï D(A'), á®¤¥à¦ é¥© D. �ãáâì, ¤ «¥¥, D(A�') â ª¦¥ á®-
¤¥à¦¨â D, â ª çâ® D(A') ¨ D(A�') ¯«®âë ¢ H. �¢¥¤ñ¬ (¥«¨¥©ë¥) ®¯¥à â®àë

'! A�'' = A�' j ='; ' 2 D; (3:14)

á ®¡« áâìî ®¯à¥¤¥«¥¨ï D.
�¯à¥¤¥«¥¨¥ 1 [18]. � §®¢ñ¬ ¬®¦¥áâ¢  «¨¥©ëå ®¯¥à â®à®¢ fA'; ' 2 Dg

¨ fB'; ' 2 Dg íª¢¨¢ «¥âë¬¨, A' � B', ¥á«¨ ¢ë¯®«¥® à ¢¥áâ¢®

A�'' = B�
''; ' 2 D: (3:15)

�¢¥¤ñ ï íª¢¨¢ «¥â®áâì ®¡« ¤ ¥â á¢®©áâ¢ ¬¨: à¥ä«¥ªá¨¢®áâ¨ A' � A',
á¨¬¬¥âà¨ç®áâ¨ B' � A', ¥á«¨ A' � B', âà §¨â¨¢®áâ¨ A' � C', ¥á«¨
A' � B' ¨ B' � C'. �®íâ®¬ã ¬®¦¥áâ¢  «¨¥©ëå ®¯¥à â®à®¢ ¢¨¤  (4.1)
à á¯ ¤ îâáï   ¥¯¥à¥á¥ª îé¨¥áï ª« ááë íª¢¨¢ «¥â®áâ¨.

�à¨¬¥à 1. �®¦¥áâ¢  «¨¥©ëå ®¯¥à â®à®¢

f ! '0 ; ' 2 Dg; f ! �(' )0; ' 2 Dg; f ! �'
2
 0; ' 2 Dg

íª¢¨¢ «¥âë,
'0 � �(' )0 � �'

2
 0:

�ãáâì L(') { (¥«¨¥©ë©) ®¯¥à â®à á «¨¥©®© ®¡« áâìî ®¯à¥¤¥«¥¨ï D(L),
¯«®â®© ¢ H. �®   «®£¨¨ á «¨¥©ë¬ á«ãç ¥¬ ®¯à¥¤¥«¨¬ á®¯àï¦ñë© ®¯¥-
à â®à L�' ª ®¯¥à â®àã L(').

�¯à¥¤¥«¥¨¥ 2 [18]. �®¯àï¦¥ë¬ ®¯¥à â®à®¬ L�' ª ®¯¥à â®àã L(')  §®-
¢ñ¬ ª« áá íª¢¨¢ «¥â®áâ¨ «¨¥©ëå ®¯¥à â®à®¢ f ! L�' ; ' 2 D(L)g â ª¨å,
çâ® ®¡« áâì ®¯à¥¤¥«¥¨ï D(L�') ®¯¥à â®à  L�' á®¤¥à¦¨â D(L) ¨ ¢ë¯®«¥® à -
¢¥áâ¢® (áà.(3.2))

< L(');  >=< ';L�' >;  2 D(L�'); ' 2 D(L): (3:16)

�§ íâ®£® ®¯à¥¤¥«¥¨ï ¢ëâ¥ª îâ â ª¨¥ ãâ¢¥à¦¤¥¨ï.
�á«¨ L { «¨¥©ë© ®¯¥à â®à, â® ª« áá íª¢¨¢ «¥â®áâ¨ á®¯àï¦ñ®£® ®¯¥-

à â®à  ª L á®áâ®¨â ¨§ ¥¤¨áâ¢¥®£® ®¯¥à â®à  L�, ª®â®àë© ¥ § ¢¨á¨â ®â
'.
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�®¯àï¦ñë© ®¯¥à â®à L�' ª ®¯¥à â®àã L(') ¥¤¨áâ¢¥ë© (¢ â®¬ á¬ëá«¥,
çâ® ¥¤¨áâ¢¥ë© ª« áá íª¢¨¢ «¥â®áâ¨ fL�'; ' 2 D(L)g).

�¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ ¨ï á®¯àï¦ñ®£® ®¯¥à â®à  L�' ª ®¯¥-
à â®àã L(') ï¢«ï¥âáï ¥£® ¯à¥¤áâ ¢«¥¨¥

L(') = (L�')
�'; ' 2 D(L); (3:17)

â.¥. ®¯¥à â®à L(') ¥áâì áã¯¥à¯®§¨æ¨ï (¥«¨¥©®£®) ®¯¥à â®à  ' ! L��' ' ¨ «¨-
¥©®£® ®¯¥à â®à   ! L��'  ¯à¨ ª ¦¤®¬ ' 2 D(L).

� ¤àã£®© áâ®à®ë, ¥á«¨ ®¯¥à â®à L(') ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥¨¥

L(') = A(')'; ' 2 D(L); (3:18)

£¤¥ '! A(') { (¥«¨¥©ë©) ®¯¥à â®à á «¨¥©®© ®¡« áâìî ®¯à¥¤¥«¥¨ï D(L),
¯«®â®© ¢ H, ¨ ¯à¨ ª ¦¤®¬ ' 2 D(L)  ! A(') ¥áâì «¨¥©ë© ®¯¥à â®à,
¯à¨çñ¬ ®¡« áâ¨ ®¯à¥¤¥«¥¨ï D(A(')) ¨ D(A�(')) á®¤¥à¦ â D(L). �®£¤  á®¯àï-
¦ñë© ®¯¥à â®à L�' áãé¥áâ¢ã¥â ¨ íª¢¨¢ «¥â¥ ®¯¥à â®àã A�('), â ª çâ®

L�' � A�('): (3:19)

�â ª, ¬ë ¯®«ãç¨«¨ á«¥¤ãîéãî â¥®à¥¬ã.
�¥®à¥¬  [18]. �«ï â®£® çâ®¡ë ¤«ï ®¯¥à â®à  L(') áãé¥áâ¢®¢ « á®¯àï¦¥-

ë© ®¯¥à â®à L�', ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ® ¤®¯ãáª « ¯à¥¤áâ ¢«¥¨¥
(3.18); ¯à¨ íâ®¬ á¯à ¢¥¤«¨¢® à ¢¥áâ¢® (3.19).

� à ¡®â å [6{10, 38] ¡ë«¨ ¢¢¥¤¥ë à §«¨çë¥ ®¯à¥¤¥«¥¨ï á®¯àï¦ñëå ®¯¥-
à â®à®¢ L�(') ¤«ï ¥«¨¥©®£® ®¯¥à â®à  L('). �à¥¤¨ ¨å ®â¬¥â¨¬ á«¥¤ãîé¥¥

A�0('); £¤¥ A0(') =
Z 1

0
L0(t')dt; ' 2 D(L) (3:20)

¯à¨ ãá«®¢¨¨, çâ® ®¯¥à â®à L(') ¤¨ää¥à¥æ¨àã¥¬ ¯® � â® ¨ L(0) = 0. � á¨«ã
¯à¥¤áâ ¢«¥¨ï [38]

L(') =
Z 1

0
L0(t')t'dt = A0(')'; ' 2 D(L);

®¯¥à â®à L(') ¨¬¥¥â ¢¨¤ (3.18) ¨ ¯®íâ®¬ã, ¯® ¤®ª § ®¬ã (á¬.(3.19)), íâ® ®¯à¥¤¥-
«¥¨¥ ¢ë¤¥«ï¥â ¥¤¨áâ¢¥®£® ¯à¥¤áâ ¢¨â¥«ï A�0(') ¨§ ª« áá  íª¢¨¢ «¥â®áâ¨
á®¯àï¦ñëå ®¯¥à â®à®¢ fL�'; ' 2 D(L)g, â ª çâ®

L�' � A�0('): (3:21)

�à¨¬¥à 2(áà. á ¯à¨¬¥à®¬ 1). �«ï L(') = ''0 ä®à¬ã«ë (3.19) ¨ (3.20) ¤ îâ

L�' = �'
2
 0:

�à¨¬¥à 3. �á«¨ L(') = 'k(@�')m, â®

L�' =
k

k +m
'k�1(@�)m +

m

k +m
(�1)j�j@��'k�@�'�m�1�:
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� ¦ë© ¤«ï ¯à¨«®¦¥¨© ¤®áâ â®ç® è¨à®ª¨© ª« áá ¥«¨¥©ëå ®¯¥à â®à®¢
¢¨¤  (3.18) ¡ë« à áá¬®âà¥ ¢ à ¡®â å [11{13]

L(') =
X
j�j�m

A�(x; ')@�'(x); (3:22)

£¤¥ '! A�(x; ') { (¥«¨¥©ë¥) ®¯¥à â®àë á ®¡é¥© «¨¥©®© ®¡« áâìî ®¯à¥¤¥-
«¥¨ï D(L), ¯«®â®© ¢ H.

�¡®§ ç ï
A(x; ') =

X
j�j�m

A�(x; ')@�;

¯à¥¤áâ ¢¨¬ ®¯¥à â®à (3.22) ¢ ¢¨¤¥ (3.18)

L(') = A(x; ')':

� íâ®¬ á«ãç ¥ ¯à¨ ª ¦¤®¬ ' 2 D(L) á®¯àï¦ñë© (¯® � £à ¦ã) ®¯¥à â®à
¨¬¥¥â ¢¨¤

~A(x; ') =
X
j�j�m

(�1)j�j@�[A�(x; ') ]; ' 2 D(L);  2 D(A�(')): (3:23)

�ë«¨ ¯®áâà®¥ë § ª®ë á®åà ¥¨ï ¤«ï ãà ¢¥¨ï

A(')' = 0; ' 2 D(L); (3:24)

á ¨á¯®«ì§®¢ ¨¥¬ à¥è¥¨©   áá®æ¨¨à®¢ ®£® ãà ¢¥¨ï

~A(x; ') = 0;  2 D(A�(')); (3:25)

£¤¥ ' ¥áâì à¥è¥¨¥ ãà ¢¥¨ï (3.24).
�®åà ïîé¨¥áï â®ª¨ J�(';  ;x); � = 1; 2; : : : ; n, ¤«ï á¨áâ¥¬ë (3.24) ¯à¨ m � 1

¨¬¥îâ ¢¨¤

J�(';  ;x) =
m�1X
q+k=0

X
�i;�j

(�1)k@�1 : : : @�k
�
A��1:::�k�1:::�q (x; ') @�1 : : : @�q'

�
; (3:26)

£¤¥  { à¥è¥¨ï ãà ¢¥¨© (3.25).
�à¨¬¥à 4. �ãáâì m = 1. �à ¢¥¨ï (3.24) ¨ (3.25) ¯à¨¨¬ îâ ¢¨¤

A0(x; ')' +
nX
�=1

A�(x; ')
@'

@x�
= 0;

A0(x; ') �
nX
�=1

@

@x�

�
A�(x; ') 

�
= 0;

  â®ª¨ (3.26) {
J�(';  ;x) = A�(x; ') '; � = 1; 2; : : : ; n: (3:27)
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�¯¥à â®à ~A(x; ') ä®à¬ «ì® á®¢¯ ¤ ¥â á ¯à¥¤áâ ¢¨â¥«¥¬ ª« áá  á®¯àï¦ñëå
®¯¥à â®à®¢ fA�(x; '); ' 2 D(L)g. �¢¨¤ã ¥®¤®§ ç®áâ¨ ®¯¥à â®à ~A(x; ') ¡ë«
 §¢  ¢ [10{12]  áá®æ¨¨à®¢ ë¬ á ®¯¥à â®à®¬ A(x; '),   ¥ á®¯àï¦ñë¬ ª
®¯¥à â®àã L(').

� à ¡®â å [10{12] à áá¬ âà¨¢ « áì á¨áâ¥¬  ãà ¢¥¨© ¢¨¤  (3.24), ¢ ª®â®à®©
A�; '(x) ¨  (x) ¯à¥¤¯®« £ «¨áì q � s�, s � r� ¨ r � q�¬ âà¨æ ¬¨-äãªæ¨ï¬¨.
� íâ®¬ á«ãç ¥ ä®à¬ã«  (3.26) ¤ ñâ r � r- ¬ âà¨æã § ª®®¢ á®åà ¥¨ï.

�¯à¥¤¥«¥¨¥ 3 [18]. �¯¥à â®à L('), ' 2 D(L) ¢¨¤  (3.18)  §ë¢ ¥âáï á¨¬-
¬¥âà¨çë¬ (áãé¥áâ¢¥®-á ¬®á®¯àï¦¥ë¬, á®¯àï¦¥ë¬), ¥á«¨ ¢ ª« áá¥ íª-
¢¨¢ «¥â®áâ¨ á®¯àï¦ñëå ª ¥¬ã ®¯¥à â®à®¢ áãé¥áâ¢ã¥â á¨¬¬¥âà¨çë© (áã-
é¥áâ¢¥®-á ¬®á®¯àï¦ñë©, á ¬®á®¯àï¦ñë© á®®â¢¥âáâ¢¥®) ®¯¥à â®à.

�à¨¬¥à 5. �¯¥à â®à

@�
n�
A(x; ')@�

�
'
o
; ' 2 C2j�j( �G)

á¨¬¬¥âà¨çë©, ¥á«¨ äãªæ¨ï A(x; ') ¢¥é¥áâ¢¥ ï ¨ ¥¯à¥àë¢ ï ¢ �G � C , G
{ ®£à ¨ç¥ ï ®¡« áâì ¢ Rn.

�à¨¬¥à 6. �â¥£à «ìë© ®¯¥à â®àZ
G
K
�
'(x); '(y);x; y

�
'(y)dy

á ¬®á®¯àï¦ñë© ¢ L2(G), ¥á«¨ G { ®£à ¨ç¥ ï ®¡« áâì ¨ K { íà¬¨â®¢® ®£à -
¨ç¥®¥ ï¤à®

K(X;Y ;x; y) = �K(Y;X ; y; x); jK(X;Y ;x; y)j �M:

�à¨¬¥à 7 [10]. �¯¥à â®à

L(') = sin' =
sin'
'

'

á ¬®á®¯àï¦ñë©, ¯®áª®«ìªã ¯à¨ ª ¦¤®¬ ' 2 L2(a; b) ®¯¥à â®à  ! sin'
'  

á ¬®á®¯àï¦ñë© ¢ L2(a; b).
�à¨¬¥à 8. �à ¢¥¨¥ � àâà¨-�®ª  ¤«ï z-í«¥ªâà®®© ¢®«®¢®© äãªæ¨¨

 ¨¬¥¥â ¢¨¤ [44]

i
@ 

@t
= H(x;  ) ;  (x) =  1(x1) 2(x2) : : :  z(xz);

£¤¥ H(x;  ) { ¥«¨¥©ë© ®¯¥à â®à ¢ L2(R3z),

H(x;  ) =
zX
k=1

h
�
�h2

2m
�k � ze2

jxkj + e2
X
j 6=k

Z j j(xj)j2
jxk � xj jdxj

i
:

�á«¨  k; k = 1; 2; : : : ; z ®£à ¨ç¥ë ¢ R
3, â® ®¯¥à â®à H(x;  ) { áãé¥áâ¢¥®-

á ¬®á®¯àï¦�¥ë©, ¢ á¨«ã ªà¨â¥à¨ï � â®, �H( ; x) = H�( ; x).
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�¤¥ï ¨á¯®«ì§®¢ ¨ï á®¯àï¦ñëå ãà ¢¥¨© ®ª § « áì ¢¥áì¬  ¯«®¤®â¢®à-
®© ¥ â®«ìª® ¢ «¨¥©®© â¥®à¨¨ ¨ ¯à ªâ¨ª¥ ¯¥à¥®á  ¥©âà®®¢ ¨ ¨§«ãç¥¨ï
(æ¥®áâì ¥©âà®®¢, § ª®ë á®åà ¥¨ï, â¥®à¨ï ¢®§¬ãé¥¨© ¨ â.¤.), ® ¨ ¢® ¬®-
£¨å ¤àã£¨å ¯à¨ª« ¤ëå à §¤¥« å ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨: ä¨§¨ª¥  â¬®áä¥àë
¨ ®ª¥  , ¬¥å ¨ª¥ á¯«®è®© áà¥¤ë, ª¢ â®¢®© ¬¥å ¨ª¥, ¨â¥£à¨àã¥¬ë¬ á¨á-
â¥¬ ¬, ®åà ¥ ®ªàã¦ îé¥© áà¥¤ë, ¬ â¥¬ â¨ç¥áª¨å § ¤ ç å ¨¬¬ã®«®£¨¨, ®¯-
â¨¬ «ì®¬ ã¯à ¢«¥¨¨, ãá¢®¥¨¨ ¨ ®¡à ¡®âª¥ ¤ ëå, ¢ª«îç ï ¨ ¥«¨¥©ë¥
§ ¤ ç¨. �ãé¥áâ¢¥ë© ¢ª« ¤ ¢ íâã ¯à®¡«¥¬ â¨ªã ¡ë« ¢¥áñ �.�. � àçãª®¬ ¨
¥£® ãç¥¨ª ¬¨ (á¬. [6{10]).

4. �¨á«¥ë¥ ¬¥â®¤ë ¤«ï áâ æ¨® àëå ¥®¤®à®¤ëå
ãà ¢¥¨© ¯¥à¥®á 

�¥á¬®âàï   ¢¯¥ç â«ïîé¨¥ ¤®áâ¨¦¥¨ï §  ¯®á«¥¤¨¥ 50 «¥â ¢ ç¨á«¥ëå
¬¥â®¤ å, á¤¥« ¢è¨å ¢®§¬®¦ë¬ ¯à®¥ªâ¨à®¢ ¨¥, ¯ãáª ¨ à ¡®âã ���, ¯®«®-
¬ áèâ ¡ ï ¯à®¡«¥¬   å®¦¤¥¨ï à¥è¥¨© ¥áâ æ¨® à®£® ãà ¢¥¨ï (2.1)
¯à¥¤áâ ¢«ï¥âáï ¨   á¥£®¤ïè¨© ¤¥ì, ¢ á¨«ã ¥�¥ ¬®£®¬¥à®áâ¨, ¤ «¥ª® ¥
à¥è¥®© § ¤ ç¥©, âà¥¡ãîé¥© à §à ¡®âª¨ ®¢ëå, ¡®«¥¥ á®¢¥àè¥ëå ¢ëç¨á«¨-
â¥«ìëå  «£®à¨â¬®¢ ¨ á®§¤ ¨¥   ª ç¥áâ¢¥® ®¢®¬ ãà®¢¥ ¢ëç¨á«¨â¥«ì®©
â¥å¨ª¨. �à ªâ¨ç¥áª¨© ãá¯¥å à §à ¡®â®ª ¡ë« ®¡ãá«®¢«¥ â¥¬, çâ® ¤®áâ â®ç®
â®ç® ¤ ¢ «¨ ¥®¡å®¤¨¬ë¥ à¥è¥¨ï ã¯à®é¥ë¥ ¬®¤¥«¨ ãà ¢¥¨ï (2.1). �ë
ª®á�¥¬áï ¤®áâ â®ç® äà £¬¥â à® «¨èì ¥ª®â®àëå ¢®¯à®á®¢, ®âáë« ï ¤«ï ¡®-
«¥¥ ¯®¤à®¡®£® ®§ ª®¬«¥¨ï á ¡¨¡«¨®£à ä¨¥© ¯® § âà®ãâë¬ â¥¬ ¬ ª ¬®®-
£à ä¨ï¬ [4, 37]. �ë à áá¬®âà¨¬ «¨èì ¤¥â¥à¬¨¨à®¢ ë¥ ¬¥â®¤ë, ®áâ ¢«ïï
¢ áâ®à®¥ ¬¥â®¤ë �®â¥-� à«®. �«ï ¯à®áâ®âë ¨§«®¦¥¨ï ®£à ¨ç¨¬áï à á-
á¬®âà¥¨¥¬ ®¤®£àã¯¯®¢ëå ãà ¢¥¨©, § ¯¨á ëå ¢ ¢¨¤¥ (2.12), (2.13), (2.15),
(2.17).

�«ï ç¨á«¥®£® à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ (2.27){(2.29) ¢ ®¤®¬¥à®¬ á«ãç ¥
(¯ãáâì ¤«ï è à  jxj = r < R) ¨á¯®«ì§ã¥âáï

�¥â®¤ ä ªâ®à¨§ æ¨¨ [14]. � áá¬®âà¨¬ ª« áá¨ç¥áªãî ªà ¥¢ãî § ¤ çã
â¨¯  �âãà¬ -�¨ã¢¨««ï ¤«ï äãªæ¨¨ m(r) = r'0(r)

�(Dm0)0 + �m = q(r); 0 < r < R; (4:1)

m(0) = 0; m(R) + hm0(R) = 0; (4:2)

£¤¥ D > 0; � � 0 ¨ h � 0.
� ªâ®à¨§ãï ®¯¥à â®à

�(Dm0)0 + �m = �( d
dx

+ g=D)(D
d

dx
� g)m; (4:3)

¯®«ãç¨¬ ãà ¢¥¨¥ �¨ªª â¨
g0 + g2=D = � (4:4)

¤«ï ¢á¯®¬®£ â¥«ì®© äãªæ¨¨ g,   ãà ¢¥¨¥ (4.1) à á¯ ¤ñâáï   ¤¢  «¨¥©ëå
ãà ¢¥¨ï ¯¥à¢®£® ¯®àï¤ª 

m0
1 + g=Dm1 = q(r); (4:5)



�¤¥à ï í¥à£¥â¨ª  ¨ ¬ â¥¬ â¨ª  21

Dm0 � gm = �m1(r): (4:6)

�â®¡ë ã¤®¢«¥â¢®à¨âì £à ¨çë¬ ãá«®¢¨ï¬ (4.2), ¯®«®¦¨¬

g(0) = 0; m1(0) = 0; m(R) =
hm1(R)

D(R) + hg(R)
: (4:7)

�à ¢¥¨¥ �¨ªª â¨ (4.4) ¯à¨  ç «ì®¬ ãá«®¢¨¨ g(0) = 0 ¨¬¥¥â ¯®«®¦¨â¥«ì®¥
à¥è¥¨¥   (0; R]. �®íâ®¬ã ãà ¢¥¨¥ (4.5) ¯à¨ ãá«®¢¨¨ m1(0) = 0 ãáâ®©ç¨¢®
ç¨á«¥® ¨â¥£à¨àã¥âáï ®â â®çª¨ r = 0 ¤® â®çª¨ r = R,   ãà ¢¥¨¥ (4.6) ¯à¨
ãá«®¢¨¨ (4.7) (m(R) ¨§¢¥áâ®) ãáâ®©ç¨¢® ç¨á«¥® ¨â¥£à¨àã¥âáï ®â â®çª¨ r = R
¤® â®çª¨ r = 0. � ª¨¬ ®¡à §®¬ à¥è¥¨¥ ¥ãáâ®©ç¨¢®© ªà ¥¢®© § ¤ ç¨ (4.1), (4.2)
c¢¥«®áì ª à¥è¥¨î âàñå ãáâ®©ç¨¢ëå § ¤ ç �®è¨: ¤«ï ãà ¢¥¨ï �¨ªª â¨ (4.4)
¨ ¤«ï ¤¢ãå «¨¥©ëå ãà ¢¥¨© (4.5) ¨ (4.6) ¯à¨  ç «ìëå ãá«®¢¨ïå (4.7).

�â¨¬ ¬¥â®¤®¬ ¢ â¥ç¥¨¥ 1953{1955 ££. ¡ë«® ¢àãçãî à ááç¨â ® ¡®«ìè®¥ ª®-
«¨ç¥áâ¢® § ¤ ç á® á«®¦ë¬ í¥à£¥â¨ç¥áª¨¬ á¯¥ªâà®¬ (¨, áâ «® ¡ëâì, á ¡®«ìè¨¬
ª®«¨ç¥áâ¢®¬ £àã¯¯) ¢ à ¬ª å ãá®¢¥àè¥áâ¢®¢ ®£® ¤¨ääã§¨®®£® ¯à¨¡«¨-
¦¥¨ï (�à§ ¬ á{16, à áçñâ ���{37 ¯® § ¤ ¨î �.�. � å à®¢ ).

�ãé¥áâ¢ãîâ ¤¢  ¬¥â®¤  ¯®«ãç¥¨ï á¨áâ¥¬ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢-
¥¨©,  ¯¯à®ªá¨¬¨àãîé¨å ãà ¢¥¨¥ ¯¥à¥®á : ¢ à¨ æ¨®ë© ¨ ª®¥ç®-à §-
®áâë©.

� à¨ æ¨®ë¥ ¬¥â®¤ë. � ¢ à¨ æ¨®®¬ ¬¥â®¤¥, ª®â®àë© ¬®¦® âà ªâ®-
¢ âì ª ª ®¡®¡é¥ë© ¬¥â®¤ � «¥àª¨ , ¯à¨¡«¨¦�¥®¥ à¥è¥¨¥ ¨éãâ ¢ ¢¨¤¥

nX
k=0

akgk(x)hk(
): (4:8)

�á«¨ ¢ (4.8) hk(
) { § ¤ ë¥ áä¥à¨ç¥áª¨¥ äãªæ¨¨, â® ¯®«ãç îâ ¬¥â®¤ áä¥à¨-
ç¥áª¨å £ à¬®¨ª, ¨«¨ Pn-¯à¨¡«¨¦¥¨ï { á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ¯® ¯à®áâ-
à áâ¢¥ë¬ ¯¥à¥¬¥ë¬ ãà ¢¥¨©. �«ï ãà ¢¥¨ï (2.15) ¨ ¥ç�¥âëå n ®¡®á-
®¢ ¨¥ ¬¥â®¤  ¡ë«® ¢¯¥à¢ë¥ ¯®«ãç¥® ¢ [16]; ¢ íâ®¬ á«ãç ¥ ® ¯à¥¢à é ¥âáï
¢ ¬¥â®¤ �¨âæ , à¥è¥¨¥ ª®â®à®£® ¬¨¨¬¨§¨àãîâ ª¢ ¤à â¨çë© äãªæ¨® «
(2.21).

�à¨ § ¤ ëå gk(x) ¯®«ãç ¥¬ á¨áâ¥¬ã ¢ëà®¦¤¥ëå ¨â¥£à «ìëå ãà ¢¥-
¨©,   ¯à¨ § ¤ ëå gk(x); hk(x) { ¬¥â®¤ë ª®¥çëå í«¥¬¥â®¢; ¤«ï ãà ¢¥¨ï
(2.16) à¥è¥¨ï ¯®«ãç¥ëå ãà ¢¥¨© ¬¨¨¬¨§¨àãîâ   á®®â¢¥âáâ¢ãîé¨å ¯®¤-
¯à®áâà áâ¢ å ª¢ ¤à â¨çë© äãªæ¨® « (2.21) [4].

�®¥ç®-à §®áâë¥ ¬¥â®¤ë. �®¥ç®-à §®áâë¥  ¯¯à®ªá¨¬ æ¨¨ ¬®-
£®¬¥àëå ãà ¢¥¨© ¯¥à¥®á  ¯à¥â¥à¯¥«¨ ¥¯à®áâãî ¨áâ®à¨î. �  ¯¥à¢ëå íâ -
¯ å ¨å à §¢¨â¨ï ¥ ãç¨âë¢ « áì á¯¥æ¨ä¨ª  à¥è¥¨©, £« ¤ª®áâì ã ª®â®àëå  -
¡«î¤ ¥âáï «¨èì ¢¤®«ì å à ªâ¥à¨áâ¨ª,   ¢®§¬®¦ë¥ à §àë¢ë ¢ à¥è¥¨¨ ¯® ¤àã-
£¨¬  ¯à ¢«¥¨ï¬ (¢®§¨ª îé¨¥ ¢ ¬®£®§®ëå § ¤ ç å á ¯«®áª¨¬¨ £à ¨æ ¬¨)
â ª¦¥ à á¯à®áâà ïîâáï ¢¤®«ì å à ªâ¥à¨áâ¨ª.

�¯¥à¢ë¥ à §®áâë© ¬¥â®¤ å à ªâ¥à¨áâ¨ª, ãç¨âë¢ îé¨© ã¯®¬ïãâãî á¯¥-
æ¨ä¨ªã à¥è¥¨©, ¡ë« ¯à¥¤«®¦¥ ¢ [15] ¤«ï à¥è¥¨ï § ¤ ç ¢ áä¥à¨ç¥áª®© £¥®-
¬¥âà¨¨ (à¨á. 1) ¨ ¢ [15] ¤®ª §   ¥£® áå®¤¨¬®áâì.
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�¨á. 1. �¥â®¤ å à ªâ¥à¨áâ¨ª

�®-¢¨¤¨¬®¬ã, â®«ìª® â¥ à §®áâë¥ áå¥¬ë á¯®á®¡ë ã¤®¢«¥â¢®à¨â¥«ì®  ¯-
¯à®ªá¨¬¨à®¢ âì ãà ¢¥¨¥ ¯¥à¥®á , ¢ ª®â®àëå § «®¦¥ë ¨¤¥¨ ¬¥â®¤  å à ª-
â¥à¨áâ¨ª. �à¥¤¨ â ª¨å áå¥¬ ¤®áâ®©ë ¢¨¬ ¨ï à §®áâë¥ ãà ¢¥¨ï á ¯®¢ë-
è¥®© «®ª «ì®©  ¯¯à®ªá¨¬ æ¨¥©, çâ® ¯®§¢®«ï¥â áãé¥áâ¢¥® á®ªà â¨âì ¯®-
àï¤®ª à¥è ¥¬ëå ãà ¢¥¨©. �à¨¢¥¤�¥¬ ¯à¨¬¥à ¯®¤®¡®©  ¯¯à®ªá¨¬ æ¨¨ ¤«ï
ãà ¢¥¨ï (2.17). �«ï íâ®£® à áá¬®âà¨¬ âà¨ â®çª¨ �1; �2; �3, «¥¦ é¨¥   å à ª-
â¥à¨áâ¨ª¥ x(�) = x0+
� ¢ ®¡« áâ¨ G. �ãáâì �3��2 = �2��1 = h > 0,   äãªæ¨ï
l(x) ¯à¨ �1 � � � �3 ¯®áâ®ï . �ãáâì

�2#2 = #1 � 2#2 + #3; !#2 =
5
6
#2 +

1
12
(#1 + #3)

à §®áâë¥ ®¯¥à â®àë, ¢ ª®â®àëå #i ¥áâì § ç¥¨¥ äãªæ¨¨ #i ¢ â®çª å xi =
x0 +
�i å à ªâ¥à¨áâ¨ª¨. �®£¤  à §®áâ®¥ ãà ¢¥¨¥

�l2 �
2u2
h2

= !(�u+ áSu+ q=�)2 (4:9)

¯à¨ ¤®áâ â®ç® £« ¤ª®¬ ¢¤®«ì å à ªâ¥à¨áâ¨ª¨ à¥è¥¨¨ ãà ¢¥¨ï (2.17) ¡ã¤¥â
á â®ç®áâìî 0(h4)  ¯¯à®ªá¨¬¨à®¢ âì íâ® ãà ¢¥¨¥ [4].

�¯¯à®ªá¨¬ æ¨¨ ¨â¥£à «ìëå ®¯¥à â®à®¢. � æ¥«ìî áãé¥áâ¢¥®£®
ã¬¥ìè¥¨ï ç¨á«  ã£«®¢ëå  ¯à ¢«¥¨© ¢ ª¢ ¤à âãàëå ä®à¬ã« å,  ¯¯à®ª-
á¨¬¨àãîé¨å ¨â¥£à «ìë¥ ®¯¥à â®àë, ¯à¥¤áâ ¢«ïîé¨¥ ¨â¥£à¨à®¢ ¨¥ ¯® ¥¤¨-
¨ç®© áä¥à¥, ¡ë«¨ à §à ¡®â ë ¬¥â®¤ë ¯®«ãç¥¨ï ª¢ ¤à âãàëå ä®à¬ã« â¨¯ 
� ãáá , ¨¢ à¨ âëå ®â®á¨â¥«ì® ¤¨áªà¥âëå £àã¯¯ ¢à é¥¨ï [21, 22, 27, 28].
�ë«¨ ¯®«ãç¥ë ¯ à ¬¥âàë â ª¨å ª¢ ¤à âãà ¯®¢ëè¥®©  «£¥¡à ¨ç¥áª®© áâ¥-
¯¥¨ â®ç®áâ¨ ¤® 131-£® ¯®àï¤ª , ¨¢ à¨ âëå ®â®á¨â¥«ì® £àã¯¯ë ®ªâ í¤à 
á ¨¢¥àá¨¥©. �¥á  íâ¨å ª¢ ¤à âãà ®ª § «¨áì ¯®«®¦¨â¥«ìë¬¨ ¨ ¤®áâ â®ç® ¢ë-
à®¢¥ë¬¨,   ã§«ë { ¤®áâ â®ç® à¥£ã«ïà® âà¨ £ã«¨àãîâ ¯®¢¥àå®áâì ¥¤¨-
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¨ç®© áä¥àë. �  à¨á. 2 ¯®ª § ® à á¯®«®¦¥¨¥ ã§«®¢ ª¢ ¤à âãàë 131-£® ¯®-
àï¤ª ; ®  á®¤¥à¦¨â 5810 ã§«®¢ ¨ â®ç® ¨â¥£à¨àã¥â ¯¥à¢ë¥ 17424 áä¥à¨ç¥áª¨¥
£ à¬®¨ª¨.

�¨á. 2. �¢ ¤à âãà  131-£® ¯®àï¤ª  ¤«ï áä¥àë

�¥àì�¥§ãî ¯à®¡«¥¬ã ¯à¨ à¥è¥¨¨ ¬®£®¬¥àëå § ¤ ç ¬¥â®¤®¬ å à ªâ¥à¨á-
â¨ª ¯à¥¤áâ ¢«ïîâ à §à ¡®âª¨ ¯®¤ íâ¨ § ¤ ç¨ ¤¢ãå ®¡®á®¢ ëå ¬¥â®¤®¢ ¯à®-
¤®«¦¥¨ï äãªæ¨©: ¨â¥à¯®«ïæ¨î ¢ à áç�¥âë¥ â®çª¨ å à ªâ¥à¨áâ¨ª § ç¥¨©
¯à ¢ëå ç áâ¥© Q ãà ¢¥¨© (§ ¤ ëå   ¥ª®â®à®© á¥âª¥ Dn) ¨ à §®c ¢ â®çª¨
Dn ¤«ï ¢ëç¨á«¥¨ï äãªæ¨¨ Q § ç¥¨© '(xi;
k), à ááç¨âë¢ ¥¬ëå   å à ª-
â¥à¨áâ¨ª å (à¨á. 1).

�â¥à æ¨®ë¥ ¬¥â®¤ë. ��-¬¥â®¤. �à¨ áãé¥áâ¢ãîé¥¬ ãà®¢¥ ¢ëç¨á«¨-
â¥«ì®© â¥å¨ª¨ ª« áá¨ç¥áª¨¥ «¨¥©ë¥ ¨â¥à æ¨®ë¥ ¬¥â®¤ë,   â ª¦¥ ¬¥â®¤ë
ãáª®à¥¨ï ¨å ¥¯à¨¬¥¨¬ë ¤«ï à¥è¥¨ï ¬®£®¬¥àëå § ¤ ç ¯¥à¥®á , â.ª. âà¥-
¡ãîâ § ¯®¬¨ ¨ï ¢ ¯ ¬ïâ¨ ��� ¥¯®¬¥à® ¡®«ìè®£® ®¡ê�¥¬  ¨ä®à¬ æ¨¨ ®
¯à¥¤ë¤ãé¥¬ ¯à¨¡«¨¦¥¨¨ 'k(x;
). �®íâ®¬ã ¢  ç «¥ 60-å £®¤®¢ ¡ë« à §à ¡®-
â  ��-¬¥â®¤ ¨ ¬¥â®¤ë ãáª®à¥¨ï ¥£® ¢ ¯®¤¯à®áâà áâ¢¥ äãªæ¨©, § ¢¨áïé¨å
â®«ìª® ®â x [4]. �¥â®¤ ¡ë« ¢ 1963 £. ãá¯¥è® ¢¥¤à�¥ ¤«ï ¢ëç¨á«¥¨ï ª®-
íää¨æ¨¥â  â¥¯«®¢®£® ¨á¯®«ì§®¢ ¨ï ¢ ïç¥©ª å à¥ ªâ®à  á® á«®¦ë¬¨ â¥¯«®-
¢ë¤¥«ïîé¨¬¨ í«¥¬¥â ¬¨. �¥â®¤ âà¥¡ã¥â § ¯®¬¨ ¨ï â®«ìª® § ç¥¨© S'k.
�¯¨è¥¬ ¥£® ¯à®áâ¥©èãî áå¥¬ã   ¯à¨¬¥à¥ ¨á¯®«ì§®¢ ¨ï ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨© (2.12) ¨ (2.27). � �¥¬ ¯® § ¤ ®¬ã ¯à¨¡«¨¦¥¨î S'k á«¥¤ãîé¥¥
¯à¨¡«¨¦¥¨¥ S'k+1  å®¤ïâ á®£« á® à¥ «¨§ æ¨¨ ¤¢ãå ®¯¥à æ¨©: ®¯¥à æ¨¨ K-
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¯à®áâ®© ¨â¥à æ¨¨ ¯® ¨áâ®ç¨ªã ¤«ï ãà ¢¥¨ï ¯¥à¥®á 

L'k+1=2 = �(x)S'k + q; (4:10)

à¥§ã«ìâ â®¬ ª®â®à®© ï¢«ï¥âáï ®¡à §®¢ ¨¥ ¨ § ¯®¬¨ ¨¥ ¬ áá¨¢  ¢¥«¨ç¨
S'k+1=2, ¨ ®¯¥à æ¨¨ P -à¥è¥¨ï ¤«ï ¯®¯à ¢ª¨ wk+1=2 ªà ¥¢®© § ¤ ç¨ ¤«ï ¤¨ä-
äã§¨®®£® ãà ¢¥¨ï â¨¯  (2.27)

�gkdivDrwk+1=2 + �1(x)wk+1=2 = �(x)S('k+1=2 � S'k); (4:11)

¯®á«¥ ¢ë¯®«¥¨ï ª®â®à®© ¯®« £ ¥¬

S'k+1=2 = S'k+1 + wk+1=2; k = 0; � � �N � 1: (4:12)

� ä®à¬ã«¥ (4.11) gk { ãáª®àïîé¨¥ ��-¬¥â®¤ ¨â¥à æ¨®ë¥ ¯ à ¬¥âàë. � -
ç¥¨ï ¨å  ©¤¥ë ¤«ï ¬®¤¥«ìëå § ¤ ç [4]: gk = (1 + yk)=2, £¤¥ yk { ª®à¨
¬®£®ç«¥  �ª®¡¨ P (�1=2;2N)

N (y).
�¥¡ëè¥¢áª¨© ®¤®è £®¢ë© ¨â¥à æ¨®ë© ¬¥â®¤ ï¢«ï¥âáï ã¨¢¥àá «ìë¬

 «£®à¨â¬®¬ ãáª®à¥¨ï ¬¥â®¤®¢ ¨â¥à æ¨©. �¤ ª® ¤«ï ¯«®å® ®¡ãá«®¢«¥ëå
á¨áâ¥¬ ãà ¢¥¨© íâ®â ¬¥â®¤ áç¨â «áï ¥ãáâ®©ç¨¢ë¬. �®¯ëâª¨ ¯à¨¬¥¥¨ï
¥£® ¯à¨¢®¤¨«¨ ª ª â áâà®ä¨ç¥áª®¬ã ¢®§à áâ ¨î ®è¨¡®ª ®ªàã£«¥¨ï. �®íâ®¬ã
íâ®â ¬¥â®¤ ¥  å®¤¨« è¨à®ª®£® ¯à¨¬¥¥¨ï. �¯¥à¢ë¥ ¢ ¨áá«¥¤®¢ ¨ïå �.�. �¥-
¡¥¤¥¢  ¨ �.�. �¨®£¥®¢  [29, 30] ¡ë«® ¯®ª § ®, çâ® ãáâ®©ç¨¢®áâì ¬¥â®¤  áã-
é¥áâ¢¥® § ¢¨á¨â ®â ¯®àï¤ª  ã¯®âà¥¡«¥¨ï ¯ à ¬¥âà®¢, ¨ ¯à¥¤«®¦¥ë  «£®-
à¨â¬ë ¯¥à¥¬¥è¨¢ ¨ï ¨å, ®¡¥á¯¥ç¨¢ îé¨¥ ãáâ®©ç¨¢®áâì áç¥â . �«ï ãáª®à¥¨ï
¢¥è¨å ¨ ¢ãâà¥¨å ¬¥¤«¥® áå®¤ïé¨åáï ¨â¥à æ¨© ¢ § ¤ ç å   kef (2.24) ¨
(2.27), (2.28) ¡ë«¨ á®§¤ ë ãáâ®©ç¨¢ë¥ ¡¥áª®¥ç® ¯à®¤®«¦ ¥¬ë¥ ç¥¡ëè¥¢áª¨¥
¬¥â®¤ë á ¯à¨¬¥¥¨¥¬ T-¯®á«¥¤®¢ â¥«ì®áâ¨ [4, 25, 29], ®à¬  ®¡é¥£® ®¯¥à â®à 
¯¥à¥å®¤  ã ª®â®àëå   ª ¦¤®¬ ¨â¥à æ¨®®¬ è £¥ ¥ ¢ëè¥ ¥¤¨¨æë.

�®£¨¥ ®¯â¨¬ «ìë¥  «£®à¨â¬ë ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨ ®á®¢ ë  
¨á¯®«ì§®¢ ¨¨ á¢®©áâ¢ íªáâà¥¬ «ìëå ¬®£®ç«¥®¢ (��). � ª ç¥áâ¢¥ �� ¨á-
¯®«ì§ãîâáï, ª ª ¯à ¢¨«®, ¬®£®ç«¥ë �¥¡ëè¥¢ . �¤ ª® ¯à¨  «¨ç¨¨ ¡®«¥¥
â®ç®© ¨ä®à¬ æ¨¨ ®¡ ¨áª®¬®¬ à¥è¥¨¨ § ¤ ç¨ ¢®§¨ª îâ ®¢ë¥ ¯®áâ ®¢ª¨
®¯â¨¬¨§ æ¨¨ ¬¥â®¤®¢ à¥è¥¨ï, âà¥¡ãîé¨¥ à §à ¡®âª¨ íää¥ªâ¨¢ëå ãáâ®©ç¨-
¢ëå ¬¥â®¤®¢  å®¦¤¥¨ï �� , ª®íää¨æ¨¥âë ª®â®àëå ¯®¤ç¨¥ë ¥«¨¥©ë¬
á¢ï§ï¬. �¥«ìî ¯à®¢¥¤¥ëå ¢ [25, 26] ¨áá«¥¤®¢ ¨© ¡ë«  à §à ¡®âª  ®¢ëå íä-
ä¥ªâ¨¢ëå ¨ ãáâ®©ç¨¢ëå ¬¥â®¤®¢ ¯®«ãç¥¨ï ¯ à ¬¥âà®¢ íªáâà¥¬ «ìëå ¬®£®-
ç«¥®¢ ¢ëá®ª®£® ¯®àï¤ª  á® á¢ï§ï¬¨ ¤«ï ¨á¯®«ì§®¢ ¨ï ¨å ¢ ®¯â¨¬ «ìëå ¬¥-
â®¤ å à¥è¥¨ï § ¤ ç ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨ ¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ¯®
á«¥¤ãîé¨¬  ¯à ¢«¥¨ï¬. �áá«¥¤®¢ ¨¥ á¢®©áâ¢ �� �®«®â à¥¢ , �¥à®¨¬ãá ,
����{¬®£®ç«¥®¢. �â¨ ¬®£®ç«¥ë ã¤®¢«¥â¢®àïîâ ®¡®¡é¥®¬ã ãá«®¢¨î
 «ìâ¥à á  ¨ § ¢¨áïâ ®â ¥áª®«ìª¨å á¢®¡®¤ëå ¯ à ¬¥âà®¢, á ¨å ¯®¬®éìî  ©-
¤¥ë   «¨â¨ç¥áª¨¥ à¥è¥¨ï ®¢ëå íªáâà¥¬ «ìëå § ¤ ç á® á¢ï§ï¬¨. �§ãç¥¨¥
¬®£®ç«¥®¢,  ¨¬¥¥¥ ®âª«®ïîé¨åáï ®â ã«ï ¢ ®¡« áâïå ¯«®áª®áâ¨ ª®¬¯«¥ª-
á®£® ¯¥à¥¬¥®£®, ®£à ¨ç¥ëå «¥¬¨áª â ¬¨ á¯¥æ¨ «ìëå â¨¯®¢. �¯â¨¬¨§ -
æ¨ï ¤¢ãå- ¨ âà¥åç«¥ëå ¨â¥à æ¨®ëx ¬¥â®¤®¢  å®¦¤¥¨ï à¥è¥¨ï «¨¥©ëå
®¯¥à â®àëå ãà ¢¥¨© ¨ ç áâ¨çëå § ¤ ç   á®¡áâ¢¥ë¥ § ç¥¨ï. � íâ¨å
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§ ¤ ç å ¯à¥¤¯®« £ ¥âáï, çâ® á¯¥ªâà ®¯¥à â®à  ¬®¦¥â ¯à¨ ¤«¥¦ âì ®¡« áâï¬
á¯¥æ¨ «ì®£® ¢¨¤ , ®â«¨ç®£® ®â ®âà¥§ª  ¨«¨ í««¨¯á . �¯à¥¤¥«¥¨¥ ¯ à ¬¥âà®¢
�� ¤«ï ï¢ëå ¤¢ãåá«®©ëå ãáâ®©ç¨¢ëå à §®áâëå áå¥¬ 3-£® ¨ 4-£® ¯®àï¤ª 
â®ç®áâ¨ á ¬ ªá¨¬ «ìë¬ (¯® ãáâ®©ç¨¢®áâ¨) áà¥¤¨¬ è £®¬ ¤«ï ¨â¥£à¨à®¢ -
¨ï ¦¥áâª¨å á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �®«ãç¥¨¥ ª¢ ¤à âãàëå
ä®à¬ã« â¨¯  � ãáá , â®çëå ¤«ï ¢á¥å ¤à®¡®-à æ¨® «ìëå äãªæ¨© á ä¨ªá¨-
à®¢ ë¬ § ¬¥ â¥«¥¬.

� à ««¥«ìë¥ ¢ëç¨á«¥¨ï. � «ì¥©è¨© ¯à®£à¥áá ¢ ç¨á«¥ëå ¬¥â®¤ å
à¥è¥¨ï ¬®£®¬¥àëå ãà ¢¥¨© ¯¥à¥®á  ¥¢®§¬®¦¥ ¡¥§ ¯à¨¬¥¥¨ï ¬®éëå
¯ à ««¥«ì® ¤¥©áâ¢ãîé¨å ¢ëç¨á«¨â¥«ìëå á¨áâ¥¬. �®íâ®¬ã áâ ®¢ïâáï  ªâã-
 «ìë¬¨ à §à ¡®âª¨ ¬¥â®¤®¢ à¥è¥¨ï ¨áå®¤®© á«®¦®© § ¤ ç¨   ®á®¢¥ ¬¥â®-
¤®¢ à¥è¥¨ï á®áâ ¢«ïîé¨å ¥�¥ ¯®¤§ ¤ ç ¨ á®§¤ ¨¥   íâ®© ®á®¢¥ íää¥ªâ¨¢ëå
¨â¥à æ¨®ëå ¬¥â®¤®¢. �áâ¥áâ¢¥® ¯à¨ íâ®¬ ª ¦¤ãî § ¤ çã à áá¬ âà¨¢ âì
ª ª ¥ª¨© "ç¥àë© ïé¨ª", á®áâ®ï¨¥ ª®â®à®£® ®¯à¥¤¥«ï¥âáï «¨èì ¢å®¤®© ¨
¢ëå®¤®© ¨ä®à¬ æ¨¥©,   à¥è¥¨¥ ¥�¥ ¤ �¥âáï   ®âªã¯ ®â¤¥«ì®© ª®¬¯ìîâ¥à®©
á¨áâ¥¬¥.

�à¨ à áç�¥â å à¥ ªâ®à®¢ ¢®§¨ª ¥â ¨ ¤àã£ ï ¯à®¡«¥¬ . �¤ «¨ ®â ¥à ¢®-
¬¥à®áâ¥© ã«¥¢®© ¬®¬¥â S' ¤®áâ â®ç® â®ç® ®¯à¥¤¥«ï¥âáï ¨§ ¤¨ääã§¨®-
®£® ¯à¨¡«¨¦¥¨ï (2.27) (á¬.à¨á. 5). �®íâ®¬ã ¢®§¨ª ¥â § ¤ ç  ª®àà¥ªâ®£®
á®£« á®¢ ¨ï à¥è¥¨© ãà ¢¥¨© ¯¥à¥®á  ¨ ¤¨ääã§¨¨ ¥©âà®®¢. � «®£¨ç-
ë¥ ¯à®¡«¥¬ë ¢®§¨ª îâ ¨ ¢ ¯ à ««¥«ìëå á¨áâ¥¬ å, ¥á«¨ ª ¦¤ ï ¨§ ¯®¤§ ¤ ç
à¥è ¥âáï á¢®¨¬¨ ¬¥â®¤ ¬¨ (¢ à¨ æ¨®ë¬¨ ¨«¨ à §®áâë¬¨, ¢ à §ëå £¥®¬¥â-
à¨ïå).

� ¬¥â®¤¥ ª®¬¯®§¨æ¨¨ [19] ¨áá«¥¤®¢ ë ãá«®¢¨ï, ¯à¨ ¢ë¯®«¥¨¨ ª®â®àëå
§ ¤ ç , á®áâ ¢«¥ ï ¨§ ¯®¤§ ¤ ç, ¯®áâ ¢«¥  ª®àà¥ªâ®. �ãáâì ¤«ï ¯à®áâ®âë
¨§«®¦¥¨ï ª ¦¤ ï ¨§ ¤¢ãå ¯®¤§ ¤ ç ¤«ï  å®¦¤¥¨ï ui 2 Vi § ¤   ¢ à¨ æ¨-
®ë¬¨ ãà ¢¥¨ï¬¨

ai(ui; vi) = fi(vi); 8vi 2 Vi; i = 1; 2; (4:13)

£¤¥ ai(ui; vi) { ®£à ¨ç¥ë¥ í««¨¯â¨ç¥áª¨¥ ä®à¬ë, ®¯à¥¤¥«¥ë¥   í«¥¬¥-
â å ui; vi £¨«ì¡¥àâ®¢ëå ¯à®áâà áâ¢ Vi,   fi(vi) { ®£à ¨ç¥ë¥   Vi «¨¥©ë¥
äãªæ¨® «ë. �®£¤  ¤«ï  å®¦¤¥¨ï u = (u1; u2) ¨§ ®¢®£® £¨«ì¡¥àâ®¢  ¯à®áâ-
à áâ¢  �V 2 V1 � V2, ¬®¦® áä®à¬ã«¨à®¢ âì á®áâ ¢ãî § ¤ çã ¢¨¤ 

a1(u1; v1) + a2(u2; v2) = �f1(v1) + �f2(v2); 8v = (v1; v2) 2 �V ; (4:14)

á ãá«®¢¨ï¬¨ á®£« á®¢ ¨ï
�U11u1 = �U22u2;

(4.15)

�J1�1u+ �J2�2u2 = �;

£¤¥ i; i = 1; 2; { ®¯¥à â®àë,  §ë¢ ¥¬ë¥ ®¯¥à â®à ¬¨ �¨à¨å«¥,   �i { á®®â¢¥âáâ-
¢ãîé¨¥ ¨¬ ®¯¥à â®àë �¥©¬  , ®¯à¥¤¥«ï¥¬ë¥ ¯® ä®à¬ã«¥ �à¨  ¤«ï ai(ui; vi).
�áá«¥¤®¢ ë ãá«®¢¨ï   ®¯¥à â®àë �Ui; Ji; i = 1; 2; ¨ ¯à®áâà áâ¢® �V , ¯à¨ ¢ë-
¯®«¥¨¨ ª®â®àëå á®áâ ¢ ï § ¤ ç  (4.14), (4.15) ¡ã¤¥â ª®àà¥ªâ® ¯®áâ ¢«¥ . �
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á¢ï§¨ á íâ¨¬ ¨§ãç¥ë á¢®©áâ¢  £à ¨çëå ®¯¥à â®à®¢,  §¢ ëå ®¯¥à â®à ¬¨
�ã ª à¥-�â¥ª«®¢ . �¨ ®¯à¥¤¥«ïîâáï à ¢¥áâ¢ ¬¨

Si�iui = iui; i = 1; 2; (4:16)

£¤¥ ui { à¥è¥¨¥ ®¤®à®¤ëå (¯à¨ ã«¥¢®¬ ¢ãâà¥¥¬ ¨áâ®ç¨ª¥) § ¤ ç (4.13),
i = 1; 2. �¡« áâ¨ ®¯à¥¤¥«¥¨ï ¨ § ç¥¨© íâ¨å ®¯¥à â®à®¢ ®¯à¥¤¥«ïîâ ¤«ï
ª ¦¤®© ¨§ ¯®¤§ ¤ ç ¢¨¤ ¯¥à¥¤ ¢ ¥¬®© "¢ãâàì" ¨ "¢¥" ¨ä®à¬ æ¨¨.

�âà®¥¨¥ ï¤¥à®£® à¥ ªâ®à  ¨¬¥¥â ïç¥¥çãî áâàãªâãàã, ª®â®à ï ¥áâ¥áâ¢¥-
ë¬ ®¡à §®¬ ®¯à¥¤¥«ï¥â â¨¯ ¯®¤§ ¤ ç { à áç¥â ¯®«ï ¥©âà®®¢ ¢ãâà¨ ïç¥¥ª
à¥ ªâ®à . �¥è¥¨ï ¦¥ ïç¥¥çëå § ¤ ç ¯à¥¤áâ ¢¨¬ë ç¥à¥§ á®¡áâ¢¥ë¥ äãª-
æ¨¨ á®®â¢¥âáâ¢ãîé¨å ¤«ï ª ¦¤®© ïç¥©ª¨ ®¯¥à â®à®¢ �ã ª à¥ { �â¥ª«®¢ 

Sie = �e; i = 1; 2; � � � (4:17)

�  ®á®¢¥ áª § ®£® áä®à¬ã«¨à®¢ ë ¨ ¨áá«¥¤®¢ ë   ®¯¥à â®à®¬ ãà®¢¥
ç¥¡ëè¥¢áª¨¥ ¨â¥à æ¨®ë¥ ¬¥â®¤ë á ¯¥à¥¬¥ë¬¨ ¯ à ¬¥âà ¬¨ ¤«ï à¥è¥¨ï
®¡é¥© § ¤ ç¨. �ää¥ªâ¨¢®áâì ¯®¤®¡ëå ¬¥â®¤®¢ ¤«ï ®¤®£àã¯¯®¢ëå § ¤ ç ¯¥-
à¥®á  ¢ ¯«®áª®© £¥®¬¥âà¨¨ ¡ë«  ¨áá«¥¤®¢   ¢ [31, 32].

5. �¥áâ æ¨® àë¥ § ¤ ç¨, á¯¥ªâà «ìë©   «¨§.
�á«®¢¨ï áè¨¢ª¨ à¥è¥¨©

��¥áâª¨¥ á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¨ ï¢ë¥ ¬¥â®¤ë.
� áá¬ âà¨¢ ¥¬ë¥ ¢ ¥¤¨®¬ ª®¬¯«¥ªá¥ âà¨ ¯à®¡«¥¬ë: ¬¥â®¤ë à¥è¥¨ï ¦�¥áâª¨å
á¨áâ¥¬ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¡®«ìè®£® ¯®àï¤ª , à §-
®áâë¥ ¨«¨ ¢ à¨ æ¨®ë¥ ¬¥â®¤ë à¥è¥¨ï § ¤ ç ¯¥à¥®á  ¨ ¤¨ääã§¨¨ ¥©âà®-
®¢ ¨ ¬¥â®¤ë à á¯ à ««¥«¨¢ ¨ï ¤«ï ¬®£®¯à®æ¥áá®àëå ��� ¯®¡ã¦¤ îâ ¢¥à-
ãâìáï ¥é�¥ à § ª ¨áá«¥¤®¢ ¨î íää¥ªâ¨¢®áâ¨ ï¢ëå à §®áâëå áå¥¬, ª®â®àë¥
¢ à §¡¨à ¥¬®© á¨âã æ¨¨ ¤®¯ãáª îâ ¯®çâ¨ ¨¤¥ «ì®¥ à á¯ à ««¥«¨¢ ¨¥ ¢ëç¨á-
«¥¨©.

�á«¨  ¯¯à®ªá¨¬¨à®¢ âì ¢ ¥áâ æ¨® àëå ãà ¢¥¨ïå (2.1), (2.4), (2.8), (2.9),
(2.25) ¤¨ää¥à¥æ¨ «ìë¥ ¯® x ®¯¥à â®àë ª®¥ç®¬¥àë¬¨, â® ¬ë ¯®«ãç¨¬ á¨á-
â¥¬ã «¨¥©ëå ®¡ëª®¢¥ëå ¯® t ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (¥áâ æ¨® à-
ë¥ ãà ¢¥¨ï ¬¥â®¤  ¯àï¬ëå).

�« £®¤ àï ã¯®¬ïãâ®©  ¯¯à®ªá¨¬ æ¨¨,  «¨ç¨î ¬ «®£® ¬®¦¨â¥«ï ¯à¨ @u
@t

¢ ãà ¢¥¨ïå (2.9), (2.25) ¨ ¡®«ìè¨å ¬®¦¨â¥«ïå ¢ ¯à ¢ëå ç áâïå ãà ¢¥¨©
(2.1), (2.8) ¯®«ãç ¥¬   ®âà¥§ª¥ 0 � t � T ¦�¥áâªãî § ¤ çã �®è¨ ¤«ï á¨áâ¥¬ë
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© n-£® ¯®àï¤ª  ¢¨¤ 

du

dt
= Au+ q; ujt=0 = u0; (5:1)

£¤¥ u = (u1; : : : ; un), u0 = (u01; : : : ; u0n), q = (q1; : : : ; qn), A { (n � n)-¬ âà¨æ .
�ãáâì (�i; 'i) { á®¡áâ¢¥ë¥ ¯ àë ¬ âà¨æë A, Sp(A) = f�ig, f'ig ®¡à §ãîâ
¡ §¨á ¢ ¯à®áâà áâ¢¥ Rn,   «¥¦ é ï ¢ «¥¢®© ¯®«ã¯«®áª®áâ¨ ª®¬¯«¥ªá®£® ¯¥-
à¥¬¥®£® z ç áâì á¯¥ªâà  f�ig ¯à¨ ¤«¥¦¨â ®¡« áâ¨ B, á®¤¥à¦ é¥©áï ¢ ªàã£¥
Kr ¬¨¨¬ «ì®£® à ¤¨ãá  r > 0 ¢¨¤ 

Kr = fz : jz + rj � rg: (5:2)
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� §®¢�¥¬ § ¤ çã (5.2) ¦�¥áâª®©, ¥á«¨

rT � 1: (5:3)

�®£¤  ¤«ï ï¢ëå ¬¥â®¤®¢ �©«¥à  á ¯®áâ®ïë¬ è £®¬ h ¯® ¢à¥¬¥¨ ¯®á«¥¤¨©,
¤«ï ãáâ®©ç¨¢®£® áç�¥â , ¤®«¦¥ ã¤®¢«¥â¢®àïâì ¥à ¢¥áâ¢ã

h � cou = r�1; (5:4)

ª®â®à®¥  ª« ¤ë¢ ¥â á¨«ì®¥ ®£à ¨ç¥¨¥   à §¬¥à ¢à¥¬¥®£® è £ . �¤ ª®
áãé¥áâ¢ãîâ ï¢® ãáâ®©ç¨¢ë¥  «£®à¨â¬ë á ¯¥à¥¬¥ë¬¨ è £ ¬¨ �k+1 ¢¨¤ 

uk+1 = uk + �k(Auk + qk); k = 0; 1; : : : ; N � 1; (5:5)

¨â¥£à¨àãîé¨¥ ¦�¥áâªãî § ¤ çã �®è¨ ¯à¨ § âà â¥ áãé¥áâ¢¥® ¬¥ìè¥£® ª®«¨-

ç¥áâ¢  è £®¢ [23, 24]. �«ï ¨å lN =
NP
i=1

�i = P 0
N (0), £¤¥ ¬®£®ç«¥ PN (z) ¨¬¥¥â

¢¨¤

PN (z) =
NY
i=1

(1 + �iz): (5:6)

�à¨ ¢ë¯®«¥¨¨ ãá«®¢¨©  ¯¯à®ªá¨¬ æ¨¨ ® ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ãáâ®©ç¨-
¢®áâ¨

max
z2B

jPN (z)j � 1 (5:7)

¨ ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ � àª®¢ 

PN (z) = arg sup
RN

(R0
N (0)); (5:8)

£¤¥ lN = sup
RN

(R0
N (0)) ¢§ïâ ¯® ¢á¥¬ ¬®£®ç«¥ ¬ ¢¨¤  (5.6), ã¤®¢«¥â¢®àïîé¨¬

ãá«®¢¨ï¬ (5.7). �á«¨ ®¡®§ ç¨âì ç¥à¥§ zi; i = 1; � � � ; N , ª®à¨ íªáâà¥¬ «ì®£®
¬®£®ç«¥  (5.8), â® ¢ ®¯â¨¬ «ì®¬ ¬¥â®¤¥ (5.5) ¢à¥¬¥ë¥ è £¨ ®¯à¥¤¥«ï-
îâáï ¨§ ¬®¦¥áâ¢  ç¨á¥«: �z�1i ; i = 1; � � � ; N . � ¯à¥¤¥«ì®¬ á«ãç ¥, ª®£¤ 
B = [�M; 0]; M � 1, à¥è¥¨¥¬ (5.8) ¡ã¤¥â ¬®£®ç«¥ �¥¡ëè¥¢ ,   â®£¤  § 
N è £®¢ ®¯â¨¬ «ì®£® ¬¥â®¤  (5.5) ¬ë ¯à®¤¢¨¥¬áï ¯® ¢à¥¬¥¨   ¢¥«¨ç¨ã

lN = N2cou: (5:9)

�§«®¦¥ë© ¬¥â®¤ ¯à¥¤¯®« £ ¥â, çâ® ª®à¨ ¬®£®ç«¥  (5.8) ¤¥©áâ¢¨â¥«ìë.
�«ï ®¡é¥£® á«ãç ï ¯®«ãç¥ë ¤àã£¨¥ ä®à¬ã«ë ï¢®£® ¬¥â®¤ . �«ï ¯à®áâ®âë
¯ãáâì N = 2n. �®£¤  ¬®£®ç«¥ PN (z) (5.8) ¬®¦® ä ªâ®à¨§®¢ âì   ª¢ ¤-
à â¨çë¥ ¬®¦¨â¥«¨, ¯®«ãç¨âì á«¥¤ãîé¨¥ ä®à¬ã«ë ¨â¥£à¨à®¢ ¨ï § ¤ ç¨
(5.1):

yk+1=2 = uk + hk+1f(uk; tk);
tk+1=2 = tk + hk+1;
yk+1 = yk+1=2 + hk+1f(yk+1=2; tk+1=2);
tk+1 = tk+1=2 + hk+1;
uk+1 = yk+1 + k+1hk+1(f(uk; tk)� f(yk+1=2; tk+1=2));

(5:10)
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k = 0; 1; : : : ; n� 1; f(u; t) = Au+ q;

�â®â ¬¥â®¤ á®áâ®¨â ¨§ ¤¢ãå í©«¥à®¢ëå è £®¢ ¨ ¯®¯à ¢ª¨. � ¥¬ ¯ à ¬¥âàë hi; i
«¥£ª® ®¯à¥¤¥«ïîâáï ¯® ª®àï¬ PN (z). �¥â®¤ (5.10), ãç¨âë¢ îé¨© ¨ ª®¬¯«¥ªá-
ë© á¯¥ªâà, ¡ë« § ¯à®£à ¬¬¨à®¢  ¢ ¯à®£à ¬¬¥ DUMKA; ¢ ¥© ¢ § ¢¨á¨¬®áâ¨
®â ãá«®¢¨©  ¯¯à®ªá¨¬ æ¨¨ 2 � N � 216 � 36 [23, 24]. � ¯®¬®éìî íâ®© ¯à®£à ¬¬ë
¡ë« ãá¯¥è® à¥è¥ àï¤ «¨¥©ëå ¨ ¥«¨¥©ëå ¬®£®¬¥àëå § ¤ ç ¬ â¥¬ â¨-
ç¥áª®© ä¨§¨ª¨ á ¤¥©áâ¢¨â¥«ìë¬ ¨ ª®¬¯«¥ªáë¬ á¯¥ªâà®¬.

�¯¥ªâà «ìë¥ § ¤ ç¨. �«ï á®§¤ ¨ï ¤®¡à®âëå ¬¥â®¤®¢ à¥è¥¨ï (¢ª«î-
ç ï ¨â¥à æ¨®ë¥) áâ æ¨® àëå ¨ ¥áâ æ¨® àëå § ¤ ç ¯¥à¥®á  á«¥¤ã¥â
¨¬¥âì ¨ä®à¬ æ¨î ® à á¯®«®¦¥¨¨ á¯¥ªâà  § ¤ ç (2.1), (2.8), (2.25) ¨ ¨å à §-
®áâëå   «®£®¢. �¤¥áì ¬ë áâ «ª¨¢ ¥¬áï á ¥âà ¤¨æ¨®®© ¤«ï ä¨§¨ª¨ á¨âã-
 æ¨¥©: ¤¨áªà¥âë© á¯¥ªâà ¨¬¥¥â ¨ ª®¥çë¥ ¯à¥¤¥«ìë¥ â®çª¨,   ¥¯à¥àë¢ë©
á¯¥ªâà § ¯®«ï¥â ¬ áá¨¢ãî, ¢¯«®âì ¤® �1, ç áâì ¯«®áª®áâ¨ ª®¬¯«¥ªá®£®
¯¥à¥¬¥®£®. � á¯®«®¦¥¨¥ ¯®«®£® á¯¥ªâà  ¤¨áªà¥âëå   «®£®¢ ãà ¢¥¨©
¯¥à¥®á  ¨áá«¥¤®¢ ® ¬ «®. �¯¥à¢ë¥ ¢ à ¡®â å [35, 36] ¤ ® ¯®«®¥ ®¯¨á ¨¥
á¯¥ªâà  ¤«ï ¯«®áª®© âà�¥å§®®© à §®áâ®© ¬®¤¥«¨ à¥ ªâ®à  ���� ¢ ¤¨ääã-
§¨®®¬ ¯à¨¡«¨¦¥¨¨ á è¥áâìî £àã¯¯ ¬¨ § ¯ §¤ë¢ îé¨å ¥©âà®®¢. �à¨£¨-
 «ì ï â¥å®«®£¨ï á¯¥ªâà «ì®£®   «¨§ , à §à ¡®â  ï ¢ [42], ¯®§¢®«¨« 
¨áá«¥¤®¢ âì í¢®«îæ¨î á¯¥ªâà «ì®£® á®áâ ¢  ¥áâ æ¨® àëå à¥è¥¨©: ¢ë¤¥-
«¨âì £« ¢®¥ ¨¢ à¨ â®¥ ¯à®áâà áâ¢® ¨ ®æ¥¨âì ®à¬ë ¯à®¥ªæ¨¨ à¥è¥¨ï  
¨¢ à¨ â®¥ ¯®¤¯à®áâà áâ¢®, ¤®¯®«¨â¥«ì®¥ ª £« ¢®¬ã. �â® ¯®§¢®«¨«® ¯®-
«ãç¨âì å®à®èãî  á¨¬¯â®â¨ªã ¤«ï à¥è¥¨ï ¥áâ æ¨® àëå § ¤ ç, ã¤¥à¦¨¢ ï
¢ à §«®¦¥¨¨ ¢ àï¤ �ãàì¥ à¥è¥¨ï ¬ «®¥ ª®«¨ç¥áâ¢® á« £ ¥¬ëå.

�¨á. 3. �¯¥ªâà ¤¢ãå£àã¯¯®¢®© § ¤ ç¨

�  à¨á. 3, 4 ¯®ª §  ¯®«ë© á¯¥ªâà ¯«®áª®©, ªà¨â¨ç¥áª®©, âà�¥å§®®©,
¤¨áªà¥â®© § ¤ ç¨ (2.26) á è¥áâìî £àã¯¯ ¬¨ § ¯ §¤ë¢ îé¨å ¥©âà®®¢ ¨ ¢®-
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á¥¬ìî ã£«®¢ë¬¨  ¯à ¢«¥¨ï¬¨, á®¤¥à¦ é¨© 1986 â®ç¥ª. �¡à §®¢ ë¥ â®ç-
ª ¬¨ ®¢ «ë  ¯¯à®ªá¨¬¨àãîâ â®çª¨ ¥¯à¥àë¢®£® á¯¥ªâà  ¨áå®¤®© § ¤ ç¨ ( 
à¨á. 4 ¢ ã¢¥«¨ç¥®¬ à §¬¥à¥ ¯®ª § ® á®¤¥à¦ ¨¥ "ª«ïªáë"   à¨á. 3). � §¡à®á
á¯¥ªâà  á¢¨¤¥â¥«ìáâ¢ã¥â, çâ® á®®â¢¥âáâ¢ãîé ï ¥áâ æ¨® à ï § ¤ ç  ï¢«ï¥âáï
¦�¥áâª®© á ª®¬¯«¥ªáë¬ á¯¥ªâà®¬.

�¨á. 4. �¯¥ªâà ¢ãâà¨ "ª«ïªáë"

�â® áç¨â âì ¨ ª ª áè¨¢ âì? �à¥¤áâ ¢¨¬ ¥áâ æ¨® àë¥ ãà ¢¥¨ï (2.1),
(2.8), (2.25), § ¯¨á ë¥ ¢¤®«ì å à ªâ¥à¨áâ¨ª, ¢ ¢¨¤¥

du

dt
= f(u; v; t); (5:11)

£¤¥ u ¥áâì N ¨«¨ ', ¯à¨ç�¥¬
' = vN; (5:12)

v §¤¥áì ã¤®¡® à áá¬®âà¥âì ª ª ¯ à ¬¥âà. �¯à¥¤¥«¨¬ ¤«ï ãà ¢¥¨ï (5.11)
§ ¤ çã �®è¨   ®âà¥§ª¥ [0; T ] á  ç «ìë¬ ãá«®¢¨ï¬ ujt=0 = u0.

�¯¥æ¨ä¨ª  à¥ ªâ®àëå § ¤ ç § ª«îç ¥âáï ¢ â®¬, çâ® à¥ ªâ®à à §¡¨¢ -
¥âáï   §®ë ¨ ª®íää¨æ¨¥âë ãà ¢¥¨ï ¢ à¥§ã«ìâ â¥ ãáà¥¤¥¨ï áç¨â îâáï
ªãá®ç®-¯®áâ®ïë¬¨ ¯® x (¢ ¥«¨¥©®¬ á«ãç ¥ § ¢¨áïé¨¬¨ ®â à¥è¥¨ï) á
à §àë¢ ¬¨   £à ¨æ å §®. � ª¨¬ ®¡à §®¬, (5.11) { ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢-
¥¨¥ á à §àë¢®© ¯à ¢®© ç áâìî. �â® âà¥¡ã¥â ®¡®¡é¥¨ï ¯®ïâ¨ï à¥è¥¨ï.
� ª, ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© � à â¥®¤®à¨ [43] à¥è¥¨¥¬ ¥£® ¥áâ¥áâ¢¥® áç¨-
â âì  ¡á®«îâ® ¥¯à¥àë¢ãî äãªæ¨î, ï¢«ïîéãîáï à¥è¥¨¥¬ ¨â¥£à «ì®£®
ãà ¢¥¨ï

u(t) = u0 +

tZ
0

f(u(s); v; s) ds: (5:13)
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�¬¥®    ¯¯à®ªá¨¬ æ¨¨ íâ®© ä®à¬ã«ë ®á®¢ ë ç¨á«¥ë¥  «£®à¨â¬ë  -
å®¦¤¥¨ï à¥è¥¨© ãà ¢¥¨ï (5.11).

�¨á. 5. �®â®ª ¥©âà®®¢ ¢ 1-2-© £àã¯¯ å

�¨á. 6. �«®â®áâì ¥©âà®®¢ ¢ 1-© £àã¯¯¥

�¢ãå£àã¯¯®¢ ï § ¤ ç  ¯¥à¥®á  ¨ ¤¨ääã§¨¨ ¥©âà®®¢
� { 1-ï £àã¯¯  ¤¨ääã§¨¨ ¥©âà®®¢ { 1-ï £àã¯¯  ¯¥à¥®á  ¥©âà®®¢
� { 2-ï £àã¯¯  ¤¨ääã§¨¨ ¥©âà®®¢ � { 2-ï £àã¯¯  ¯¥à¥®á  ¥©âà®®¢
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�¤ ª® ¤®¢®«ì® ç áâ® ¢ ¬ «®£àã¯¯®¢ëå ãà ¢¥¨ïå (2.8), (2.9) áª®à®áâ¨ v ¢
ª ¦¤®© £àã¯¯¥ áç¨â îâáï ªãá®ç®-¯®áâ®ïë¬¨ ¯® x äãªæ¨ï¬¨ á à §àë¢ ¬¨
  £à ¨æ å §®. �â®â íää¥ªâ ¢®§¨ª ¥â ¢ à¥§ã«ìâ â¥ ãáà¥¤¥¨ï ¨å ¯® í¥à£¨¨
¢ §® å á à §«¨çë¬¨ á¢®©áâ¢ ¬¨. �â® ¯à¨¢®¤¨â ª â®¬ã, çâ® ¥á«¨ ¬ë âà¥¡ã¥¬,
çâ®¡ë ¯à¨ ¯¥à¥å®¤¥ £à ¨æë §®ë ¡ë«  ¥¯à¥àë¢  ¯«®â®áâì N :

[N ] = 0; (5:14)

(§¤¥áì [f ] ®§ ç ¥â áª ç®ª äãªæ¨¨ f   £à ¨æ¥ §®), â® ¨§ ä®à¬ã«ë (5.12)
á«¥¤ã¥â, çâ® â®£¤  ¡ã¤¥â à §àë¢ ¯®â®ª  '. � ¥á«¨ ¯®âà¥¡ã¥¬ ¥¯à¥àë¢®áâ¨
¯®â®ª :

['] = 0; (5:15)

â® ¡ã¤¥â à §àë¢  ¯«®â®áâì N .
� «®£¨çë¥ ¯à®¡«¥¬ë ¢®§¨ª îâ ¯à¨ ä®à¬ã«¨à®¢ª¥ ãá«®¢¨© á®£« á®¢ ¨ï

  £à ¨æ å §® ¤«ï � = S' ¨«¨ N0 = SN ¢ ¤¨ääã§¨®®¬ ¯à¨¡«¨¦¥¨¨,
á¢ï§ ëå á®®â®è¥¨¥¬

� = vN0: (5:16)

�ëïá¥®, çâ® ãá«®¢¨î (5.14) á®®â¢¥âáâ¢ãîâ ãá«®¢¨ï

[N0] = 0;
�
D
@N0

@n

�
= 0; (5:17)

  ãá«®¢¨î (5.15):

[�] = 0;
�
D
@�
@n

�
= 0; (5:18)

§¤¥áì n { ®à¬ «ì ª ¯®¢¥àå®áâ¨ à §¤¥«  §®.
�  à¨á. 5 ¯®ª § ë £à ä¨ª¨ ã«¥¢ëå ¬®¬¥â®¢ ¯¥à¢®© á®¡áâ¢¥®© äãªæ¨¨

ã¯®¬ïãâ®© à ¥¥ ¤¢ãå£àã¯¯®¢®© § ¤ ç¨ (2.25), (2.26) ¢ ª¨¥â¨ç¥áª®¬ ¨ ¤¨ääã-
§¨®®¬ ¯à¨¡«¨¦¥¨¨; ¯à¨ ãá«®¢¨ïå (5.15) ¨ (5.18) íâ¨ äãªæ¨¨ (ª ª ¨ á®®â-
¢¥âáâ¢ãîé¨¥ à¥è¥¨ï § ¤ ç ¢ (5.14), (5.17)) å®à®è® á®¢¯ ¤ îâ ¬¥¦¤ã á®¡®©. �
  à¨á. 6 ¯®ª §  á®®â¢¥âáâ¢ãîé¨© ¯¥à¢®© £àã¯¯¥ £à ä¨ª ¤«ï ¯«®â®áâ¨ N0,
¢ëç¨á«¥®© ¯® ä®à¬ã«¥ (5.16).

�¤ ª® ®áâ �¥âáï ®âªàëâë¬ ¢®¯à®á: áç¨â âì «¨ ¥¯à¥àë¢®© ¯«®â®áâì ¨«¨
¯®â®ª? � ¦¤ë© ¨§ íâ¨å ¢ à¨ â®¢ ¤ �¥â à §ë¥ kef á®¡áâ¢¥ë¥ äãªæ¨¨ ¨
§ ¬¥â®¥ à §«¨ç¨¥ ¢ â¥¬¯ å à §£®  ¬®é®áâ¨ à¥ ªâ®à  ¢  ¢ à¨©ëå à¥¦¨¬ å
¤«ï § ¤ ç á (2.25), ª®£¤  à¥ ªâ¨¢®áâì ¡«¨§ª  ª ��. � ¬¥â¨¬, çâ® ¨á¯®«ì§®¢ ¨¥
¢¬¥áâ® (5.17) ãá«®¢¨©

[N0] = 0;
�
vD

@N0

@n

�
= 0;

®¡¥á¯¥ç¨¢ îé¨å á¨¬¬¥âà¨ç®áâì í««¨¯â¨ç¥áª®£® ®¯¥à â®à  ¢ ¤¨ääã§¨®®¬
¯à¨¡«¨¦¥¨¨, ¯à¨¢®¤¨â ª à¥§ª®¬ã ¢®§à áâ ¨î (¢ ¯à¨¢¥¤�¥®¬ ¯à¨¬¥à¥   3
¯®àï¤ª ) â¥¬¯  à §£®  ¬®é®áâ¨ [33, 34].

�®-¢¨¤¨¬®¬ã, æ¥«¥á®®¡à §® à ááç¨âë¢ âì ãà ¢¥¨ï ¤«ï ¯«®â®áâ¨, ï¢«ïî-
é¥©áï ¯à¥¤¥«ìë¬ § ç¥¨¥¬ âà�¥å¬¥à®£® äãªæ¨® « , å®âï ¨áâ®à¨ç¥áª¨ á«®-
¦¨« áì ¯à ªâ¨ª  à áç�¥â  ¬®£®£àã¯¯®¢ëå ª®áâ â ¤«ï ¯®â®ª .
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�®¯àï¦¥ë¥ ãà ¢¥¨ï ¨  «£®à¨â¬ë ¢®§¬ãé¥¨©
¢ § ¤ ç¥ ®¡ ®¯â¨¬ «ìëå âà ¥ªâ®à¨ïå

�.�. �£®èª®¢

�áâ¨âãâ ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨ ���
E-mail: agoshkov@inm.ras.ru

�§ãç ¥âáï § ¤ ç  ®¡ ®¯â¨¬ «ì®© âà ¥ªâ®à¨¨ â®ç¥ç®£® ¨áâ®ç¨ª  ¥-
áâ æ¨® à®£® ãà ¢¥¨ï ª®¢¥ªæ¨¨-¤¨ääã§¨¨. �®ª §ë¢ ¥âáï, çâ® ¤ -
 ï âà ¥ªâ®à¨ï ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ¥«¨¥©ëå ®¡ëª®¢¥ëå ¤¨ää¥-
à¥æ¨ «ìëå ãà ¢¥¨©, ¥«¨¥©®áâì ª®â®àëå ®¡ãá« ¢«¨¢ ¥âáï § ¢¨á¨-
¬®áâìî à¥è¥¨ï á®¯àï¦¥ëå ãà ¢¥¨© ®â ¯à®áâà áâ¢¥ëå ãà ¢¥¨©.
� áá¬ âà¨¢ îâáï ç áâë¥ á«ãç ¨ § ¤ ç ¨ ¯à¥¤« £ îâáï  «£®à¨â¬ë ¨å à¥-
è¥¨ï.

�¢¥¤¥¨¥
�®¯àï¦¥ë¥ ãà ¢¥¨ï ¨  «£®à¨â¬ë ¢®§¬ãé¥¨© ¢ ¯®á«¥¤¨¥ ¤¥áïâ¨«¥â¨ï

¨£à îâ ¢á¥¢®§à áâ îéãî à®«ì ¢ ¨áá«¥¤®¢ ¨ïå á«®¦ëå ¬ â¥¬ â¨ç¥áª¨å ¬®-
¤¥«¥© ¢ à §«¨çëå ®âà á«ïå  ãª¨ ¨ â¥å¨ª¨. �¨à®ª®¥ à á¯à®áâà ¥¨¥ ®¨
¯®«ãç¨«¨ ¢ à¥è¥¨¨ ¯à®¡«¥¬ ï¤¥à®© í¥à£¥â¨ª¨, ¢ ¨§ãç¥¨¨ ¨ ç¨á«¥®¬ à¥-
è¥¨¨ § ¤ ç ä¨§¨ª¨  â¬®áä¥àë ¨ ®ª¥  , ¬¥å ¨ª¨ á¯«®è®© áà¥¤ë, ®åà ë
®ªàã¦ îé¥© áà¥¤ë [5{14].

�¤®¢à¥¬¥® ¡ë«  ¢ëï¢«¥  â  § ç¨â¥«ì ï à®«ì á®¯àï¦¥ëå ãà ¢¥-
¨©, ª®â®àãî ®¨ ¨£à îâ ¢ à §à ¡®âª¥ íää¥ªâ¨¢ëå ¬¥â®¤®¢ ¢ëç¨á«¨â¥«ì®©
¨ ¯à¨ª« ¤®© ¬ â¥¬ â¨ª¨, ¢ â®¬ ç¨á«¥  «£®à¨â¬®¢ ¢®§¬ãé¥¨©. � áâ® ®ª -
§ë¢ «®áì, çâ® â®«ìª® ¯à¨ ¨á¯®«ì§®¢ ¨¨ à¥è¥¨© á®¯àï¦¥ëå ãà ¢¥¨© (á®
á¯¥æ¨ «ìë¬¨ äãªæ¨ï¬¨ ¢ ¯à ¢ëå ç áâïå, £à ¨çëå ãá«®¢¨ïå ¨ â.¤.)  «£®-
à¨â¬ë ¢®§¬ãé¥¨© ®ª §ë¢ «¨áì «¥£ª® à¥ «¨§ã¥¬ë¬¨. � ¢  áâ®ïé¥¥ ¢à¥¬ï á®-
¯àï¦¥ë¥ ãà ¢¥¨ï á®¢¬¥áâ® á  «£®à¨â¬ ¬¨ ¢®§¬ãé¥¨©  å®¤ïâ ¢á¥ ¡®«¥¥
è¨à®ª®¥ à á¯à®áâà ¥¨¥ ¢ â¥®à¥â¨ç¥áª¨å ¨ ¯à¨ª« ¤ëå ¨áá«¥¤®¢ ¨ïå (â¥®à¨¨
¥«¨¥©ëå § ¤ ç [12, 17], ®¯â¨¬ «ì®¬ ã¯à ¢«¥¨¨ [4], â¥®à¨¨ ¯« ¨à®¢ ¨ï
íªá¯¥à¨¬¥â  [13] ¨ ¤à.).

� ç¨â¥«ìë© ¢ª« ¤ ¢ ¨áá«¥¤®¢ ¨ï ¢ ®¡« áâ¨ á®¯àï¦¥ëå ãà ¢¥¨© ¨
 «£®à¨â¬®¢ ¢®§¬ãé¥¨© ¨ ¨å à §«¨çëå ¯à¨«®¦¥¨© ¢¥á �.�. � àçãª, ª®â®-
àë© ï¢«ï¥âáï ¨¨æ¨ â®à®¬ ¬®£¨å ¨áá«¥¤®¢ ¨© ¢ ¤ ®© ®¡« áâ¨  ãª¨ [2, 5{8,
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13, 14]. � ª, ¢ áâ âì¥ [14] ¢ ®¡é¥¬ ¢¨¤¥ áä®à¬ã«¨à®¢  ¬¥â®¤ ¯®«ãç¥¨ï á®¯àï-
¦¥ëå äãªæ¨© '�p (äãªæ¨© æ¥®áâ¨) ¤«ï è¨à®ª®£® ª« áá  ¥®¤®à®¤ëå
«¨¥©ëå ãà ¢¥¨©

A' = f:

� ¤ ®© à ¡®â¥ â ª¦¥ ¡ë«  à §à ¡®â   â¥®à¨ï ¢®§¬ãé¥¨© ¤«ï à §«¨çëå
«¨¥©ëå äãªæ¨® «®¢

Ip(') = ('; p);

£¤¥ p { äãªæ¨ï, å à ªâ¥à¨§ãîé ï ¨áá«¥¤ã¥¬ë© ä¨§¨ç¥áª¨© ¯à®æ¥áá. �®¯àï-
¦¥ ï äãªæ¨ï '�p ¢¢¥¤¥   ¢â®à ¬¨ ª ª à¥è¥¨¥ ãà ¢¥¨ï

A�'�p = p;

¢ ª®â®à®¬ ¢ ª ç¥áâ¢¥ á¢®¡®¤®£® ç«¥  ¡¥à¥âáï ¨¬¥® äãªæ¨ï p, ¢å®¤ïé ï ¢
Ip('). � ¯®¬®éìî á®¯àï¦¥ëå ãà ¢¥¨© ¯®«ãç¥ë ä®à¬ã«ë â¥®à¨¨ ¢®§¬ã-
é¥¨© ¤«ï ¯®¯à ¢®ª äãªæ¨® «®¢ ¯à¨ ¯¥à¥å®¤¥ ®¯¥à â®à  A ¢ ¢®§¬ãé¥ë©
A0 = A+ �A, áà¥¤¨ ª®â®àëå { ä®à¬ã«ë ¢®§¬ãé¥¨© ¯¥à¢®£® ¯®àï¤ª  ¬ «®áâ¨

�Ip = �('�p; �A') = �('; �A�'�p);
 è¥¤è¨¥ ¢  áâ®ïé¥¥ ¢à¥¬ï è¨à®ª®¥ à á¯à®áâà ¥¨¥ ¢ ¯à¨ª« ¤ëå § ¤ ç å
¨ ¬¥â®¤ å ¨å ¨áá«¥¤®¢ ¨ï. �à®¬¥ ¯àï¬®£® ¨á¯®«ì§®¢ ¨ï íâ¨å ä®à¬ã« ¤«ï
®æ¥ª¨ à §«¨çëå íää¥ªâ®¢, ®¨ ¯à¨¬¥ïîâáï ¢ ¬¥â®¤ å ¨áá«¥¤®¢ ¨ï á«®¦-
ëå á¨áâ¥¬ [7, 9].

�  ®á®¢¥ á®¯àï¦¥ëå ãà ¢¥¨© ¨ â¥®à¨¨ ¢®§¬ãé¥¨© ¡ë«  à §à ¡®â  
®¡é ï ¯®áâ ®¢ª  ®¡à âëå § ¤ ç [2,10], á¢ï§ ëå á ¢®ááâ ®¢«¥¨¥¬ ¯ à ¬¥â-
à®¢ ¨«¨ äãªæ¨© f�kg; f�kg ¢ ®¯¥à â®à¥

A =
mX
k=1

(�kAk +Bk(�kCk))

(Ak ; Bk; Ck { ¥ª®â®àë¥ «¨¥©ë¥ ®¯¥à â®àë) ¯® § ¤ ®¬ã  ¡®àã äãªæ¨® -
«®¢ (¨§¬¥à¥¨©) Ipi ; i = 1; : : : ; n. � ¯®¬®éìî ä®à¬ã« ¬ «ëå ¢®§¬ãé¥¨© �.�.
� àçãª®¬ ¯®«ãç¥  á¨áâ¥¬  ãà ¢¥¨©

mX
k=1

[('�pi ; ��kAk') + (B�
k'

�
pi ; ��kCk')] = �Ipi ;

£¤¥ '�pi { á®¯àï¦¥ ï äãªæ¨ï ®¯à¥¤¥«ï¥âáï ¨§ ãà ¢¥¨ï A�'�pi = pi,   '
{ à¥è¥¨¥ ®á®¢®© § ¤ ç¨ A' = q. �  ®á®¢¥ ¤ ®© á¨áâ¥¬ë ¯à¥¤«®¦¥ë
 «£®à¨â¬ë ®¯à¥¤¥«¥¨ï ¨áª®¬ëå ¯®¯à ¢®ª f��kg; f��kg ª ¨§¢¥áâë¬ ª®íä-
ä¨æ¨¥â ¬ f�kg; f�kg ¥¢®§¬ãé¥®© § ¤ ç¨. � à¥§ã«ìâ â¥ ®¡à â ï § ¤ ç 
®¯à¥¤¥«¥¨ï  ¡®à®¢ �0k = �k + ��k; �0k = �k + ��k; k = 1; : : : ;m, á¢®¤¨âáï ª
§ ¤ ç ¬ «¨¥©®©  «£¥¡àë. �ë«® ¤ ® à §¢¨â¨¥ â¥®à¨¨ ¨   á«ãç ©, ª®£¤  ¥-
¢®§¬ãé¥®¥ á®áâ®ï¨¥ § ç¨â¥«ì® ®â«¨ç ¥âáï ®â à¥ «ì®£®. �  ¡ §¥ áä®à¬ã-
«¨à®¢ ëå ¯®áâ ®¢®ª ®¡à âëå § ¤ ç ¢ [13] ¡ë«® ¤ ® à¥è¥¨¥ ¯à®¡«¥¬ë ¯« -
¨à®¢ ¨ï á«®¦®£® íªá¯¥à¨¬¥â , ¯®§¢®«ïîé¥¥ áà¥¤¨ ¢á¥¢®§¬®¦ëå (¯à ªâ¨-
ç¥áª¨ à¥ «¨§ã¥¬ëå)  ¡®à®¢ ¨§¬¥à¥¨© ¢ë¡à âì â¥, ª®â®àë¥ ®ª §ë¢ îâáï  ¨-
¡®«¥¥ ¨ä®à¬ â¨¢ë¬¨ á â®çª¨ §à¥¨ï à¥è¥¨ï ®¡à â®© § ¤ ç¨. �é¥ ®¤¨¬
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ª®ªà¥âë¬ ¯à¨«®¦¥¨¥¬ ®¡é¨å ¯®áâ ®¢®ª ®¡à âëå § ¤ ç ¨§ [10] ï¢«ï¥âáï
¯®áâ ®¢ª  § ¤ ç  â¬®áä¥à®© ®¯â¨ª¨, áä®à¬ã«¨à®¢  ï ¢ [11].

�.�. � àçãª®¬ ¢¢¥¤¥® ¯®ïâ¨¥ á®¯àï¦¥ëå äãªæ¨© ¨ ¢ § ¤ ç å á ª¢ -
§¨«¨¥©ë¬ ®¯¥à â®à®¬ A(') � A1(')', ã¤®¢«¥â¢®àïîé¨¬ á®®â®è¥¨î � £-
à ¦ 

(A(');  ) = (';A�1(') );

£¤¥ A�1(') { «¨¥©ë© ¯® ®â®è¥¨î ª  ®¯¥à â®à ¨ § ¢¨áïé¨© ®â à¥è¥¨ï '
¯àï¬®© § ¤ ç¨ A(') = f . � ®¯à¥¤¥«¨« á®¯àï¦¥ãî äãªæ¨î '�p (äãªæ¨î
æ¥®áâ¨ ¯® ®â®è¥¨î ª äãªæ¨¨ p) ª ª à¥è¥¨¥ ãà ¢¥¨ï A�1(')'

�
p = p.

�¢¥¤¥¨¥ â ª¨¬ á¯®á®¡®¬ á®¯àï¦¥ëå äãªæ¨© ¢ ª¢ §¨«¨¥©ëå § ¤ ç å ¯®-
§¢®«¨«® á®§¤ âì  «£®à¨â¬ë ¢®§¬ãé¥¨© ¤«ï á«®¦ëå ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«¥©
£¨¤à®â¥à¬®¤¨ ¬¨ª¨, áä®à¬ã«¨à®¢ âì ®¢ë¥ ¬¥â®¤ë à¥è¥¨ï § ¤ ç ¯à®£®§ 
¯®£®¤ë [6].

� ¯®á«¥¤ãîé¥¬ ¡ë«¨ ¢ë¯®«¥ë â ª¦¥ ¢ ¦ë¥ ¨áá«¥¤®¢ ¨ï ¯® â¥®à¨¨ ¨
¯à¨«®¦¥¨ï¬ á®¯àï¦¥ëå ãà ¢¥¨© ¢ á¢ï§¨ á à¥è¥¨¥¬  ªâã «ìëå § ¤ ç
¬®¤¥«¨à®¢ ¨ï ®ªàã¦ îé¥© áà¥¤ë ¨ ®¯â¨¬¨§ æ¨¨ (á íª®«®£¨ç¥áª®© â®çª¨ §à¥-
¨ï) â¥àà¨â®à¨ «ì®£® à §¬¥é¥¨ï ¯à®¬ëè«¥ëå ®¡ê¥ªâ®¢ [7].

�® ¢á¥å ®â¬¥ç¥ëå ¢ëè¥ à ¡®â å ¯®¤ç¥àª¨¢ ¥âáï â  § ç¨â¥«ì ï à®«ì,
ª®â®àãî ¨£à îâ à¥è¥¨ï á®¯àï¦¥ëå ãà ¢¥¨© ("á®¯àï¦¥ ï äãªæ¨ï",
"äãªæ¨ï æ¥®áâ¨", "äãªæ¨ï çã¢áâ¢¨â¥«ì®áâ¨"). �¥à®ïâ®, à®«ì ¨ § ç¥¨¥
à¥è¥¨© íâ¨å ãà ¢¥¨© ¥é¥ ¥ ¨§ãç¥  ¯®«®áâìî. � ¢ ¤ ®© à ¡®â¥ ¬ë ®¡à -
é ¥¬ ¢¨¬ ¨¥   ®¢®¥ ª ç¥áâ¢® à¥è¥¨© á®¯àï¦¥ëå ãà ¢¥¨©. �  ¯à¨¬¥à¥
ª®ªà¥â®© § ¤ ç¨ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï { § ¤ ç¨ ®¡ ®¯â¨¬ «ì®© âà ¥ªâ®-
à¨¨ â®ç¥ç®£® ¨áâ®ç¨ª  ¥áâ æ¨® à®£® ãà ¢¥¨ï ª®¢¥ªæ¨¨-¤¨ääã§¨¨ { ¬ë
¯®ª §ë¢ ¥¬, çâ® ¨¬¥® å à ªâ¥à § ¢¨á¨¬®áâ¨ à¥è¥¨ï á®¯àï¦¥®£® ãà ¢-
¥¨ï ®â ¯à®áâà áâ¢¥ëå ¯¥à¥¬¥ëå ®¯à¥¤¥«ï¥â å à ªâ¥à ¥«¨¥©®áâ¨
á¨áâ¥¬ë ¥«¨¥©ëå ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, § ¤ îé¨å
®¯â¨¬ «ìãî âà ¥ªâ®à¨î.

� ª¨¬ ®¡à §®¬, à¥è¥¨ï á®¯àï¦¥ëå ãà ¢¥¨© ¬®£ãâ ¢ëáâã¯ âì ª ª "¯®-
ª § â¥«¨" â¨¯  ¥«¨¥©®áâ¨ æ¥«ëå ª« áá®¢ ¥«¨¥©ëå ãà ¢¥¨©, ¢®§¨ª -
îé¨å ¢ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¥ ¨ ¯à¨ª« ¤ëå ¨áá«¥¤®¢ ¨ïå. �  áâ®ïé¥©
à ¡®â¥ ¬ë à áá¬ âà¨¢ ¥¬ ¥ª®â®àë¥ ¨§ â ª¨å ãà ¢¥¨©. �®«ãç¨¢ ¥«¨¥©ë¥
ãà ¢¥¨ï, ª®â®àë¥ ®¯à¥¤¥«ïîâ ª®®à¤¨ âë ®¯â¨¬ «ì®© âà ¥ªâ®à¨¨, ¬ë ¯®-
ª §ë¢ ¥¬, çâ® ¯à¨ ¥ª®â®àëå ã¯à®é îé¨å ¯à¥¤¯®«®¦¥¨ïå ®¨ á®¢¯ ¤ îâ á
àï¤®¬ ª« áá¨ç¥áª¨å ¥«¨¥©ëå ãà ¢¥¨©. �ë ¨§ãç ¥¬ â ª¦¥ ¢®¯à®áë à §-
à¥è¨¬®áâ¨ ¨áá«¥¤ã¥¬®© § ¤ ç¨ ¨ ®¡áã¦¤ ¥¬ ¢®§¬®¦ë¥  «£®à¨â¬ë ¥¥ ¯à¨¡«¨-
¦¥®£® à¥è¥¨ï (¢ â®¬ ç¨á«¥ ¨  «£®à¨â¬ë ¢®§¬ãé¥¨©).

1. �®áâ ®¢ª  § ¤ ç¨
1.1. �¡®§ ç¨¬ ç¥à¥§ D ®£à ¨ç¥ãî ®¡« áâì ¨§ R3 á ªãá®ç®-£« ¤ª®© £à -

¨æ¥© @D � � ª« áá  C(2), x = (x1; x2; x3) 2 �D = D[@D, t { ¢à¥¬¥ ï ¯¥à¥¬¥-
 ï, t 2 [0; T ]; T < 1. �ãáâì U(x; t) = (u1(x; t); u2(x; t); u3(x; t)) ¥áâì § ¤  ï
¢¥ªâ®à-äãªæ¨ï, ¯à¨ç¥¬ div U = 0 ¢ QT � D � (0; T ),   '(x; t) ã¤®¢«¥â¢®àï¥â
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á¨áâ¥¬¥ ãà ¢¥¨© ¢¨¤ 

L' � @'
@t +A' �

@'
@t + div(eU')� 3P

i=1

@
@xi

(�i
@'
@xi

) + a' = f ¢ QT ;

@'
@N + eU (�)

n ('� '(s)) + �' = 0   @D � (0; T );

' = '(0)(x); x 2 D; t = 0:

(1)

�¤¥áì ¨ ¢ ¤ «ì¥©è¥¬: eU = (u1; u2; u3 � ug), ug(x; t) { § ¤  ï £« ¤ª ï äãª-
æ¨ï; n = (n1; n2; n3) { ¥¤¨¨çë© ¢¥ªâ®à ¢¥è¥© ®à¬ «¨ ª @D; eU (�)

n =

(j(eU; n)j � (eU; n))=2; eU (+)
n = (j(eU; n)j + (eU; n))=2; (eU; n) = 3P

i=1
uini; a = a(x; t) �

0; �1 = �2 > 0; �3 > 0; �(x; t) � 0 ¥áâì ®£à ¨ç¥ë¥ ª®íää¨æ¨¥âë; f = f(x; t)
{ äãªæ¨ï ¢ãâà¥¨å ¨áâ®ç¨ª®¢,   '(s) = '(s)(x; t) { äãªæ¨ï, ®¯à¥¤¥«¥-

 ï   @D � (0; T ); @'=@N �
3P
i=1

�i cos (n; xi)
@'
@xi

. � ¤ «ì¥©è¥¬, ¥ ®£®¢ à¨¢ ï

®á®¡®, ¤«ï ¯à®áâ®âë áç¨â ¥¬ a; �; U; eU; �1; �2; �3; '(s) áª®«ì ã£®¤® £« ¤ª¨¬¨ ¯®
¢á¥¬ á¢®¨¬ ¯¥à¥¬¥ë¬. �à®¬¥ â®£®, ãá«®¢¨¬áï, çâ® ¢ à ¡®â¥ à áá¬ âà¨¢ îâáï
â®«ìª® ¢¥é¥áâ¢¥ë¥ äãªæ¨¨, ç¨á«  ¨ äãªæ¨® «ìë¥ ¯à®áâà áâ¢ .

1.2. �ä®à¬ã«¨àã¥¬ ®¡®¡é¥ãî ¯®áâ ®¢ªã § ¤ ç¨ (1).
�ãáâì W 2;1

2 (QT ) � L2(0; T ;W 2
2 (D)) \ W 1

2 (0; T ;L2(D)),   H � L2(QT ) ¯à¨¨-
¬ ¥âáï §  ®á®¢®¥ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ ¨
®à¬®© ¢¨¤  (u; v)H � (u; v) � R

QT

uvdxdt; kukH � kuk � (u; u)1=2. �ãáâì ¤¨ä-

ä¥à¥æ¨ «ìë© ®¯¥à â®à LT ®¯à¥¤¥«ï¥âáï â ª:

LT � �@ 
@t

+AT � �@ 
@t

� (eU;r) � 3X
i=1

@

@xi
(�i

@ 

@xi
) + a ; 8 2W 2;1

2 (QT ):

� áá¬®âà¨¬ § ¤ çã ¢¨¤ 

LT = g ¢ QT (g 2 L2(QT ));

@ 
@N + (eU (+)

n + �) = 0   @D � (0; T );

 = 0; x 2 D; t = T:

(2)

�  ï § ¤ ç  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥  � (LT )�1g 2 W 2;1
2 (QT )(c¬. [14]),

¯à¨ç¥¬ k kW 2;1
2

(QT )
� Ckgk. �ãáâì

Y = f 2 W 2;1
2 (QT ) :  = (LT )�1g 8g 2 H; k kY � k kW 2;1

2
(QT )

g:

�®£¤  Y ¥áâì ¯®¤¯à®áâà áâ¢® ¨§ W 2;1
2 (QT ). �¥¯¥àì ®¡®¡é¥ãî ¯®áâ ®¢ªã

§ ¤ ç¨ (1) ¢¢¥¤¥¬ á«¥¤ãîé¨¬ ®¡à §®¬: ¯à¨ f 2 Y �; '(0) 2 L2(D)  ©â¨ ' 2 H ,
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â ªãî, çâ®

(';LT )� (f;  )�
Z
D

'(0) (x; 0)dx �
TZ
0

dt

Z
�

eU (�)
n '(s) d� = 0 8 2 Y; (3)

¯à¨ íâ®¬ '(x; t)  §ë¢ ¥âáï ®¡®¡é¥ë¬ à¥è¥¨¥¬ § ¤ ç¨ (1).

�¥¬¬  1. �á«¨ f 2 Y �; '(0) 2 L2(D); '(s) 2 L2(� � (0; T )), â® (1) ¨¬¥¥â
¥¤¨áâ¢¥®¥ ®¡®¡é¥®¥ à¥è¥¨¥ ' 2 H, ¯à¨ç¥¬

k'k � C(kfkY � + k'(0)kL2(D) + k'(s)kL2(��(0;T )));

£¤¥ C =const. �á«¨ ¦¥ ' 2W 2;1
2 (QT ), â® ' ã¤®¢«¥â¢®àï¥â (1).

(�®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥¨© «¥¬¬ë á«¥¤ã¥â ¨§ (3), ¥á«¨ ¢¬¥áâ® LT § ¯¨-
á âì g 2 H ¨ § â¥¬ ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© �¨áá  ® ¯à¥¤áâ ¢«¥¨¨ «¨¥©®£®
®£à ¨ç¥®£® äãªæ¨® « . �á«¨ ¦¥ ®ª ¦¥âáï, çâ® ' { "£« ¤ª ï äãªæ¨ï"
( ¯à¨¬¥à, ¨§ W 2;1

2 (QT )), â® ¨â¥£à¨à®¢ ¨¥¬ ¯® ç áâï¬ á ãç¥â®¬ ¯à¨ ¤«¥¦-
®áâ¨ ª Y ¬®¦¥áâ¢  £« ¤ª¨å ä¨¨âëå ¢ QT äãªæ¨© (ª®â®à®¥ ¯«®â® ¢ H),
¯®ª §ë¢ ¥âáï, çâ® ' ã¤®¢«¥â¢®àï¥â (1).)

� ¬¥ç ¨¥. �â¬¥â¨¬, çâ® áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì ®¡®¡é¥®£® à¥-
è¥¨ï ' 2 H § ¤ ç¨ (1) ¬®¦® ãáâ ®¢¨âì ¯à¨ ¡®«¥¥ á« ¡ëå ®£à ¨ç¥¨ïå  
'(0); '(s). 2

1.3. � ¯®á«¥¤ãîé¥¬  á ¨â¥à¥áã¥â á¯¥æ¨ «ìë© á«ãç © § ¤ ç¨ (1), ª®£¤  f(x; t)
¥áâì â®ç¥çë© ¨áâ®ç¨ª ¬®é®áâ¨ Q(t) (t 2 (0; T )), ¤¢¨¦ãé¨©áï ¯® âà ¥ªâ®à¨¨
X(t) = (X1(t); X2(t); X3(t)), ª®â®à ï ¯®¤«¥¦¨â ®¯à¥¤¥«¥¨î, â.¥.

f(x; t) = Q(t)�(x �X(t)); (4)

£¤¥ �(x) = �(x1)�(x2)�(x3), �(�) { "¤¥«ìâ -äãªæ¨ï �¨à ª ". �à¥¤¯®« £ ¥âáï,
çâ® âà ¥ªâ®à¨ï X(t) � D ¯à®å®¤¨â ç¥à¥§ â®çª¨ X(1) � X0(t1); X(2) � X0(t2),
£¤¥ (t1; t2) � [0; T ] (0 � t1 < t2 � T ),   X0(t) = (X0;1; X0;2; X0;3)(t) 2 D 8t 2 (0; T )
¥áâì ¥ª®â®à ï § ¤  ï âà ¥ªâ®à¨ï ¨§ ª« áá  (W 1

2 (0; T ))
3. �á«¨ t1 > 0 (t2 < T ),

â® ¯®« £ ¥âáï X(t) � X0(t) ¯à¨ t 2 [0; t1) (t 2 (t2; T ]). �ãªæ¨î Q(t) áç¨â ¥¬
®¯à¥¤¥«¥®©   [0; T ] ¨ (¥á«¨ ¥ ®£®¢ à¨¢ ¥âáï ®á®¡®) ¯à¨ ¤«¥¦ é¥© ª« ááã
L1(0; T ).

�à¨ f(x; t) ¢¨¤  (4) á®®â®è¥¨¥ (3) ¯à¨¬¥â ¢¨¤

L(X ;';  ) � (';LT )�
TR
0
Q(t) (X(t); t)dt� R

D

'(0)(x) (x; 0)dx�

�
TR
0

dt
R
�

eU (�)
n '(s) (x(�); t)d� = 0 8 2 Y:

(5)
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�â¬¥ç ¥¬, çâ® f(x; t) � Q(t)�(x � X(t)) 2 Y � ¯à¨ Q(t) 2 L1(0; T ) ¨ á®£« á®
«¥¬¬¥ 1 § ¤ ç  (5) ¨¬¥¥â ¥¤¨áâ¢¥®¥ ®¡®¡é¥®¥ à¥è¥¨¥ ' 2 H .

�¢¥¤¥¬ â¥¯¥àì äãªæ¨® « ' ¢¨¤ 

' � ('; p) =
Z
QT

'(x; t)p(x; t)dxdt; (6)

£¤¥ p(x; t) 2 Lp(QT ) (p � 2), ¨ ¯ãáâì 'obs =const ¥áâì § ¤  ï ¯®áâ®ï ï.
�¯à¥¤¥«¨¬ äãªæ¨® « áâ®¨¬®áâ¨ SA á«¥¤ãîé¨¬ ®¡à §®¬:

SA � 1
2

t2Z
t1

A(t)j d
dt
(X �X0)j2dt+ 1

2
('� 'obs)

2; (7)

£¤¥ A(t) 2 C[t1; t2] { ¨§¢¥áâ ï äãªæ¨ï, ¨ ¥á«¨ ¥ ®£®¢®à¥® á¯¥æ¨ «ì®, â®
0 < A0 � A(t) � A1 <1, A0; A1 =const.

�ãáâì q 2 Y ¥áâì à¥è¥¨¥ á«¥¤ãîé¥© c®¯àï¦¥®© § ¤ ç¨ ("á®¯àï¦¥ë¥
ãà ¢¥¨ï"):

LT q = p ¢ QT ;

@q
@N + (eU (+)

n + �)q = 0   �� (0; T );

q = 0; x 2 D; t = T:

(8)

�®£¤  ' ¨ SA ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥:

' =

TZ
0

Q(t)q(X(t); t)dt +
Z
D

'(0)q(x; 0)dx +

TZ
0

dt

Z
�

eU (�)
n '(s)q(x(�); t)d�;

SA(X0; 'obs; q;X) =
1
2

t2Z
t1

A(t)j d
dt
(X �X0)j2dt+

0@ TZ
0

Q(t)q(X(t); t)dt+
Z
D

'(0)q(x; 0)dx +

TZ
0

dt

Z
�

eU (�)
n '(s)q(x(�); t)d� � 'obs

1A2

:

�ä®à¬ã«¨àã¥¬ â¥¯¥àì § ¤ çã ®¡ ®¯â¨¬ «ì®© âà ¥ªâ®à¨¨:  ©â¨ ' 2 H ¨
¢¥ªâ®à-äãªæ¨î X(t) 2 Uad � (W 1

2 (t1; t2))
3 â ª¨¥, çâ®

L(X ;';  ) = 0 8 2 Y; SA = inf
X 2 Uad;

X(t1) = X(1); X(t2) = X(2)

: (9)

� ¨á¯®«ì§®¢ ¨¥¬ à¥è¥¨ï q(x; t) á®¯àï¦¥®© § ¤ ç¨ (8) § ¤ ç  ®¡ ®¯â¨¬ «ì-
®© âà ¥ªâ®à¨¨ ä®à¬ã«¨àã¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:  ©â¨ à¥è¥¨¥ q 2 Y § -
¤ ç¨ (8) ¨ ¢¥ªâ®à-äãªæ¨î X(t) 2 Uad â ª¨¥, çâ®

SA(X0; 'obs; q;X) = inf
X 2 Uad;

X(t1) = X(1); X(t2) = X(2)

: (10)
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� ¤ «ì¥©è¥¬ ¬ë ¨§ãç ¥¬ § ¤ çã ®¡ ®¯â¨¬ «ì®© âà ¥ªâ®à¨¨ ¢ ¯®áâ ®¢ª¥ (10).
�â¬¥ç ¥¬, çâ® (10) ¥ § ¢¨á¨â ®â ®¡®¡é¥®£® à¥è¥¨ï ' 2 H § ¤ ç¨ (1). �¥è¥-
¨¥ á®¯àï¦¥®© § ¤ ç¨ q(x; t) â ª¦¥ ¥ § ¢¨á¨â ®â '. � ª¨¬ ®¡à §®¬, äãªæ¨ï
q(x; t) ¨ ãá«®¢¨¥ (10) ¬®£ãâ ®¯à¥¤¥«ïâì ¨áª®¬ãî ®¯â¨¬ «ìãî âà ¥ªâ®à¨î X(t)
(¨ á¨áâ¥¬ã ¥«¨¥©ëå ãà ¢¥¨©, ª®â®àë¬ ã¤®¢«¥â¢®àï¥â X(t)) ¥§ ¢¨á¨¬® ®â
à¥è¥¨ï ' ¨áå®¤®© § ¤ ç¨.

� ¯®á«¥¤ãîé¥¬ ¬ë ¢ë¯¨è¥¬ ¢ à¨ æ¨®ë¥ ãà ¢¥¨ï, á®®â¢¥âáâ¢ãîé¨¥
(10), à áá¬®âà¨¬ ¥ª®â®àë¥ ç áâë¥ á«ãç ¨,   â ª¦¥ ¨§ãç¨¬ ¢®¯à®áë à §à¥-
è¨¬®áâ¨ áä®à¬ã«¨à®¢ ëå § ¤ ç.

2. � à¨ æ¨®ë¥ ãà ¢¥¨ï ¨ ç áâë¥ á«ãç ¨ § ¤ ç¨
2.1. �ãáâì q;X ¥áâì à¥è¥¨¥ § ¤ ç¨ (8), (10). �®£¤  ¥®¡å®¤¨¬® ¢ë¯®«ïîâáï
ãà ¢¥¨ï ("¢ à¨ æ¨®ë¥ ãà ¢¥¨ï"):

a(X0; 'obs;X; eX) = 0 8 eX 2 (W
� 1

2 (t1; t2))3

X(t1) = X(1); X(t2) = X(2);

(11)

£¤¥

a(X0; 'obs;X; eX) � t2Z
t1

A(t)
d(X �X0)

dt

d eX
dt
dt+B(X;'obs)

t2Z
t1

Q(t)( eX;r)q(X(t); t)dt;

B(X;'obs) �
TZ
0

Q(t)q(X(t); t)dt+
Z
D

'(0)(x)q(x; 0)dx+

+

TZ
0

dt

Z
�

eU (�)
n '(s)q(x(�); t)d� � 'obs;

( eX;r)q = eX1
@q

@x1
+ eX2

@q

@x2
+ eX3

@q

@x3
; eXi = 0 ¯à¨ t 2 ([0; t1)[ (t2; T ]); i = 1; 2; 3:

�à ¢¥¨ï (11) ï¢«ïîâáï ®¡®¡é¥®© ¯®áâ ®¢ª®© § ¤ ç¨ ¢¨¤ 

� d
dtA

d
dt (X �X0) +B(X;'obs)Q(t)rq(X(t); t) = 0; t 2 (t1; t2);

X(t1) = X(1); X(t2) = X(2):

(12)

�â¬¥ç ¥¬, çâ® ¯¥à¢®¥ ãà ¢¥¨¥ ¨§ (11) ((12)) ï¢«ï¥âáï ¥«¨¥©ë¬ ®â®á¨-
â¥«ì® X(t) ¨ å à ªâ¥à ¥«¨¥©®áâ¨ ®¯à¥¤¥«ï¥âáï å à ªâ¥à®¬ § ¢¨á¨¬®áâ¨
q(x; t) ®â x. �â® ®¡áâ®ïâ¥«ìáâ¢® ¤¥« ¥â ¢ ¦ë¬¨ ¨áá«¥¤®¢ ¨ï ¯® ¨§ãç¥¨î
â¨¯®¢ § ¢¨á¨¬®áâ¨ à¥è¥¨© á®¯àï¦¥ëå ãà ¢¥¨© ®â ¨áå®¤ëå ¤ ëå § -
¤ ç, ¨ ¢ ç áâ®áâ¨ ®â "¢¥á®¢®© äãªæ¨¨" p(x; t), ®¯à¥¤¥«ïîé¥© (á®¢¬¥áâ® á
'(x; t)) äãªæ¨® « '. � ¬¥â¨¬ â ª¦¥, çâ® å à ªâ¥à íâ®© § ¢¨á¨¬®áâ¨ ¬®¦¥â
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®ª § âìáï â ª®©, çâ® § ¤ ç  (12) ¡ã¤¥â á®¢¯ ¤ âì (â®ç® ¨«¨ ¯à¨¡«¨¦¥®) á
§ ¤ ç ¬¨ ¤«ï àï¤  ¨§¢¥áâëå ª« áá¨ç¥áª¨å ¥«¨¥©ëå ®¡ëª®¢¥ëå ¤¨ä-
ä¥à¥æ¨ «ìëå ãà ¢¥¨©. � áá¬®âà¨¬ ¥ª®â®àë¥ ¨§ íâ¨å ç áâëå á«ãç ¥¢
§ ¤ ç¨ (12).

2.2. �ãáâì p(x; t) ¨¬¥¥â ¢¨¤

p(x; t) = f1=(mes ( eD)� (et2 � et1)) ¢ eD � (et1;et2); 0 ¨ ç¥g; (13)

£¤¥ eD � D; (et1;et2) � (0; T ). �®£¤  ' = ('; p) ¥áâì áà¥¤¥¥ § ç¥¨¥ '(x; t)
¢ eQ � eD � (et1;et2) ¨ (12) ¥áâì § ¤ ç  ® ¢ë¡®à¥ â ª®© âà ¥ªâ®à¨¨ X(t), çâ®¡ëe' �= 'obs(¥á«¨ A(t) ¤®áâ â®ç® ¬ « ),   'obs ¥áâì "¦¥« ¥¬®¥" áà¥¤¥¥ § ç¥¨¥
' ¢ eQ.

�à¥¤¯®«®¦¨¬, çâ® eU; a; �; �1; �2; �3; p ¥ § ¢¨áïâ ®â t,   f'ig, f jg ¥áâì á®¡áâ-
¢¥ë¥ äãªæ¨¨ á®®â¢¥âáâ¢¥® § ¤ ç ¢¨¤  (¯à¨ ®¤®à®¤ëå ªà ¥¢ëå ãá«®¢¨ïå
¨§ (1), (2)):

A'i = �i'i; AT j = �j j ; (14)

®¡à §ãîé¨¥ ¡¨®àâ®£® «ìãî á¨áâ¥¬ã ¢ H , ('i;  j) = �ij . �à¥¤¯®« £ ¥âáï (¤«ï
¯à®áâ®âë), çâ® ¯à¨á®¥¤¨¥ë¥ á®¡áâ¢¥ë¥äãªæ¨¨ ¢ (14) ®âáãâáâ¢ãîâ ¨ ¨¬¥¥â
¬¥áâ® à §«®¦¥¨¥

p(x; t) =
1X
j=1

(p; 'j) j �
1X
j=1

pj j : (15)

�®£¤  ¯®«ãç ¥¬, çâ®

q(x; t) =
1P
j=1

pj
1� e��j(T�t)

�j
 j ;

rq(X(t); t) =
1P
j=1

pj
1� e��j(T�t)

�j
r j(X(t));

(16)

B(X;'obs) =
1P
j=1

pj
�j
f
TR
0

Q(t)(1� e��j(T�t)) j(X(t))dt+

+(1� e��jT )
R
D

'(0)(x) j(x)dx+

+
TR
0

(1� e��j (T�t))dt
R
�

eU (�)
n '(s)(x(�); t) j(x(�))d�g � 'obs:

(17)

�á¯®«ì§ãï ¯à¥¤áâ ¢«¥¨ï (16), (17), ¬®¦® ¯®«ãç¨âì àï¤ ç áâëå á«ãç ¥¢ § -
¤ ç¨ (12) ¨«¨ ¯à¨¡«¨¦¥¨© ª ¥©. �ãáâì,  ¯à¨¬¥à,eQ � QT ; p =  j0 ; (18)

â.¥. ' � (';  j0 ) ¥áâì ª®íää¨æ¨¥â ¯à¨ j0-© £ à¬®¨ª¥ ¢ à §«®¦¥¨¨ ' =
1P
j=1

(';  j)'j ¨ ¢ ¨áå®¤®© ¯®áâ ®¢ª¥ § ¤ ç¨ âà¥¡ã¥âáï  ©â¨ â ªãî X(t), çâ®¡ë
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(';  j0 ) �= 'obs � 'obs;j0 � ('obs;  j0) ¯à¨ A! +0, £¤¥ 'obs { ¥ª®â®à ï § ¤  ï
äãªæ¨ï. � íâ®¬ ç áâ®¬ á«ãç ¥ (12) ¯à¨¨¬ ¥â ¢¨¤

� d
dtA

d
dt (X �X0) + Fj0 (X(t); t) = 0; t 2 (t1; t2);

X(0) = X(1); X(T ) = X(2);

(19)

£¤¥
Fj0 (X(t); t) = Q(t)B(X;'obs;j0)

pj0
�j0

(1� e��j0 (T�t))r j0 (X(t)):

B(X;'obs;j0) =
pj0
�j0

8<:
TZ
0

Q(t)(1� e��j0 (T�t)) j0(X(t))dt+

+(1� e��j0T )
R
D

'(0)(x) j0 (x)dx+

+

TZ
0

(1� e��j (T�t))dt
Z
�

eU (�)
n '(s)(x; t) j0 (x)d�

9=; � 'obs;j0 :

(20)

�¨áâ¥¬  (19) ¥áâì ¥«¨¥© ï § ¤ ç  ¤«ï ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨©, ¯à¨ç¥¬ å à ªâ¥à ¥¥ ¥«¨¥©®áâ¨ ®¯à¥¤¥«ï¥âáï å à ªâ¥à®¬ § ¢¨á¨-
¬®áâ¨ ¢ë¡à ®© á®¡áâ¢¥®© äãªæ¨¨  j0(x) ®â x. � ï å à ªâ¥à íâ®© § ¢¨á¨-
¬®áâ¨ ( ¯à¨¬¥à, ¨§ â¥®à¨¨ § ¤ ç   á®¡áâ¢¥ë¥ § ç¥¨ï ¤«ï í««¨¯â¨ç¥áª¨å
ãà ¢¥¨©), ¬®¦® ¨§ãç âì à §à¥è¨¬®áâì § ¤ ç¨ (19) ¬¥â®¤ ¬¨ ª« áá¨ç¥áª®©
â¥®à¨¨ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©.

� ¬¥ç ¨¥. �á«¨ eU � 0, a =const ¨  j0 = 1=(mes (D)� (0; T )); 'j0 = 1; �j0 =
a ®ª §ë¢ îâáï à¥è¥¨¥¬ § ¤ ç¨ (14), â®

B(X;'obs;j0 ) =
pj0
a

8<:
TZ
0

Q(t)(1� e�a(T�t))dt+ (1� e�aT )
Z
D

'(0)(x)dx

9=; � 'obs;j0 ;

r j0 = 0; pj0 = (p; 1)=(mes (D)� (0; T ));

  à¥è¥¨¥¬ § ¤ ç¨ (19) ï¢«ï¥âáï ¢¥ªâ®à-äãªæ¨ï X(t) = X0(t). �¤¥áì ¢ë¡®à
âà ¥ªâ®à¨¨ X(t) ¥ ¢«¨ï¥â   ¢¥«¨ç¨ã (' � 'obs)

2,   ¢«¨ï¥â â®«ìª®   ¬¨-
¨¬¨§ æ¨î ¯¥à¢®£® á« £ ¥¬®£® ¢ SA (¢ íâ®¬ ¥á«®¦® ã¡¥¤¨âìáï â ª¦¥ ¯ãâ¥¬
¥¯®áà¥¤áâ¢¥®£® ¢ëç¨á«¥¨ï ' =

R
Q

'(x; t)dxdt=(mes (D)� T ) ¨§ (1)).2

2.3. �à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® �1; �2; �3 ¥áâì ¯®áâ®ïë¥,

D = fx = (x1; x2; x3) : 0 < xi < L; i = 1; 2; 3g; � � 0; a = const; eU � 0; (21)

  p(x; t) ¨¬¥¥â ¢¨¤

p(x; t) = p0(t) +
3X
i=1

pi(t) cos(
�

L
xi); (22)
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£¤¥ pi; i = 0; 1; 2; 3; { § ¤ ë¥ äãªæ¨¨ ®â t, â.¥. ¬ë à áá¬ âà¨¢ ¥¬ "¢¥á®¢ãî
äãªæ¨î" p(x; t), ï¢«ïîéãîáï «¨¥©®© ª®¬¡¨ æ¨¥© ¯¥à¢ëå ç¥âëà¥å á®¡áâ-
¢¥ëå äãªæ¨© § ¤ ç¨ (14). �®£¤ 

q(x; t) = q0(t) +
3X
i=1

qi(t) cos(
�

L
xi); (23)

£¤¥ q0(t); : : : ; q3(t) § ¤ îâáï ¢ ï¢®¬ ¢¨¤¥. �á«¨ pi =const, i = 0; 1; 2; 3, â®

q0(t) = a(T � t)p0; qi(t) =
pi
�i
(1� e��i(T�t)); �i = a+ �i

��
L

�2
¨ § ¤ ç  (19) ¯à¨¨¬ ¥â ¢¨¤

� d
dtA

d
dt (Xi �X0;i)� �

LQ(t)B(X;'obs)qi(t) sin(
�
LXi(t)) = 0; t 2 (t1; t2);

Xi(t1) = X
(1)
i ; Xi(t2) = X

(2)
i ; i = 1; 2; 3:

(24)

� ª¨¬ ®¡à §®¬, ¢ ¤ ®¬ á«ãç ¥ ª®®à¤¨ âë âà ¥ªâ®à¨¨ ®¯à¥¤¥«ïîâáï âà¥¬ï
ãà ¢¥¨ï¬¨ ¬ ïâ¨ª  (á ª®íää¨æ¨¥â ¬¨, § ¢¨áïé¨¬¨ ®â ¨áª®¬®£® à¥è¥¨ï).

2.4. �®á¯®«ì§®¢ ¢è¨áì ¯à¥¤áâ ¢«¥¨¥¬ sin (�) ¢ ¢¨¤¥ àï¤  �¥©«®à , ¨§ (24)
¯®«ãç ¥¬:

� d

dt
A
d

dt
(Xi �X0;i)� (

�

L
)2Q(t)B(X;'obs)qi(t)(Xi(t)�

�(�
L
)2
1
3!
X3
i (t) +O((

�

L
)4) = 0; i = 1; 2; 3:

�á«¨ � � L, â® § ª«îç ¥¬, çâ® §  ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ § ¤ ç¨ (24) ¬®¦¥â
¡ëâì ¯à¨ïâ® à¥è¥¨¥ § ¤ ç¨ ¤«ï âà¥å ãà ¢¥¨© �îää¨£ :

� d
dtA

d
dt (Xi �X0;i)� (�L )

2Q(t)B(X;'obs)qi(t)(Xi(t)� 1
3!(

�
L )

2X3
i (t)) = 0; t 2 (t1; t2);

Xi(t1) = X
(1)
i ; Xi(t2) = X

(2)
i ; i = 1; 2; 3;

(25)
¨«¨ á«¥¤ãîé¥© (¥é¥ ¡®«¥¥ ¯à®áâ®©) § ¤ ç¨:

� d
dtA

d
dt (Xi �X0;i)� (�L )

2Q(t)B(X)qi(t)Xi(t) = 0; t 2 (t1; t2);

Xi(t1) = X
(1)
i ; Xi(t2) = X

(2)
i ; i = 1; 2; 3;

(26)

£¤¥ B(X) ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥ ¤«ï B(X;'obs) ¨§ (11) ¯à¨ q(X(t); t) � q(0) =

q0(t) +
3P
i=1

qi(t).

�§ ¨§«®¦¥®£® ¢ëè¥ § ª«îç ¥¬, çâ® (¢ § ¢¨á¨¬®áâ¨ ®â ä®à¬ë ®¡« áâ¨ D,
ª®íää¨æ¨¥â®¢ ¨áå®¤®© § ¤ ç¨, ¢¨¤  p(x; t) ¨ å à ªâ¥à  § ¢¨á¨¬®áâ¨ q(x; t)
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®â ¯à®áâà áâ¢¥ëå ¯¥à¥¬¥ëå) ¢ ª ç¥áâ¢¥ § ¤ ç¨ (12) ¬®¦¥â ¢ëáâã¯ âì àï¤
(áâ ¢è¨å ã¦¥ ª« áá¨ç¥áª¨¬¨) ¥«¨¥©ëå § ¤ ç ¤«ï ®¡ëª®¢¥ëå ¤¨ää¥à¥-
æ¨ «ìëå ãà ¢¥¨©. � ¤àã£®© áâ®à®ë, ä®à¬  § ¯¨á¨ § ¤ ç â¨¯  (12) á ¨á¯®«ì-
§®¢ ¨¥¬ à¥è¥¨© q(x; t) á®¯àï¦¥®© § ¤ ç¨ ¬®¦¥â à áá¬ âà¨¢ âìáï ª ª ®¤¨
¨§ á¯®á®¡®¢ ¢ë¢®¤  ¤àã£¨å ¥«¨¥©ëå ãà ¢¥¨©, ¨¬¥îé¨å ¢ ¦®¥ § ç¥¨¥ ¢
á®®â¢¥âáâ¢ãîé¨å ¯à¨ª« ¤ëå § ¤ ç å.

3. � §à¥è¨¬®áâì § ¤ ç¨
3.1. � §à¥è¨¬®áâì § ¤ ç¨ (12) ¨áá«¥¤ã¥¬ ¯à¨ ¤®¯®«¨â¥«ìëå ®£à ¨ç¥¨ïå.

�ãáâì 'obs � 'obs;0 + "'obs;1 8 " 2 [�"0; "0] { ¬ «ë© ¯ à ¬¥âà, '0 ¥áâì ®¡®¡-
é¥®¥ à¥è¥¨¥ (1) ¯à¨ f(x; t) = Q(t)�(x�X0(t)), 'obs;1 =const ¨ ¯à¥¤¯®«®¦¨¬,
çâ® 'obs;0 � '0. �®£¤  SA(X0; 'obs;0; q;X0) = 0,   (10) ¯à¥¤áâ ¢«ï¥â á®¡®© § -
¤ çã ®âëáª ¨ï "®¯â¨¬ «ì®©" ¯®¯à ¢ª¨ ª X0(t), ®¡ãá«®¢«¥®© ¢®§¬ãé¥¨¥¬
""'obs;1". �áá«¥¤®¢ ¨¥ à §à¥è¨¬®áâ¨ ¤ ®© § ¤ ç¨ ¬®¦® ®áãé¥áâ¢¨âì  
®á®¢¥ ®¡é¨å â¥®à¥¬ ® ¥ï¢ëå ®¯¥à â®à å.

�â¬¥ç ¥¬, çâ® ¯¥à¢ ï ¯à®¨§¢®¤ ï ä®à¬ë a(�; �;X; eX) = 0 ¯® X ¢ â®çª¥ X =
X0; " = 0 ¥áâì

aX(X0; 'obs;0; eX; eeX) � [ eX; eeX] =
=

t2Z
t1

A(t)
d eX
dt

d
eeX
dt
dt+B1( eX)B1(

eeX) 8 eX; eeX 2 (W
� 1

2 (t1; t2))3;

£¤¥

B1( eX) = t2Z
t1

Q(t)( eX;r)q(X0(t); t)dt:

�®áª®«ìªã

[X;X ] =

t2Z
t1

A(t)
����dXdt

����2 dt+ (B1(X))2 � A0

�
�

t2 � t1

�2
kXk2(L2(t1;t2))3 + (B1(X))2;

â® [ eX; eeX] ¥áâì áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥. �¡®§ ç¨¬ ç¥à¥§ HA £¨«ì¡¥àâ®¢® ¯à®áâ-

à áâ¢® ¢¥ªâ®à-äãªæ¨© X 2 (W
� 1

2 (t1; t2))3 á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ [�; �] ¨
®à¬®© [�] = [�; �]1=2.

� áá¬®âà¨¬ ãà ¢¥¨¥ ¢¨¤ 

[X1; eX] = F1( eX) 8 eX 2 HA; (27)

£¤¥ X1 2 HA { ¥¨§¢¥áâ ï ¢¥ªâ®à-äãªæ¨ï,   â ª¦¥

F1( eX) = 'obs;1B1( eX) = � @

@"
a(X0; 'obs;0 + "'obs;1;X; eX)���

"=0;X=X0

:

�¥âàã¤® ãáâ ®¢¨âì á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥.
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�¥¬¬  2. �à ¢¥¨¥ (27) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ X1 2 HA, ¯à¨ç¥¬

[X1] � j'obs;1j;
dX1
dt


(L2(t1;t2))3

� j'obs;1j=
p
A0;

kX1k(L2(t1;t2))3 � j'obs;1j(t2 � t1)=(�
p
A0):

(28)

�á¯®«ì§ãï ãâ¢¥à¦¤¥¨¥ ¤ ®© «¥¬¬ë ¨ ¯à¨¢«¥ª ï â¥®à¥¬ë ® ¥ï¢ëå ®¯¥-
à â®à å, ¬®¦® ãáâ ®¢¨âì à §à¥è¨¬®áâì § ¤ ç¨ (12) ¢ ®ªà¥áâ®áâ¨ â®çª¨
X = X0; " = 0, ¥á«¨ â®«ìª® ¯®âà¥¡®¢ âì  «¨ç¨¥ ¤®¯®«¨â¥«ì®© £« ¤ª®áâ¨
ã äãªæ¨¨ q(x; t) (ª®â®à ï ¯à¨¢¥¤¥â ª ¤®¯®«¨â¥«ì®© £« ¤ª®áâ¨ ¯® X ä®à¬ë
@a=@"). �¤ ª® ¤«ï ¯à®áâ®âë ¬ë ¢¢¥¤¥¬ ¡®«¥¥ ¦¥áâª¨¥ ®£à ¨ç¥¨ï   q(x; t)
á æ¥«ìî ãáâ ®¢«¥¨ï   «¨â¨ç®áâ¨ à¥è¥¨ï X(t) § ¤ ç¨ (12) ¯® ", çâ®  ¢â®-
¬ â¨ç¥áª¨ ¤ áâ ®¡®á®¢ ¨¥ ®¤®£® ¨§ ¬¥â®¤®¢ ¯à¨¡«¨¦¥®£® à¥è¥¨ï § ¤ ç¨
(12) { " «£®à¨â¬  à¥£ã«ïàëå ¢®§¬ãé¥¨©".

3.2. �à¥¤¯®«®¦¨¬, çâ®:

(i) supp(p) � QT ;

(ii) dist(X0(t), supp(p)) � C0 =const 8t 2 (t1; t2);

(iii) ¢á¥ ª®íää¨æ¨¥âë ãà ¢¥¨ï ª®¢¥ªæ¨¨-¤¨ääã§¨¨ ¨§ (1)   «¨â¨ç¥áª¨¥
¯® ¯¥à¥¬¥ë¬ xi; i = 1; 2; 3; 8t 2 (0; T ) ¢ QT nsupp(p).

�®£¤  ¯® â¥®à¨¨ ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨© ([1], [3]) ¢ ®ªà¥áâ®áâ¨ «î¡®©
â®çª¨   âà ¥ªâ®à¨¨X0(t)(8 t 2 (t1; t2)) äãªæ¨ï q(x; t) ï¢«ï¥âáï   «¨â¨ç¥áª®©
¯® ¯¥à¥¬¥ë¬ xi; i = 1; 2; 3. �«¥¤®¢ â¥«ì®, a(X0; 'obs;0+"'obs;1;X; eX) â ª¦¥
¡ã¤¥â   «¨â¨ç¥áª®© ¢ ®ªà¥áâ®áâ¨ â®çª¨ X = X0(t); " = 0; (8 t 2 (t1; t2)),
¯à¨ç¥¬

a(X0; 'obs;0;X; eX) = 0 8 eX 2 (W
� 1

2 (t1; t2))3

¨ ¨¬¥¥â ¬¥áâ® à §«®¦¥¨¥

a(X0; 'obs;0 + "'obs;1;X; eX) = X
i+j�0

aij( eX; (X �X0)i)"j ;

£¤¥ i = (i1; i2; i3); ik � 0; k = 1; 2; 3; i+ j = i1 + i2 + i3 + j

aij( eX; (X �X0)i) =
1
i!j!

@i+j

@X i@"j
a(X0; 'obs;0 + "'obs;1; eX; (X �X0)i)

a1;0( eX;X �X0) = aX(X0; 'obs;0; eX;X �X0) = [ eX;X �X0]

¨ ¨á¯®«ì§®¢ ë ¨§¢¥áâë¥ ®¡®§ ç¥¨ï ¨§ â¥®à¨¨ ¬®£®¬¥àëå àï¤®¢ �¥©«®à 
(á¬.,  ¯à¨¬¥à, [16]).
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�®áª®«ìªã ãà ¢¥¨¥ (27) ª®àà¥ªâ® à §à¥è¨¬® ¢ HA ¯à¨ F1 2 (HA)�, â® ¯®
â¥®à¥¬ ¬ ® ¥ï¢ëå ®¯¥à â®à å ¢   «¨â¨ç¥áª®¬ á«ãç ¥ [16] § ¤ ç  (12) ®¯à¥¤¥-
«ï¥â ¢ ®ªà¥áâ®áâ¨ â®ç¥ª (X0(t); " = 0) ¥¤¨áâ¢¥ãî ¥ï¢ãî ¢¥ªâ®à-äãªæ¨î
X = X(t; "), ¯à¨ç¥¬ X(t; 0) = X0 ¨ X(t; ")   «¨â¨ç  ¯® " ¢ ®ªà¥áâ®áâ¨ â®çª¨
" = 0:

X(t; ") = X0(t) + "X1(t) + "2X2(t) + � � � 8 " 2 [�"0; "0]; (29)

£¤¥ "0 { ¥ª®â®à®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«® (§ ¢¨áïé¥¥ ®â C0; T ¨ ¤à.), â.¥. § ¤ ç 
(12) ¨¬¥¥â   «¨â¨ç¥áª®¥ ¯® " à¥è¥¨¥X(t) ¢¨¤  (29). �¥¯¥àì   ®á®¢¥ ãâ¢¥à¦-
¤¥¨ï ® à §à¥è¨¬®áâ¨ § ¤ ç¨ (3) ¯à¨ X = X(t; ") § ª«îç ¥¬ ® áãé¥áâ¢®¢ ¨¨
à¥è¥¨ï § ¤ ç¨ (10), ¯à¨ç¥¬ SA ¤®áâ¨£ ¥â ¬¨¨¬ã¬    X = X(t; "). �ã¬¬¨-
àãï ¨§«®¦¥®¥ ¢ëè¥ ¨ § ¬¥ïï ãá«®¢¨ï (i){(iii) ®£à ¨ç¥¨¥¬   «¨â¨ç®áâ¨
q(x; t) ¯® x, ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥.

�¥®à¥¬ . �à®¤¯®«®¦¨¬, çâ®: 1) X0 2 (W 1
2 (t1; t2))

3; X0(t1) = X(1); X0(t2) =
X(2); 2) 'obs = 'obs;0+"'obs;1, £¤¥ 'obs;0 � '0,   '0 2 H ¥áâì à¥è¥¨¥ § ¤ ç¨ (3)
¯à¨ f(x; t) = Q(t)�(x �X0(t)); 3) ¨áå®¤ë¥ ¤ ë¥ § ¤ ç¨ (1) ¨ p(x; t) â ª®¢ë,
çâ® q(x; t)   «¨â¨ç  ¯® x ¢ ®ªà¥áâ®áâ¨ X0(t) 8 t 2 (t1; t2) (á¬.,  ¯à¨¬¥à,
®£à ¨ç¥¨ï (i){(iii)). �®£¤  áãé¥áâ¢ã¥â "0 > 0, â ª®¥, çâ® 8" 2 [�"0; "0] § ¤ ç 
(10) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ X(t; ") ¢¨¤  (29), ï¢«ïîé¥¥áï   «¨â¨ç¥áª®©
äãªæ¨¥© ¯® ". �ãªæ¨¨ Xj(t); j � 1, ¢ à §«®¦¥¨¨ (29) ¬®£ãâ ¡ëâì ®¯à¥-
¤¥«¥ë ¯®  «£®à¨â¬ã à¥£ã«ïàëå ¢®§¬ãé¥¨© ("¬¥â®¤ ¬ «®£® ¯ à ¬¥âà "). �
ç áâ®áâ¨, X1 ¥áâì à¥è¥¨¥ ãà ¢¥¨ï (27) ¨ ¢á¥ ãà ¢¥¨ï ¤«ï Xj ; j � 1,
ª®àà¥ªâ® à §à¥è¨¬ë.

� ¬¥ç ¨¥. �¡à â¨¬ ¢¨¬ ¨¥   â®, çâ® ¬ë ¥ ¬®¦¥¬ ãâ¢¥à¦¤ âì, çâ® '(x; t)
ï¢«ï¥âáï £« ¤ª®© ¯® "! 2

3.3. � áá¬®âà¨¬ â¥¯¥àì § ¤ çã (10) ¯à¨  «¨ç¨¨ ¤®¯®«¨â¥«ì®£® ®£à ¨ç¥¨ï
¢¨¤ 

jX(t)�X(+)(t)j < �; (30)

£¤¥ � =const> 0; X(+)(t) 2 (W 1
2 (t1; t2))

3 { § ¤  ï âà ¥ªâ®à¨ï, â ª ï, çâ®
X(+)(t) 2 D; 8 t 2 (t1; t2). �à¥¤¯®« £ ¥âáï, çâ® áãé¥áâ¢ã¥â å®âï ¡ë ®¤ 
âà ¥ªâ®à¨ï X0(t), ã¤®¢«¥â¢®àïîé ï (30),   â ª¦¥ jX0(t) � X(+)(t)j < �=2 ¨
X0(t1) = X(1); X0(t2) = X(2). �á«¨ ¤®¯®«¨â¥«ì® ¢ë¯®«¥ë ãá«®¢¨ï áä®à¬ã-
«¨à®¢ ®© ¢ëè¥ â¥®à¥¬ë, â® áãé¥áâ¢ã¥â   «¨â¨ç¥áª®¥ ¯® " à¥è¥¨¥ § ¤ ç¨
(10) ¢¨¤  (29). �ç¨â ï " 2 [�e"0; e"0], £¤¥ 0 � e"0 < "0; e"0 { ¤®áâ â®ç® ¬ «®¥
ç¨á«®, ¬®¦® ¤®¡¨âìáï ¢ë¯®«¥¨ï ãá«®¢¨ï (30). � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥¬¬  3. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë, ¯à¨ç¥¬ X0(t) ã¤®¢«¥â¢®àï¥â
®£à ¨ç¥¨î (30) ¨ jX0(t)�X(+)(t)j < �=2; 8 t. �®£¤  áãé¥áâ¢ã¥â e"0 > 0 â ª ï,
çâ® 8 " 2 [�e"0; e"0] á¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï â¥®à¥¬ë ¨ ¤«ï X(t; ") ¢ë¯®«¥®
á®®â®è¥¨¥ (30).

�ä®à¬ã«¨à®¢ ë¥ ¢ëè¥ ãâ¢¥à¦¤¥¨ï ® à §à¥è¨¬®áâ¨ § ¤ ç¨ (10) ®â®-
áïâáï ª á«ãç î, ª®£¤  q(x; t) ï¢«ï¥âáï   «¨â¨ç¥áª®© äãªæ¨¥© ¯® x. � á-
á¬®âà¥¨¥ § ¤ ç ¯à¨ ¡®«¥¥ á« ¡ëå ®£à ¨ç¥¨ïå   q(x; t) (¢ â®¬ ç¨á«¥ § ¤ ç
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â¨¯  (19)) ¬®¦® ®áãé¥áâ¢¨âì ¬¥â®¤ ¬¨ â¥®à¨¨ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ì-
ëå ãà ¢¥¨© ¯à¨ ®£à ¨ç¥¨ïå   q(x; t), á®®â¢¥âáâ¢ãîé¨å ¢ë¡à ®© ¢¥á®¢®©
äãªæ¨¨ p(x; t), £ à¬®¨ª ¬ f j0g (á¬. (19)) ¨ â.¤.

4. � ¯à¨¡«¨¦¥®¬ à¥è¥¨¨ § ¤ ç¨
� áá¬®âà¨¬ ¥ª®â®àë¥  «£®à¨â¬ë ¯à¨¡«¨¦¥®£® à¥è¥¨ï § ¤ ç¨ ®¡ ®¯â¨-

¬ «ì®© âà ¥ªâ®à¨¨.

4.1. �ä®à¬ã«¨à®¢  ï à ¥¥ â¥®à¥¬  ¤ ¥â ®¡®á®¢ ¨¥ ¬¥â®¤  ¬ «ëå ¢®§¬ã-
é¥¨©, ª®â®àë© ¬®¦¥â à áá¬ âà¨¢ âìáï â ª¦¥ ª ª ®¤¨ ¨§ ¬¥â®¤®¢ ¯à¨¡«¨-
¦¥®£® à¥è¥¨ï à áá¬ âà¨¢ ¥¬®© § ¤ ç¨. � ª, § ¤ ¢ X0 ¨ ®¯à¥¤¥«¨¢ X1 ª ª
à¥è¥¨¥ § ¤ ç¨ ¢¨¤ 

� d
dtA

dX1
dt + (B1(X1)� 'obs;1)Q(t)rq(X0(t); t) = 0; t 2 (t1; t2);

X1(t1) = X2(t2) = 0;
(31)

£¤¥

B1(X1) =

t2Z
t1

Q(t)(X1;r)q(X0(t); t)dt;

¬®¦® ¯à¨ïâì
X �= X(1) � X0 + "X1

£¤¥ X(1) ¥áâì ¯à¨¡«¨¦¥¨¥ ¯¥à¢®£® ¯®àï¤ª . �  ®á®¢¥ X(1) (à¥è ï (3))  å®¤¨¬
á®®â¢¥âáâ¢ãîé¥¥ ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ '(1) § ¤ ç¨ (1) ¯à¨ f(x; t) = Q(t)�(x �
X(1)).

�á«¨ ¥®¡å®¤¨¬® ¢ëç¨á«¨âì ¯à¨¡«¨¦¥¨¥ n-£® ¯®àï¤ª  X(n) = X0 + "X1 +
: : :+ "nXn, â®  å®¦¤¥¨¥ X2; : : : ; Xn ®áãé¥áâ¢«ï¥âáï ¯ãâ¥¬ ¯®á«¥¤®¢ â¥«ì®£®
à¥è¥¨ï § ¤ ç (â¨¯  (31)) á®£« á®  «£®à¨â¬ã à¥£ã«ïàëå ¢®§¬ãé¥¨© [9].

4.2. �ä®à¬ã«¨àã¥¬ ®¤¨ ¨§ ¨â¥à æ¨®ëå  «£®à¨â¬®¢ à¥è¥¨ï (12), ª®â®àë©
ä ªâ¨ç¥áª¨ ¡ §¨àã¥âáï   ®âëáª ¨¨ ¯®¯à ¢®ª ¯¥à¢®£® ¯®àï¤ª  (á¬. ¯. 5.1).

�ãáâì § ¤ ® 'obs, â®£¤  ¯à®æ¥áá ¯®áâà®¥¨ï X(t) á®áâ®¨â ¢ á«¥¤ãîé¥¬.

�â ¯ 1. �ë¡¨à ¥âáï ¯®¤å®¤ïé¥¥ X0(t),  å®¤¨¬ à¥è¥¨¥ '0 ¯à¨ f = Q(t)�(x �
X0) ¨ ¯®« £ ¥¬ 'obs;0 � '0.

�á«¨ 'obs 6= 'obs;0, â® ¯¥à¥å®¤¨¬ ª á«¥¤ãîé¨¬ íâ ¯ ¬.

�â ¯ 2. �¥è ¥¬ § ¤ çã ¯® ®¯à¥¤¥«¥¨î q(x; t).

�â ¯ 3. �ë¡¨à ï ¯®¤å®¤ïéãî ¯®¯à ¢ªã ¢¨¤  "'obs;1 â ª, çâ®¡ë 'obs
�= 'obs;0 +

"'obs;1 (¥áâ¥áâ¢¥®, çâ® ¢¥«¨ç¨  j"'obs;1j) ¤®«¦  ¡ëâì â ª®©, çâ®¡ë  å®-
¤¨âìáï ¢ à ¬ª å â¥®à¨¨ ¬ «ëå ¢®§¬ãé¥¨©), à¥è ¥¬ § ¤ çã ¯® ®¯à¥¤¥«¥¨î
X1, â.¥. à¥è ¥¬ (31), ¨ ¯®« £ ¥¬ X �= X0 + "X1 = X(1).
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�á«¨ â®ç®áâì X(1) ï¢«ï¥âáï ¥¤®áâ â®ç®©, â® ¯à¨¨¬ ¥¬ X(1) ¢ ª ç¥áâ¢¥
®¢®©  ç «ì®© âà ¥ªâ®à¨¨ X0 ¨ ¯®¢â®àï¥¬ �â ¯ 3. � ª ¥âàã¤® § ¬¥â¨âì,
¨§«®¦¥ë© ¢ëè¥  «£®à¨â¬ ¥áâì à¥ «¨§ æ¨ï ¨§¢¥áâ®£® ¯à®áâ¥©è¥£® ¨â¥à æ¨-
®®£® ¯à®æ¥áá .

�«ï ç¨á«¥®£® à¥è¥¨ï (12) ¬®£ãâ ¡ëâì â ª¦¥ ¯à¨¬¥¥ë ¤àã£¨¥ ¯®¤å®¤ï-
é¨¥ ¨â¥à æ¨®ë¥ ¯à®æ¥ááë (¬¥â®¤ �ìîâ® , ¬®¤¨ä¨æ¨à®¢ ë© ¬¥â®¤ �ìî-
â®  ¨ ¤à.). �®áâà®¨¢ ¯à¨¡«¨¦¥¨¥X(n) á ¥®¡å®¤¨¬®© â®ç®áâìî, § â¥¬ ¬®¦®
 ©â¨ (¥á«¨ ¢ íâ®¬ ¥áâì ¥®¡å®¤¨¬®áâì) à¥è¥¨¥ § ¤ ç¨ (3) ¯à¨ X = X(n). (�â-
¬¥â¨¬, çâ® äãªæ¨î q(x; t)  ¤® ®¯à¥¤¥«¨âì «¨èì ®¤¨ à §!).

�¤¥« ¥¬ § ¬¥ç ¨¥, ®â®áïé¥¥áï ª® ¬®£¨¬ ¢®§¬®¦ë¬ ¬¥â®¤ ¬ à¥è¥¨ï
à áá¬ âà¨¢ ¥¬ëå § ¤ ç. �â¬¥â¨¬, çâ® ¤«ï ®¡®á®¢ ¨ï ¨ ¯à ªâ¨ç¥áª®£® ¯à¨-
¬¥¥¨ï íâ¨å ¬¥â®¤®¢ ç áâ® ¥â ¥®¡å®¤¨¬®áâ¨ âà¥¡®¢ âì   «¨â¨ç®áâ¨ q(x; t)
¯® x. � ª, ¯®-¢¨¤¨¬®¬ã, ¤«ï ®¡®á®¢ ¨ï ¥ª®â®àëå ¨â¥à æ¨®ëå ¯à®æ¥¤ãà
à¥è¥¨ï à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ ®¡ ®¯â¨¬ «ìëå âà ¥ªâ®à¨ïå ¤®áâ â®ç® âà¥-
¡®¢ ¨ï ¯à¨ ¤«¥¦®áâ¨ q ª Y . � ¤ ®© à ¡®â¥ ¬ë ¥ áâ ¢¨¬ á¥¡¥ æ¥«ìî
¨áá«¥¤®¢ ¨ï " ¨¬¥ìè¨å" ®£à ¨ç¥¨©   q ¨«¨   ¨áå®¤ë¥ ¤ ë¥ § ¤ ç¨,
¯à¨ ª®â®àëå ¯®¤å®¤ïé¨©  «£®à¨â¬ ¡ë« ¡ë áå®¤ïé¨¬áï. � ª  ¬ ª ¦¥âáï, ¯à¨
¨§ãç¥¨¨ íâ®© ¯à®¡«¥¬ë ¬®£ãâ ¢®§¨ªãâì âàã¤®áâ¨, ®áïé¨¥ áª®à¥¥ "â¥å¨-
ç¥áª¨© å à ªâ¥à".

4.3. � ç áâëå á«ãç ïå § ¤ ç¨ ®âëáª ¨¥ X1 (  § ç¨â, ¨ ¯à¨¡«¨¦¥¨© X(1) =
X0 + "X1

�= X) ¬®¦® ®áãé¥áâ¢¨âì ï¢ë¬ ®¡à §®¬, ¯®á«¥ â®£® ª ª ¯®áâà®¥ 
äãªæ¨ï q(x; t). � áá¬®âà¨¬ ¥ª®â®àë¥ ¨§ ¨å.

�ãáâì A =const. �®áª®«ìªã à¥è¥¨¥ § ¤ ç¨ ¢¨¤ 

�d
2X

dt2
= f(t); t 2 (t1; t2); X(t1) = X(t2) = 0

¥áâì

X(t) =

t2Z
t1

G(t; t0)f(t0)dt0;

£¤¥ G(t; t0) ¥áâì äãªæ¨ï �à¨ :

G(t; t0) =

8>>><>>>:
(t� t1)(t2 � t0)

(t2 � t1)
¯à¨ t1 � t � t0

(t2 � t)(t0 � t1)
(t2 � t1)

¯à¨ t0 � t � t2

;

â® ¨§ (31) «¥£ª®  å®¤¨¬ ¢ëà ¦¥¨¥ ¤«ï B(X1) ¨ X1; X(1):

B1(X1) =

'obs;1B1

0@ t2Z
t1

G(t; t0)Q(t0)(rq)(X0(t0); t0)dt0

1A
A+B1

0@ t2Z
t1

G(t; t0)Q(t0)(rq)(X0(t0); t0)dt0

1A ;
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X1(t) =

'obs;1

t2Z
t1

G(t; t0)Q(t0)(rq)(X0(t0); t0)dt0

A+B1

0@ t2Z
t1

G(t; t0)Q(t0)(rq)(X0(t0); t0)dt0

1A ;
£¤¥

( eX;r)q = 3X
i=1

eXi(t)
@q

@xi
:

�à¥¤¯®«®¦¨¬, çâ® q(x; t) â ª®¢ , çâ® ª®¬¯®¥âë ¢¥ªâ®à  (rq)(x; t) áãâì ¥¯à¥-
àë¢ë¥ ¯® ¢á¥¬ ¯¥à¥¬¥ë¬ äãªæ¨¨. �®£¤  ¤®¯ãáâ¨¬  á«¥¤ãîé ï äãªæ¨ï
Q(t):

Q(t) = Q0�(t� t0); (32)

£¤¥ Q0 =const> 0; t0 2 (t1; t2). � íâ®¬ á«ãç ¥ X1(t)  å®¤¨âáï ¯® ä®à¬ã«¥ ¢¨¤ :

X1(t) =
'obs;1G(t; t0)(rq)(X0(t0); t0)Q0

A+Q2
0G(t0; t0)jrqj2(X0(t0); t0)

: (33)

�â¬¥ç ¥¬, çâ® ¥á«¨ jrq(X0(t0); t0)j 6= 0, â® (33) ¬®¦® ¯à¨ïâì A = 0, ¨ ¢
à¥§ã«ìâ â¥ ¯®«ãç ¥¬ "¯à¥¤¥«ìë¥ ä®à¬ã«ë" ¤«ï X1(t); X(1)(t):

X1(t) =
'obs;1
Q0

G(t; t0)
G(t0; t0)

(rq)(X0(t0); t0)
jrqj2(X0(t0); t0)

(34)

X(1)(t) = X0(t) + "'obs;1�(t); (35)

£¤¥

�(t) =
1
Q0

G(t; t0)
G(t0; t0)

(rq)(X0(t0); t0)
jrqj2(X0(t0); t0)

¥áâì äãªæ¨ï çã¢áâ¢¨â¥«ì®áâ¨ âà ¥ªâ®à¨¨ X0(t), á®®â¢¥âáâ¢ãîé¥© § ç¥-
¨î 'obs;0 = '0, ª ¢®§¬ãé¥¨î ""'obs;1" ¢ äãªæ¨® «¥ áâ®¨¬®áâ¨.

�§ ¨§«®¦¥ëå ¢ëè¥ ç áâëå á«ãç ¥¢ § ¤ ç¨ ®ç¥¢¨¤ë¬ ®¡à §®¬ á«¥¤ã¥â
¢ ¦®áâì ¯®¢¥¤¥¨ï à¥è¥¨ï á®¯àï¦¥®£® ãà ¢¥¨ï ¯à¨ ¢ë¡®à¥ ®¯â¨¬ «ì®©
âà ¥ªâ®à¨¨ X(t).

� § ª«îç¥¨¥ á¤¥« ¥¬ ¥áª®«ìª® § ¬¥ç ¨©.
�ë à áá¬®âà¥«¨ â®«ìª® § ¤ çã ® ¢ë¡®à¥ âà ¥ªâ®à¨¨ â®ç¥ç®£® ¢ãâà¥¥£®

¨áâ®ç¨ª . �¤ ª® «¥£ª® § ¬¥â¨âì, çâ®   «®£¨çë¥ à áá¬®âà¥¨ï ¬®¦® ¯à®-
¢¥áâ¨ ¨ ¤«ï â®ç¥çëå ¨áâ®ç¨ª®¢ á âà ¥ªâ®à¨ï¬¨, ¯à¨ ¤«¥¦ é¨¬¨ �. �«ï
®¡®á®¢ ¨ï â¥å ¨«¨ ¨ëå  «£®à¨â¬®¢ ¯à¨¡«¨¦¥®£® à¥è¥¨ï § ¤ ç¨ ¤®áâ -
â®ç® ¢¢¥áâ¨ ¤®¯®«¨â¥«ì® á®®â¢¥âáâ¢ãîé¨¥ ®£à ¨ç¥¨ï   £« ¤ª®áâì '(s) ¨
£à ¨æã �.

�¡áã¦¤ ¥¬ë¥ ¢ ¤ ®© à ¡®â¥ § ¤ ç¨ ¨ ¬¥â®¤ë ¨å à¥è¥¨ï ¬®£ãâ ¡ëâì ¯®«¥§-
ë¬¨ ¯à¨   «¨§¥ à §«¨çëå ä¨§¨ç¥áª¨å ¯à®æ¥áá®¢ á â®çª¨ §à¥¨ï íª®«®£¨ç¥á-
ª®© ¡¥§®¯ á®áâ¨ ¬®à¥© ¨ ®ª¥ ®¢ (§ ¤ ç¨ ® ¢ë¡®à¥ ¯ãâ¥© ¥äâïëå â ª¥à®¢,
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¯ãâ¥© ¯à®ª« ¤ë¢ ¨ï âàã¡®¯à®¢®¤®¢, ¢®§¬®¦ëå  ¢ à¨ïå ¯®¤¢®¤ëå «®¤®ª, § -
¤ ç¨ ª®á¬¨ç¥áª®© íª®«®£¨¨ ¨ â.¯.). � ¯®¬®éìî ¨§«®¦¥ëå ¢ëè¥ ¯®¤å®¤®¢ ¨
¬¥â®¤®¢ ¬®¦® áâà®¨âì ®¯â¨¬ «ìë¥ âà ¥ªâ®à¨¨ "¯®â¥æ¨ «ìëå" ¨áâ®ç¨ª®¢
§ £àï§¥¨© á æ¥«ìî ¬¨¨¬¨§ æ¨¨  ®á¨¬®£® ¨¬¨ ãé¥à¡ .

�¥£ª® § ¬¥â¨âì, çâ® ¥ ¯à¥¤áâ ¢«ï¥â âàã¤  ¯¥à¥ä®à¬ã«¨à®¢ âì à áá¬®âà¥-
ë¥ ¢ëè¥ § ¤ ç¨ ¯à¨ ¨á¯®«ì§®¢ ¨¨ ¥ª®â®àëå ¤àã£¨å äãªæ¨® «®¢ áâ®¨-
¬®áâ¨ ( ¯à¨¬¥à, á ¯¥à¢ë¬ á« £ ¥¬ë¬ â¨¯  kdX4=dt4k2(L2(t1;t2))3 , á ¤àã£¨¬¨ £à -
¨çë¬¨ ãá«®¢¨ï¬¨ ¤«ï ¢ë¡¨à ¥¬®© âà ¥ªâ®à¨¨ ¨ ¤à.).

�¢â®à ¢ëà ¦ ¥â £«ã¡®ªãî ¡« £®¤ à®áâì �.�. �ã¡®¢áª®¬ã, �.�. �¥¡¥¤¥¢ã
¨ �.�. �ãâï¥¢ã §  ®¡áã¦¤¥¨¥ à ¡®âë ¨ ¢ëáª § ë¥ § ¬¥ç ¨ï.
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�«¨®¢®«®¢ ï  á¨¬¯â®â¨ª  c ¤¨á¯¥àá¨¥©
¤«ï à á¯à®áâà ¥¨ï ¢®« ¢ áâà â¨ä¨æ¨à®¢ ëå áà¥¤ å 1

�. �. � å¢ «®¢, �. �. �£«¨â

�®áª®¢áª¨© £®áã¤ àáâ¢¥ë© ã¨¢¥àá¨â¥â
E-mail: bakh@abs.math.msu.su

� áá¬ âà¨¢ ¥âáï à á¯à®áâà ¥¨¥ ¢®« ¢ áâà â¨ä¨æ¨à®¢ ®© áà¥¤¥ ¯¥-
à¨®¤¨ç¥áª®© áâàãªâãàë. �â®è¥¨¥ ¯¥à¨®¤  áà¥¤ë ª å à ªâ¥à®© ¤«¨¥
¢®«ë ¯à¥¤¯®« £ ¥âáï ¬ «ë¬. �¥â®¤®¬ ¤¢ãå¬ áèâ ¡ëå  á¨¬¯â®â¨ç¥á-
ª¨å à §«®¦¥¨© ¢ë¯¨áë¢ ¥âáï £« ¢ë© ¯® íâ®¬ã ¯ à ¬¥âàã ç«¥ ãà ¢-
¥¨ï, ®¯à¥¤¥«ïîé¨© ¤¨á¯¥àá¨î ¢®«. �®ª § ®, çâ® ¯à¨ ¯à®¨§¢®«ì®¬
 ¯à ¢«¥¨¨ à á¯à®áâà ¥¨ï £ à¬®¨ç¥áª®© ¢®«ë ¢ «®ª «ì® ®àâ®âà®¯-
®© áà¥¤¥ ¢ áª «ïà®¬ á«ãç ¥ ¯à¨áãâáâ¢¨¥ íâ®£® ¤¨á¯¥àá¨®®£® ç«¥  ¢
®¡é¥¬ á«ãç ¥ ¯à¨¢®¤¨â ª ã¡ë¢ ¨î áª®à®áâ¨ ¢®« á à®áâ®¬ ç áâ®âë.

1. �«£®à¨â¬ ®áà¥¤¥¨ï ¨ ®¡§®à à¥§ã«ìâ â®¢
� ¡®â  ï¢«ï¥âáï ¥áâ¥áâ¢¥ë¬ ¯à®¤®«¦¥¨¥¬ [3], £¤¥ ¤«ï á«ãç ï, ®¯¨áë¢ -

¥¬®£® á¨áâ¥¬®© ãà ¢¥¨©, ¢ ®¡é¥¬ á«ãç ¥ ¥ à á¯ ¤ îé¥©áï   á®¢®ªã¯®áâì
áª «ïàëå ãà ¢¥¨©, ¨§ãç¥ ¯à®æ¥áá à á¯à®áâà ¥¨ï ¢®« ¢ áâà â¨ä¨æ¨à®-
¢ ëå áà¥¤ å ¯¥à¨®¤¨ç¥áª®© áâàãªâãàë ¢  ¯à ¢«¥¨¨, ®àâ®£® «ì®¬ á«®ï¬.
� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï à á¯à®áâà ¥¨¥ ¢®« ¢ ¯à®¨§¢®«ì®¬  ¯à ¢-
«¥¨¨. � ª ¨ ¢ [3], à áá¬ âà¨¢ îâáï ¤«¨ë¥ ¢®«ë, ¤«ï ª®â®àëå ®â®è¥¨¥ "
¯¥à¨®¤  áà¥¤ë d ª â¨¯¨ç®© ¤«¨¥ ¢®«ë L ¬ «®. � ¤ «ì¥©è¥¬ ¢á¥ à §¬¥àë
áç¨â îâáï ®â¥á¥ë¬¨ ª L, â ª çâ® " { ¡¥§à §¬¥àë© ¯¥à¨®¤ á¢®©áâ¢ áà¥¤ë.
�¢®¤ïâáï ¬¥¤«¥ë¥ ¯¥à¥¬¥ë¥ xj ¨ ¡ëáâàë¥ ¯¥à¥¬¥ë¥ yj = xj=". C¢®©áâ¢ 
áà¥¤ë § ¤ îâáï äãªæ¨ï¬¨, § ¢¨áïé¨¬¨ ®â ¡ëáâàëå ¯¥à¥¬¥ëå.

�¯àã£¨¥ ¢®«ë ¢ áà¥¤¥ ¯à®¨§¢®«ì®© ¯¥à¨®¤¨ç¥áª®© áâàãªâãàë ®¯¨áë¢ îâáï
á¨áâ¥¬®© ãà ¢¥¨©

Lu = ��
�x1
"
;
x2
"
;
x3
"

� @2u
@t2

+ L0u = 0;

L0u =
@

@xi

�
Aij(

x1
"
;
x2
"
;
x3
"
)
@u

@xj

�
;

(1.1)

1� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ ���� (¯à®¥ªâë ¿99{01{01146, 99{01{
01153) ¨ ����� (ª®¤ ¯à®¥ªâ  96{1061).
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áª «ïà ï äãªæ¨ï �(y1; y2; y3) ¨ ¬ âà¨æë Aij(y1; y2; y3) { ¨§¬¥à¨¬ë¥, ®£à ¨-
ç¥ë¥, 1-¯¥à¨®¤¨ç¥áª¨¥ (¯¥à¨®¤¨ç¥áª¨¥ c ¯¥à¨®¤®¬ 1) äãªæ¨¨  à£ã¬¥â®¢ yj ;
Aij = ATji, áã¬¬¨à®¢ ¨¥ ¯® ¯®¢â®àïîé¨¬áï ¨¤¥ªá ¬ ¢ ¯à¥¤¥« å [1; 3]. �à¨
íâ®¬ ¯à¥¤¯®« £ ¥âáï, çâ®

0 < � � �(y1; y2; y3); 0 < a(zj ; zj) � (Aij(y1; y2; y3)zj ; zi) 8 yj ; zj : (1.2)

�à¨ ¥£« ¤ª¨å �(y); A(y) à¥è¥¨¥ (1.1) ¯®¨¬ ¥âáï ¢ á¬ëá«¥ ã¤®¢«¥â¢®à¥¨ï
á®®â¢¥âáâ¢ãîé¥¬ã ¨â¥£à «ì®¬ã â®¦¤¥áâ¢ã.

�à¨ " << 1 ¤«ï ¯à¨¡«¨¦¥®£® ®¯¨á ¨ï ¯à®æ¥áá  ¬®¦® ¢¢¥áâ¨ â ª  §ë-
¢ ¥¬ë¥ ®áà¥¤¥ë¥ ãà ¢¥¨ï, á®®â¢¥âáâ¢ãîé¨¥ ¥ª®â®à®© ®¤®à®¤®© áà¥¤¥,
â ª¨¥, çâ® ¨å à¥è¥¨¥ ¯®§¢®«ï¥â ¯®áâà®¨âì ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ § ¤ ç¨ ¤«ï
¨áå®¤®© ¥®¤®à®¤®© áà¥¤ë. � à ¡®â å [1], [4] à áá¬®âà¥  «£®à¨â¬ ¯®áâà®¥-
¨ï ®áà¥¤¥ëå ãà ¢¥¨© ¡¥áª®¥ç®£® ¯®àï¤ª  â®ç®áâ¨ ¯® " ¤«ï á¨áâ¥¬ë
ãà ¢¥¨© (1.1). �à¨¬¥¨¬ íâ®â  «£®à¨â¬ ¢ ¥áª®«ìª® ¢¨¤®¨§¬¥¥®© ä®à¬¥.
�á¨¬¯â®â¨ç¥áª®¥ à §«®¦¥¨¥ à¥è¥¨ï á¨áâ¥¬ë (1.1)¨é¥âáï ¢ ¢¨¤¥

u �
1X

q;l1;l2;l3=0

"q+l1+l2+l3Nq
l1l2l3

(
x1
"
;
x2
"
;
x3
"
)
@q+l1+l2+l3v

@tq@xl11 @x
l2
2 @x

l3
3

; (1.3)

£¤¥ v { à¥è¥¨¥ ¯®«ãç ¥¬®£® ¤ «¥¥ ®áà¥¤¥®£® ãà ¢¥¨ï, Nq
l1l2l3

(y1; y2; y3) |
1-¯¥à¨®¤¨ç¥áª¨¥ äãªæ¨¨ y1; y2; y3. �¤¥áì ¨ ¤ «¥¥ N0

000(y1; y2; y3) = E { ¥¤¨-
¨ç ï ¬ âà¨æ , Nq

l1l2l3
(y1; y2; y3) = 0, ¥á«¨ å®âï ¡ë ®¤¨ ¨§ ¨¤¥ªá®¢ q; l1; l2; l3

®âà¨æ â¥«¥. �à¥¤áâ ¢«¥¨¥ à¥è¥¨ï ¢ ¢¨¤¥ (1.3) ¯®«ãç ¥âáï ¨§ ¯à¥¤áâ ¢«¥¨ï
à¥è¥¨ï ¢ [1],[4] ¯à¨¢¥¤¥¨¥¬ ¯®¤®¡ëå ç«¥®¢. �®¤áâ ¢«ïï à §«®¦¥¨¥ (1.3) ¢
Lu, ¯®«ãç¨¬

Lu �
1X

q;l1;l2;l3=0

"q+l1+l2+l3�2Hq
l1l2l3

(y1; y2; y3)
@q+l1+l2+l3v

@tq@xl11 @x
l2
2 @x

l3
3

;

Hq
l1l2l3

= ��Nq�2
l1l2l3

+ L0yyN
q
l1l2l3

+Aij
@Nq

l1��i1;l2��i2;l3��i3

@yj

+
@

@yi
(AijN

q
l1��j1;l2��j2;l3��j3

) +AijN
q
l1��i1��j1;l2��i2��j2;l3��i3��j3

;

£¤¥ L0yyN =
@

@yi
(Aij(y1; y2; y3)

@N

@yj
):

(1.4)

� «¥¥  å®¤¨¬ Nq
l1l2l3

â ª¨¥, çâ®¡ë ª®íää¨æ¨¥âëHq
l1l2l3

(y1; y2; y3) ¯à¨ ®âà¨-
æ â¥«ìëå áâ¥¯¥ïå " ®¡à â¨«¨áì ¢ ®«ì,   ¯à¨ ¥®âà¨æ â¥«ìëå { ¥ § ¢¨á¥«¨
®â y1; y2; y3:

Hq
l1l2l3

(y1; y2; y3) = hql1l2l3 = const : (1.5)

�¥«¨ç¨ë hql1l2l3  å®¤¨¬ ¨§ ãá«®¢¨ï


Hq
l1l2l3

�
= hql1l2l3 , ï¢«ïîé¥£®áï ãá«®¢¨¥¬

à §à¥è¨¬®áâ¨ á¨áâ¥¬ë ãà ¢¥¨© (1.5) ®â®á¨â¥«ì® Nq
l1l2l3

. �¤¥áì ¨ ¤ «¥¥ h� i {
®¡®§ ç¥¨¥ áà¥¤¥£® ¯® ¯¥à¨®¤ã : hfi = R 10 R 10 R 10 f(y1; y2; y3)dy1dy2dy3.
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�®áª®«ìªã
�
@N

@yj

�
= 0 ¯à¨ «î¡®© 1-¯¥à¨®¤¨ç¥áª®© N , â®

hql1l2l3 =

*
Aij

@Nq
l1��i1;l2��i2;l3��i3

@yj
+AijN

q
l1��i1��j1;l2��i2��j2;l3��i3��j3

+
: (1.6)

� à¥§ã«ìâ â¥ ¯®«ãç¨¬ ®áà¥¤¥®¥ ãà ¢¥¨¥

Lv �
X

q+l1+l2+l3�2

"q+l1+l2+l3�2hql1l2l3
@q+l1+l2+l3v

@tq@xl11 @x
l2
2 @x

l3
3

� 0: (1.7)

�§ áâàãªâãàë à¥ªãàá¨¨ ¢¨¤®, çâ®

Nq
l1l2l3

= 0; hql1l2l3 = 0 ¯à¨ q ¥ç¥âëå: (1.8)

� âà¨æë Nq
l1l2l3

(y1; y2; y3) ®¯à¥¤¥«ïîâáï ¨§ à¥è¥¨ï â ª  §ë¢ ¥¬ëå § ¤ ç  
ïç¥©ª¥ (1.5) á â®ç®áâìî ¤® ¯®áâ®ïëå á« £ ¥¬ëå (¥ª®â®àëå ¯®áâ®ïëå ¬ â-
à¨æ). �ë¡®à®¬ íâ¨å á« £ ¥¬ëå ¬®¦® ¤®¡¨âìáï ¢ë¯®«¥¨ï ãá«®¢¨©



Nq
l1l2l3

�
=

0.
� [1] ¤®ª § ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.
1. �á«¨ à¥è¥¨ï § ¤ ç (1.5) ¢ë¡¨à îâáï â ª, çâ®



Nq
l1l2l3

�
= 0 ¯à¨ q + l1 +

l2 + l3 > 0, â® ¯®«ãç ¥¬®¥ ®áà¥¤¥®¥ ãà ¢¥¨¥ (1.7) ï¢«ï¥âáï ãà ¢¥¨¥¬
�©«¥à  ¤«ï ¥ª®â®à®£® äãªæ¨® « , ¨, á«¥¤®¢ â¥«ì®, ¯®áâ®ïë¥ ¬ âà¨æë
hql1l2l3 ã¤®¢«¥â¢®àïîâ á®®â®è¥¨î

(hql1l2l3)
T = (�1)l1+l2+l3hql1l2l3 ; (1.9)

â® ¥áâì ®¨ á¨¬¬¥âà¨çë ¯à¨ l1 + l2 + l3 ç¥â®¬ ¨ ª®á®á¨¬¬¥âà¨çë ¯à¨
l1 + l2 + l3 ¥ç¥â®¬.

2. �ãâ¥¬ ¢¢¥¤¥¨ï ®¢®© ¥¨§¢¥áâ®© äãªæ¨¨ w:

v �
X

q;l1;l2;l3�0

"q+l1+l2+l3dql1l2l3
@q+l1+l2+l3w

@tq@xl11 @x
l2
2 @x

l3
3

;

£¤¥ dql1l2l3 { ¯®áâ®ïë¥ ¬ âà¨æë, d
0
000 = E, ¬®¦¥â ¡ëâì ¯®«ãç¥® ãà ¢¥¨¥

á«¥¤ãîé¥£® ¢¨¤  ®â®á¨â¥«ì® w:

LBw � �b�@2w
@t2

+
1X

l1+l2+l3�2

"l1+l2+l3�2bh0l1l2l3 @l1+l2+l3w

@xl11 @x
l2
2 @x

l3
3

� 0; (1.10)

£¤¥ b� =< � >,   ¯®áâ®ïë¥ ¬ âà¨æë bh0l1l2l3 ã¤®¢«¥â¢®àïîâ á®®â®è¥¨î

(bh0l1l2l3)T = (�1)l1+l2+l3bh0l1l2l3 : (1.11)

�à ¢¥¨¥ (1.10) ®â«¨ç ¥âáï ®â ãà ¢¥¨ï (1.7) â¥¬, çâ® ®® á®¤¥à¦¨â â®«ìª®
®¤® á« £ ¥¬®¥, á®¤¥à¦ é¥¥ ¤¨ää¥à¥æ¨à®¢ ¨¥ ¯® ¢à¥¬¥¨. � áª «ïà®¬ á«ã-
ç ¥ (à §¬¥à®áâì ¢¥ªâ®à  u à ¢  ¥¤¨¨æ¥) ¨§ (1.9), (1.11) á«¥¤ã¥â, çâ®

hql1l2l3 = 0 ;bh0l1l2l3 = 0 ¯à¨ l1 + l2 + l3 ¥ç¥â®¬: (1.12)
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� «¥¥ ¯à¥¤¯®« £ ¥¬ ¨áå®¤ãî á¨áâ¥¬ã (1.1) ¬ áèâ ¡¨à®¢ ®© â ª, çâ® b� =
h�i = 1, ¨ à áá¬ âà¨¢ ¥¬ á«ãç © á«®¨áâ®© (áâà â¨ä¨æ¨à®¢ ®©) áà¥¤ë, ª®£¤ 
� = �(y); Aij = Aij(y), £¤¥ y = x1=".

�¯¨è¥¬ ¥ª®â®àë¥ íâ ¯ë ¯à¥®¡à §®¢ ¨ï (1.7) ª ¢¨¤ã (1.10) ¢ á«ãç ¥, ª®£¤ 
v ¥ § ¢¨á¨â ®â x3,   ®áà¥¤¥®¥ ãà ¢¥¨¥ (1.7) ¨¬¥¥â ¢¨¤

�@
2v

@t2
+ h020

@2v

@x21
+ h002

@2v

@x22
+ "2(h400

@4v

@t4
+ h220

@4v

@t2@x21
+ h202

@4v

@t2@x22

+h040
@4v

@x41
+ h022

@4v

@x21@x
2
2

+ h004
@4v

@x42
) +O("4) = 0:

(1.13)

�à ¢¥¨ï ¢¨¤  (1.13) ¡ã¤ãâ ¯®«ãç âìáï ¢ § ¤ ç å, à áá¬ âà¨¢ ¥¬ëå ¢ à §¤¥« å
2 (c¬. (2.29)) ¨ 3.

�®«®¦¨¬ v = v1+
1
2
"2h400

@2v1
@t2

¨ ã¬®¦¨¬ ãà ¢¥¨¥ (1.13) á«¥¢    ®¯¥à â®à

E +
1
2
"2h400

@2

@t2
:

�®«ãç¨¬ ãà ¢¥¨¥

LAv1 = �@
2v1
@t2

+ h020
@2v1
@x21

+ h002
@2v1
@x22

+"2(eh220 @4v1
@t2@x21

+ eh202 @4v1
@t2@x22

+ h040
@4v1
@x41

+ h022
@4v1
@x21@x

2
2

+ h004
@4v1
@x42

) +O("4) = 0;

£¤¥ eh220 = h220 +
1
2

�
h020h

4
00 + h400h

0
20

�
;eh202 = h202 +

1
2

�
h002h

4
00 + h400h

0
02

�
:

� «¥¥ ¯®«®¦¨¬

v1 = w +
1
2
"2
�eh220 @2w@x21 + eh202 @2w@x22

�
¨ ã¬®¦¨¬ ãà ¢¥¨¥ á«¥¢    ®¯¥à â®à

E +
1
2
"2
�eh220 @2@x21 + eh202 @

2

@x22

�
:

� à¥§ã«ìâ â¥ ¯®«ãç¨¬ ãà ¢¥¨¥ ç¥â¢¥àâ®£® ¯®àï¤ª  â®ç®áâ¨ ¯® ":

�@
2w

@t2
+ h020

@2w

@x21
+ h002

@2w

@x22

+"2
�bh040 @4w@x41 + bh022 @4w

@x21@x
2
2

+ bh004 @4w@x42
�
= 0;

(1.14)

£¤¥ ª®íää¨æ¨¥âë ¢ëç¨á«ïîâáï ç¥à¥§ ¨áå®¤ë¥ ¯® ä®à¬ã« ¬

bh040 = h040 +
1
2

�
h020h

2
20 + h220h

0
20

�
+
1
4

�
(h020)

2h400 + 2h020h
4
00h

0
20 + h400(h

0
20)

2
�
;

(1.15)
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bh022 = h022 +
1
2

�
h020h

2
02 + h202h

0
20 + h002h

2
20 + h220h

0
02

�
+
1
4
(2(h002h

4
00h

0
20 + h020h

4
00h

0
02)

+h002h
0
20h

4
00 + h400h

0
20h

0
02 + h400h

0
02h

0
20 + h020h

0
02h

4
00);

(1.16)

bh004 = h004 +
1
2

�
h002h

2
02 + h202h

0
02

�
+
1
4

�
(h002)

2h400 + 2h002h
4
00h

0
02 + h400(h

0
02)

2
�
:

(1.17)

� ¬¥â¨¬, çâ® ¢ á®®â¢¥âáâ¢¨¨ á ãâ¢¥à¦¤¥¨ï¬¨ 1,2 ¢á¥ ¬ âà¨æë, ¢å®¤ïé¨¥ ¢ íâ¨
á®®â®è¥¨ï, á¨¬¬¥âà¨çë¥. �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï

R = �E � b�E; bA11 =


A�111

��1
; Q1 = A�111

bA11 �E;

bA22 = hA22i ; Q2 = A22 � bA22; ~Q2 = bA�122 Q2bA33 = hA33i ; Q3 = A33 � bA33; eQ3 = bA�133 Q3:

�à¨ hg(y)i = 0 ®¯à¥¤¥«¨¬ ®¯¥à â®à J à ¢¥áâ¢ ¬¨

hJ(g)i = 0; (J(g))0 = g:

� ¤ «ì¥©è¨å ¯®áâà®¥¨ïå ç áâ® ¨á¯®«ì§ãîâáï ¥à ¢¥áâ¢® ¤«ï áª «ïà®£®
¯à®¨§¢¥¤¥¨ï

hfgi2 � 
f2� 
g2� (1.18)

(à ¢¥áâ¢® ¨¬¥¥â ¬¥áâ® «¨èì ¢ á«ãç ¥ ª®««¨¥ à®áâ¨ f ¨ g),   â ª¦¥ á«¥¤ãî-
é ï «¥¬¬ .

�¥¬¬  [3]. �à¨ hB(y)i = 0 á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

hAJ(B)i = �hJ(A� hAi)Bi :

� [3] ¡ë«¨ ¯®«ãç¥ë ¥®¡å®¤¨¬ë¥ ¤«ï  á ¢ ¤ «ì¥©è¥¬ à ¢¥áâ¢ 

h0200 = bA11; h0k00 = 0; 8k > 2;
h4000 =



J(R)A�111 J(R)

�� 
A�111 J(R)� bA11



A�111 J(R)

�
;

(1.19)

h2200 =


J(QT1 )�J(Q1)

�� hJ(R)J(Q1)i �


J(QT1 )J(R)

�
; (1.20)

N2
000 = J(A�111 (J(R)� bA11



A�111 J(R)

�
)); N0

200 = �J2(Q1): (1.21)

�§ (1.15) ¢ áª «ïà®¬ á«ãç ¥ ¯®«ãç ¥¬ à ¢¥áâ¢®

bh0400 = bA11 ( hJ(Q�R)�J(Q�R)i � hJ(Q�R)�)i hJ(Q�R)�)i) : (1.22)

�§ ¥à ¢¥áâ¢  ¤«ï áª «ïà®£® ¯à®¨§¢¥¤¥¨ï (1.18)á«¥¤ã¥â, çâ® bh0400 � 0.

� [2] ¤«ï áª «ïà®£® á«ãç ï (à §¬¥à®áâì ¢¥ªâ®à  u à ¢  1) ¯®ª § ®, çâ®
¤«ï ¯à®¨§¢®«ì®© ¯¥à¨®¤¨ç¥áª®© áà¥¤ë (¥ ®¡ï§ â¥«ì® á«®¨áâ®© áâàãªâãàë)
h4000 � 0.
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2. �®«ë ¢  ¯à ¢«¥¨¨, ¯ à ««¥«ì®¬ á«®ï¬
� íâ®¬ à §¤¥«¥ ¤«ï á«ãç ï, ª®£¤  u { ¢¥ªâ®à, à áá¬ âà¨¢ ¥âáï à á¯à®áâà -

¥¨¥ ¢®« ¢  ¯à ¢«¥¨¨ ®á¨ x2 ¯à¨ ¤®¯®«¨â¥«ì®¬ ¯à¥¤¯®«®¦¥¨¨ A12 =
AT21 = 0. �ëç¨á«ïîâáï ¨ ¨áá«¥¤ãîâáï ª®íää¨æ¨¥âë ãà ¢¥¨© (1.13) ¨ (1.14).

� à áá¬ âà¨¢ ¥¬®¬  ¬¨ á«ãç ¥ á«®¨áâ®© áà¥¤ë Nq
l1l2l3

= Nq
l1l2l3

(y) ¨ á®®â®-
è¥¨ï (1.4) ¯à¨®¡à¥â îâ ¢¨¤

Hq
l1l2l3

= ��Nq�2
l1l2l3

+
@

@y

�
A11

@Nq
l1l2l3

@y

�
+Ai1

@Nq
l1��i1;l2��i2;l3��i3

@y

+
@

@y

�
A1jN

q
l1��j1;l2��j2;l3��j3

�
+AijN

q
l1��i1��j1;l2��i2��j2;l3��i3��j3

(2.23)

�ë¯¨è¥¬ íâ¨ à ¢¥áâ¢  ¯à¨ l1 = l3 = 0:

Hq
0l0 = ��Nq�2

0l0 +
@

@y

�
A11

@Nq
0l0

@y

�
+A22N

q
0l�20 = hq0l0 = const : (2.24)

�«ï ã¤®¡áâ¢  ¢ à §¤¥« å 2 ¨ 3 ¤ «¥¥ ®¯ãáª ¥¬ ¯®á«¥¤¨© ¨¤¥ªá 0 ã Hq
l1l20

; Nq
l1l20

,
Hq
l1l20

, Cql1l20. �à¨ q = 0; l = 1 ¨¬¥¥¬ ãà ¢¥¨¥

H0
01 =

@

@y

�
A11

@N0
01

@y

�
= h001:

�âáî¤  ¯®«ãç ¥¬, çâ® h001 = 0 ¨ N0
01 = 0. �à¨ q = 0; l = 2 ¨¬¥¥¬ ãà ¢¥¨¥

H0
02 =

@

@y
(A11

@N0
02

@y
) +A22 = h002:

�®á«¥¤®¢ â¥«ì® ¯®«ãç ¥¬

h002 = hA22i ; A11
@N0

02

@y
= �J(Q2) + C0

02;

@N0
02

@y
= �(A11)�1J(Q2) +A�111 C

0
02; C0

02 = bA11



A�111 J(Q2)

�
:

(2.25)

� ª¨¬ ®¡à §®¬,

N0
02 = J(A�111 bA11



A�111 J(Q2)

��A�111 J(Q2)): (2.26)

� «®£¨ç® ¨¬¥¥¬
h004 =



A22N

0
02

�
:

�®¤áâ ¢«ïï ¢ëà ¦¥¨¥ N0
02, ¯®«ãç¨¬

h004 =


J(Q2)A�111 J(Q2)

�� 
J(Q2)A�111
� bA11



A�111 J(Q2)

�
: (2.27)

�®£« á® (2.24) á ãç¥â®¬ (1.21) ¨ (2.26) ¨¬¥¥¬

h202 =


A22N2

00

�� 
�N0
02

�
= �(
J(R)A�111 J(Q2)

�
+


J(Q2)A�111 J(R)

�
)

+(


J(R)A�111

� bA11



A�111 J(Q2)

�
+


J(Q2)A�111

� bA11



A�111 J(R)

�
):

(2.28)
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�§ áâàãªâãàë à¥ªãàá¨¨ (2.24) ¢¨¤®, çâ® Nq
0l = 0; hq0l = 0; ¥á«¨ å®âï ¡ë ®¤®

¨§ ç¨á¥« q; l ¥ç¥â®. �®íâ®¬ã ãà ¢¥¨¥ (1.7) ¨¬¥¥â ¢¨¤

� @2v

@t2
+ bA22

@2v

@x22
+ "2

�
h400

@4v

@t4
+ h202

@4v

@t2@x22
+ h004

@4v

@x42

�
+O("4) = 0: (2.29)

�®á¯®«ì§®¢ ¢è¨áì ¯®áâà®¥¨ï¬¨ ¯.1, ¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢¥¨© ç¥â¢¥àâ®£®
¯®àï¤ª  â®ç®áâ¨ ¯® ":

�@
2w

@t2
+ bA22

@2w

@x22
+ "2bh004 @4w@x42 = 0; (2.30)

£¤¥ ª®íää¨¥â bh004 ¢ëç¨á«ï¥âáï ¨§ á®®â®è¥¨© (1.17), (1.19), (2.27), (2.28).
�¯à ¢¥¤«¨¢® à ¢¥áâ¢®: bh004 = �1 � �1, £¤¥

�1 =
D
(J(Q2)� bA22J(R))A�111 (J(Q2)� bA22J(R))

E
+
1
2

�

J(Q2)A�111 J(R)� J(R)A�111 J(Q2)

� bA22

� bA22



J(Q2)A�111 J(R)� J(R)A�111 J(Q2)

��
+
1
4
[ bA2

22



J(R)A�111 J(R)

�� 2 bA22



J(R)A�111 J(R)

� bA22 +


J(R)A�111 J(R)

� bA2
22];

�1 =
D
(J(Q2)� bA22J(R))A�111

E bA11

D
A�111 (J(Q2)� bA22J(R))

E
+
1
2
bA22[



J(R)A�111

� bA11



A�111 J(Q2)

�� 
J(Q2)A�111
� bA11



J(R)A�111

�
]

+
1
2
[


J(Q2)A�111

� bA11



J(R)A�111

�� 
J(R)A�111 � bA11



A�111 J(Q2)

�
] bA22

+
1
4
[ bA2

22



J(R)A�111

� bA11



J(R)A�111

�� 2 bA22



J(R)A�111

� bA11



J(R)A�111

� bA22

+


J(R)A�111

� bA11



J(R)A�111

� bA2
22]:

�á«¨ ¬ âà¨æë A22 ¨ A11 ¯¥à¥áâ ®¢®çë, â® ¯®«ãç¥®¥ á®®â®è¥¨¥ § ¯¨áë-
¢ ¥âáï ¢ ¢¨¤¥

bh004 = D(J(Q2)� bA22J(R))A�111 (J(Q2)� bA22J(R))
E
�D

(J(Q2)� bA22J(R))A�111
E bA11

D
A�111 (J(Q2)� bA22J(R))

E
:

(2.31)

�âëáª¨¢ ï à¥è¥¨¥ á¨áâ¥¬ë (2.30) ¢ ¢¨¤¥ £ à¬®¨ç¥áª®© ¢®«ë ei(kx2�!t)e,
¯®«ãç ¥¬ § ¤ çã   á®¡áâ¢¥ë¥ § ç¥¨ï

c2e = ( bA22 � ("k)2bh004)e; §¤¥áì á = !=k - áª®à®áâì à á¯à®áâà ¥¨ï ¢®«ë.
� âà¨æë A11 ¨ A22 ¯¥à¥áâ ®¢®çë, ¢ ç áâ®áâ¨, ª®£¤  ®¨ ¤¨ £® «ìë¥, â®

¥áâì ¨áå®¤ ï § ¤ ç  à á¯ ¤ ¥âáï   áª «ïàë¥ § ¤ ç¨. �®£¤  ¬ âà¨æ  bh004 ¤¨ -
£® «ì ï ¨ ¨§ á®®â®è¥¨ï (2.31) ¨ ¥à ¢¥áâ¢  ¤«ï áª «ïà®£® ¯à®¨§¢¥¤¥¨ï
(1.18) á«¥¤ã¥â, çâ® ¢á¥ ¥¥ ¤¨ £® «ìë¥ í«¥¬¥âë ¥®âà¨æ â¥«ìë. � ª¨¬ ®¡à -
§®¬, ¢ íâ®¬ á«ãç ¥  «¨ç¨¥ ¤¨á¯¥àá¨¨, ¢®®¡é¥ £®¢®àï, ¯à¨¢®¤¨â ª § ¬¥¤«¥¨î
áª®à®áâ¨ à á¯à®áâà ¥¨ï £ à¬®¨ç¥áª¨å ¢®« á à®áâ®¬ ç áâ®âë.
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�á¯®«ì§ãï ¥¯à¥àë¢®áâì á®¡áâ¢¥ëå § ç¥¨© ¬ âà¨æë ®â ¥¥ í«¥¬¥â®¢,
¬®¦® ¯®ª § âì, çâ® íää¥ªâ § ¬¥¤«¥¨ï áª®à®áâ¨ à á¯à®áâà ¥¨ï ¢á¥å £ à¬®-
¨ç¥áª¨å ¢®« á à®áâ®¬ ç áâ®âë ¬®¦¥â ¨¬¥âì ¬¥áâ® ¨ ¤«ï á¨áâ¥¬ë ãà ¢¥¨©
®¡é¥£® ¢¨¤  (1.1) (á A21 = (A12)T 6= 0) ¯à¨ ¬ «ëå § ç¥¨ïå jjA21jj.

�à¨ à §¬¥à®áâ¨ ¢¥ªâ®à  v à ¢®© 2 ¬®¦® ¯à¨¢¥áâ¨ ¯à¨¬¥à, ª®£¤  ¬ âà¨æ bh004 ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤: ¤¨ £® «ìë¥ í«¥¬¥âë ã«¥¢ë¥,   ¢¥¤¨ £® «ìë¥
{ à ¢ë¥ ¬¥¦¤ã á®¡®© ¥ã«¥¢ë¥. �«ï íâ®£® ¢®§ì¬¥¬ ¯à®¨§¢®«ìãî ç¥âãî
äãªæ¨î �(y) 6= const, ¤¨ £® «ìãî ¯®áâ®ïãî ¬ âà¨æã bA22 á ¤¨ £® «ì-
ë¬¨ í«¥¬¥â ¬¨ d1 6= d2 ¨ ¯®«®¦¨¬ A22(y) = bA22 + (�(y) � b�) bA22. � âà¨æã
A�111 (y) ¢ë¡¥à¥¬ â ª, çâ®¡ë ¬ âà¨æ  Q = jjqij jj =



A�111 (J(R))

2
�
ã¤®¢«¥â¢®àï« 

ãá«®¢¨î q12 6= 0. �¥¯®áà¥¤áâ¢¥ë¬¨ ¢ëç¨á«¥¨ï¬¨ ãáâ  ¢«¨¢ ¥âáï, çâ® ¬ â-
à¨æ  bh004 ¡ã¤¥â ¨áª®¬®©; ¥¥ ¤¨ £® «ìë¥ í«¥¬¥âë à ¢ë ã«î,   ¥¤¨ £® «ì-
ë¥ í«¥¬¥âë à ¢ë d3 = �q12(d1 � d2)2=4.

�âëáª¨¢ ï à¥è¥¨¥ ãà ¢¥¨ï (2.30) ¢ ¢¨¤¥ £ à¬®¨ç¥áª®© ¢®«ë ei(kx2�!t)e;
¯®«ãç ¥¬ ãà ¢¥¨¥ ®â®á¨â¥«ì® áª®à®áâ¨ à á¯à®áâà ¥¨ï ¢®«ë

(c2 � d1)(c2 � d2) = (d3"k)2.
�âáî¤  á«¥¤ã¥â, çâ®  «¨ç¨¥ ç«¥®¢ á ç¥â¢¥àâ®© ¯à®¨§¢®¤®© ¯à¨¢®¤¨â ª

ã¬¥ìè¥¨î ¬¥ìè¥© ¨§ áª®à®áâ¥© à á¯à®áâà ¥¨ï £ à¬®¨ç¥áª¨å ¢®« ¨ ¢®§-
à áâ ¨î ¡®«ìè¥© á à®áâ®¬ "k.

�á¯®«ì§ãï ¥¯à¥àë¢ãî § ¢¨á¨¬®áâì á®¡áâ¢¥ëå § ç¥¨© ¬ âà¨æë ®â ¥¥
í«¥¬¥â®¢, ¬®¦® ¯®áâà®¨âì ¯à¨¬¥à á¨áâ¥¬ë ãà ¢¥¨© ®¡é¥£® ¢¨¤  (1.1) (á
A21 = (A12)T 6= 0) á â¥¬ ¦¥ íää¥ªâ®¬ ã¬¥ìè¥¨ï ¬¥ìè¥© ¨§ áª®à®áâ¥© à á-
¯à®áâà ¥¨ï £ à¬®¨ç¥áª¨å ¢®« ¨ ¢®§à áâ ¨ï ¡®«ìè¥© á à®áâ®¬ ç áâ®âë.

3. � á¯à®áâà ¥¨¥ ¢®« ¢ ¯à®¨§¢®«ì®¬  ¯à ¢«¥¨¨
¤«ï ¤¢ã¬¥à®£® áª «ïà®£® á«ãç ï

� «¥¥ à áá¬ âà¨¢ ¥âáï á«ãç ©, ª®£¤  à §¬¥à®áâì ¢¥ªâ®à  u à ¢  1, ¯à¨-
ç¥¬ A12 = A21 = 0, ª ª ¨ ¢ à §¤¥«¥ 2. �î¤  ®â®á¨âáï, ¢ ç áâ®áâ¨, § ¤ ç  ®
à á¯à®áâà ¥¨¨  ªãáâ¨ç¥áª¨å ¢®« ¢ á«®¨áâ®© «®ª «ì®-¨§®âà®¯®©¦¨¤ª®áâ¨.
�®ª ¦¥¬, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ãà ¢¥¨¥ (1.7) ¨¬¥¥â ¢¨¤ (1.13). � á-
¯¨è¥¬ á®®â®è¥¨ï (2.23).

Hq
l1l2

= ��Nq�2
l1l2

+
@

@y

�
A11

@Nq
l1l2

@y

�
+A11

@Nq
l1�1;l2

@y
+

@

@y

�
A11N

q
l1�1;l2

�
+ A11N

q
l1�2;l2

+A22N
q
l1;l2�2

:

�®«®¦¨¬ Nq
l1l2

= 0 ¯à¨ q ç¥âëå ¨ l2 ¥ç¥âëå. �á¯®«ì§ãï á®®â®è¥¨ï
Nq
0l2

= 0, ¥á«¨ l2 ¥ç¥â®,
Nq
l1l2

= 0, ¥á«¨ å®âï ¡ë ®¤¨ ¨§ ¨¤¥ªá®¢ q; l1; l2 ®âà¨æ â¥«¥, ¬®¦® ¯à®¢¥à¨âì,
çâ® â®£¤ :

Hq
l1l2

= 0 ¯à¨ q ç¥âëå ¨ l2 ¥ç¥âëå,

¨, á«¥¤®¢ â¥«ì®,

hql1l2 = 0 ¯à¨ q ç¥âëå ¨ l2 ¥ç¥âëå:
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�âáî¤  á«¥¤ãîâ, ¢ ç áâ®áâ¨, à ¢¥áâ¢ 

h011 = 0; h013 = 0; h031 = 0; h015 = 0; h033 = 0; h051 = 0; h211 = 0; h213 = 0; h231 = 0:

�§ á®®â®è¥¨© (1.9) á«¥¤ã¥â, çâ®

h003 = 0; h012 = 0; h021 = 0; h030 = 0; h005 = 0; h014 = 0; h023 = 0
h032 = 0; h041 = 0; h050 = 0; h203 = 0; h212 = 0; h221 = 0; h230 = 0:

�®á¯®«ì§®¢ ¢è¨áì â ª¦¥ (1.8), ¯®«ãç ¥¬, çâ® ®áà¥¤¥®¥ ãà ¢¥¨¥ (1.7) ¨¬¥¥â
¢¨¤ (1.13). �«¥¤®¢ â¥«ì®, ¤«ï ¨áá«¥¤®¢ ¨ï à á¯à®áâà ¥¨ï ¢®« ¢ ¯à®¨§-
¢®«ì®¬  ¯à ¢«¥¨¨ ¢ ¯«®áª®áâ¨ (x1; x2) âà¥¡ã¥âáï ¨¬¥âì ¢ à á¯®àï¦¥¨¨ ª®-
íää¨æ¨¥âë bh004, bh022 ¨ bh040, ¢ëç¨á«ï¥¬ë¥ ç¥à¥§ ª®íää¨æ¨¥âë ãà ¢¥¨ï (1.7)
¯® ä®à¬ã« ¬ (1.15) { (1.17).

�®íää¨æ¨¥âë bh004, bh040 ã¦¥ ¢ëç¨á«¥ë  ¬¨ à ¥¥ ((1.22), 2.31)). �«ï  -
å®¦¤¥¨ï bh022 ¨§ (1.16) ¥®¡å®¤¨¬® ¢ëç¨á«¨âì h022.

�§ (1.6) ¨¬¥¥¬

h022 =


A22N

0
20

�
+
�
A11(

@N0
12

@y
+N0

02)
�
:

�¥à¢®¥ á« £ ¥¬®¥ á ãç¥â®¬ (1.21) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

A22N0

20

�
= � 
A22J2(Q1)

�
= hJ(Q2)J(Q1)i.

�«ï  å®¦¤¥¨ï ¢â®à®£® á« £ ¥¬®£® à áá¬®âà¨¬ ãà ¢¥¨¥

H0
12 =

@

@y
(A11

@N0
12

@y
+N0

02) +A11
@N0

02

@y
+A22N

0
10 = h012:

�âáî¤  á«¥¤ã¥â, çâ®

A11(
@N0

12

@y
+N0

02) = C0
02 + J(h012 � (A11

@N0
02

@y
+A22N

0
10)):

�®á«¥ ¤®¬®¦¥¨ï   A�111 ¨ ¯à¨¬¥¥¨ï ®¯¥à â®à  h� i ¨¬¥¥¬

0 =


(A11)�1

�
C0
02 +

�
(A11)�1J(h012 � (A11

@N0
02

@y
+A22N

0
10))

�
:

�âáî¤  ¯®«ãç ¥¬ à ¢¥áâ¢®

C0
02 = �

� bA11(A11)�1J(h012 � (A11
@N0

02

@y
+A22N

0
10))

�
= �

�
QT1 J(h

0
12 � (A11

@N0
02

@y
+A22N

0
10))

�
= �

�
J(QT1 )(A11

@N0
02

@y
+A22N

0
10))

�
= �

�
J(QT1 )A11

@N0
02

@y

�
� 
J(QT1 )A11J(Q1)

�
:

�®£« á® (2.25) ¨¬¥¥¬ A11
@N0

02

@y
= �002 � J(Q2); ¯®íâ®¬ã
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�
�
J(QT1 )A11

@N0
02

@y

�
=


J(QT1 )J(Q2)

�
. � ¨â®£¥ ¯®«ãç ¥¬

h022 = � 
J(QT1 )A22J(Q1)
�
+


J(QT1 )J(Q2)

�
+ hJ(Q2)J(Q1)i : (3.32)

�á¥ ¤ «ì¥©è¨¥ ¯à¥®¡à §®¢ ¨ï ®â®áïâáï ª áª «ïà®¬ã á«ãç î.
�®£¤  h022 = � 
A22(J(Q1))2

�
+ 2 hJ(Q2)J(Q1)i.

� «¥¥ à¥£ã«ïà® ¨á¯®«ì§ãîâáï à ¢¥áâ¢  hJ(A)i = 0 8 A,



(Q1 �R)(J(Q1 �R))k

�
=

*�
1

k + 1
J(Q1 �R))k+1

�0+
= 0 8 k � 0; (3.33)

D
( bA11A

�1
11 �E)(J(Q1))k

E
=


Q1(J(Q1))k

�
=

*�
1

k + 1
(J(Q1))k+1

�0+
= 0 8 k � 0:

�¥à¢ë© ç«¥ ¢ ¢ëà ¦¥¨¨ h022 (3.32) ¯à¥®¡à §ã¥¬ á«¥¤ãîé¨¬ ®¡à §®¬:

� 
A22(J(Q1))2
�
= � bA22



(J(Q1))2

�� 
J 0(Q2)(J(Q1))2
�
=

� bA22



(J(Q1))2

�
+ 2 hJ(Q2)J(Q1)Q1i :

�®íâ®¬ã h022 = � bA22



(J(Q1))2

�
+ 2 bA11



(A11)�1J(Q2)J(Q1)

�
.

�¥¯¥àì ¯à¥®¡à §ã¥¬ ¢ëà ¦¥¨ï ¤«ï h220 ¨ h
2
02. �§ (1.20) ¢ áª «ïà®¬ á«ãç ¥

¯®«ãç ¥¬ h220 =


�(J(Q1))2

�� 2 hJ(R)J(Q1)i. �âáî¤ 

h220 =


(J(Q1))2

�
+


J 0(R)(J(Q1))2

�� 2 hJ(R)J(Q1)i
=


(J(Q1))2

�� 2 hQ1J(R)J(Q1)i � 2 hJ(R)J(Q1)i
=


(J(Q1))2

�� 2 bA11



(A11)�1J(R)J(Q1)

�
:

� ª®¥æ, ¢á«¥¤áâ¢¨¥ (2.28) ¨¬¥¥¬

h202 = �2 
J(R)A�111 J(Q2)
�
+


J(Q2)A�111 J(R)

�
) + 2



J(R)A�111

� bA11



A�111 J(Q2)

�
;

ªà®¬¥ â®£®, h020 = bA11, h002 = bA22,   h400 =


A�111 (J(R))

2
�� bA11



A�111 J(R)

�2
¢á«¥¤áâ-

¢¨¥ (1.19). �®¤áâ ¢«ïï ¢ (1.16) ¯®«ãç¥ë¥ á®®â®è¥¨ï,   â ª¦¥ ¢ëà ¦¥¨¥
¤«ï h400 (1.19), ¯®á«¥ æ¥¯®çª¨ ¯à¥®¡à §®¢ ¨© ¯®«ãç ¥¬bh022 = �2 � �2; £¤¥

�2 = 2 bA11



A�111 J(Q1)J(Q2)

�� 2 bA11
bA22

D
A�111 J( eQ2)J(R)

E
�2 bA11

bA22



(A11)�1J(R)J(Q1)

�
+ 2 bA11

bA22



(A11)�1(J(R))2

�
= 2 bA11

bA22

D
(A11)�1(J(Q1 �R))(J( eQ2 �R))

E
;

�2 = �2 bA2
11
bA22



(A11)�1J(R)

� D
(A11)�1J( eQ2)

E
+2 bA2

11
bA22



(A11)�1(J(R))2

�
= 2 bA2

11
bA22



(A11)�1(J(Q1 �R))

� D
(A11)�1(J( eQ2 �R))

E
:
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� ª¨¬ ®¡à §®¬,

bh022 = 2[ bA11
bA22

D
(A11)�1J(Q1 �R)J( eQ2 �R)

E
�( bA11)2 bA22



(A11)�1J(Q1 �R)

� D
A�111 J( eQ2 �R)

E
]:

�®á¯®«ì§®¢ ¢è¨áì á®®â®è¥¨¥¬ (3.33), ¯à¥®¡à §ã¥¬ ¢ëà ¦¥¨¥ (1.22) ª ¢¨¤ã

bh040 = bA2
11



A�111 (J(Q1 �R))2

�� bA3
11



A�111 J(Q1 �R)

�2
:

�à®¬¥ â®£®, ¢á«¥¤áâ¢¨¥ (2.31) ¨¬¥¥¬

bh004 = bA2
22

D
A�111 (J( eQ2 �R))2

E
� bA11

bA2
22

D
A�111 J( eQ2 �R)

E2
:

�®¤áâ ¢¨¬ ¢ ãà ¢¥¨¥ (1.14) à¥è¥¨¥ ¢¨¤  ¡¥£ãé¥© £ à¬®¨ç¥áª®© ¢®«ë w =
ei(k(�1x1+�2x2)�!t). �®«ãç¨¬ à ¢¥áâ¢®

c2 =
!2

k2
= (�21 bA11 + �22 bA22)� ("k)2

�bh040�41 + bh022�21�22 + bh004�42� :
�¢¥¤¥¬ ®¡®§ ç¥¨¥

S(�1; �2) = bh040�41 + bh022�21�22 + bh004�42:
�®¤áâ ¢¨¬ ¢ ¢ëà ¦¥¨¥ S(�1; �2) ¢ëç¨á«¥ë¥ ¢ëè¥ § ç¥¨ï ª®íää¨æ¨¥â®¢bh040 ;bh022 ;bh004. �®¦® ¯à®¢¥à¨âì, çâ® íâ® ¢ëà ¦¥¨¥ ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

S(�1; �2) =


A�111 Z

2
�� bA11



A�111 Z

�2
;

£¤¥ Z = �21 bA11(J(Q1 �R)) + �22 bA22(J( eQ2 �R):

�®á¯®«ì§®¢ ¢è¨áì ¥à ¢¥áâ¢®¬ ¤«ï áª «ïà®£® ¯à®¨§¢¥¤¥¨ï (1.18) ¯à¨ f =
A
�1=2
11 ; g = A

�1=2
11 Z, ¯®«ãç ¥¬, çâ® S(�1; �2) � 0. � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �à¨ ãá«®¢¨¨, çâ® w { áª «ïà, áª®à®áâì à á¯à®áâà ¥¨ï £ à¬®-
¨ç¥áª¨å ¢®« { à¥è¥¨© ãà ¢¥¨ï (1.14) { ¥ ¢®§à áâ ¥â á à®áâ®¬ ! ¥§ ¢¨-
á¨¬® ®â  ¯à ¢«¥¨ï.

4. �à¥å¬¥àë© áª «ïàë© á«ãç ©
�«ï áª «ïà®£® á«ãç ï ¨áá«¥¤ã¥¬ à á¯à®áâà ¥¨¥ ¢®« ¢  ¯à ¢«¥¨¨, § -

¤ ¢ ¥¬®¬ ¯à®¨§¢®«ìë¬ ¢¥ªâ®à®¬ ¥¤¨¨ç®© ¤«¨ë (�1; �2; �3) ¢ á«ãç ¥ ãà ¢¥-
¨ï

��@
2u

@t2
+

@

@x1

�
A11

@u

@x1

�
+

@

@x2

�
A22

@u

@x2

�
+

@

@x2

�
A23

@u

@x3

�
+

@

@x3

�
A32

@u

@x2

�
+

@

@x3

�
A33

@u

@x3

�
= 0:

(4.34)
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�«ï ¨áá«¥¤®¢ ¨ï ¯à®æ¥áá  à á¯à®áâà ¥¨ï ¢®« ¢  ¯à ¢«¥¨¨, § ¤ ¢ ¥¬®¬
¢¥ªâ®à®¬ (�1; �2; 0), á«¥¤ã¥â ¢ëç¨á«¨âì § ç¥¨ï ª®íää¨æ¨¥â®¢ hql1;l2;0. �ë¯¨-
è¥¬ á®®â®è¥¨ï (2.23) ¯à¨ l3 = 0 ¤«ï á«®¨áâ®© áà¥¤ë ¢ ª®ªà¥â®¬ á«ãç ¥
ãà ¢¥¨ï (4.34). �®«ãç¨¬

Hq
l1;l2;0

= ��Nq�2
l1;l2;0

+
@

@y

 
A11

@Nq
l1;l2;0

@y

!
+A11

@Nq
l1�1;l2;0

@y
+

@

@y

�
A11N

q
l1�1;l2;0

�
+A11N

q
l1�2;l2;0

+ A22N
q
l1;l2�2;0

+

A23(N
q
l1;l2�1;�1

+Nq
l1;l2�1;�1

) +A33N
q
l1;l2;�2

= hql1;l2;0:

(4.35)

�®áª®«ìªã ¯® ®¯à¥¤¥«¥¨î Nq
l1;l2;l3

= 0, ¥á«¨ å®âï ¡ë ®¤¨ ¨§ ¨¤¥ªá®¢ ®âà¨æ -
â¥«¥, â® ä®à¬ã«ë (4.35) ¬®£ãâ ¡ëâì § ¯¨á ë ¢ ¢¨¤¥

Hq
l1;l2;0

= ��Nq�2
l1;l2;0

+
@

@y

 
A11

@Nq
l1;l2;0

@y

!
+A11

@Nq
l1�1;l2;0

@y
+

@

@y

�
A11N

q
l1�1;l2;0

�
+A11N

q
l1�2;l2;0

+A22N
q
l1;l2�2;0

= hql1;l2;0:

�â¨ ¢ëà ¦¥¨ï ¨¬¥îâ â®â ¦¥ ¢¨¤, çâ® ¨ á®®â¢¥âáâ¢ãîé¨¥ á®®â®è¥¨ï ¤«ï
á«ãç ï ¤¢ãå ¯à®áâà áâ¢¥ëå ¯¥à¥¬¥ëå ¯à¨ A12 = A21 = 0, à áá¬®âà¥®£®
¢ à §¤¥« å 2, 3. �®íâ®¬ã ®áà¥¤¥ë¬ ãà ¢¥¨¥¬ ¯®àï¤ª  â®ç®áâ¨ O("4), ®¯¨-
áë¢ îé¨¬ à á¯à®áâà ¥¨¥ ¢®« ¢ ¯«®áª®áâ¨ x1; x2, ï¢«ï¥âáï ãà ¢¥¨¥ (1.14)
á ª®íää¨æ¨¥â ¬¨, ¢ëç¨á«ï¥¬ë¬¨ ¯® â¥¬ ¦¥ ä®à¬ã« ¬, çâ® ¨ ¢ à §¤¥«¥ 3.

� áá¬®âà¨¬ â¥¯¥àì à á¯à®áâà ¥¨¥ ¢®« ¢  ¯à ¢«¥¨¨, § ¤ ¢ ¥¬®¬ ¢¥ªâ®-
à®¬ ¥¤¨¨ç®© ¤«¨ë (�1; �2; �3) ¯à¨ �2 6= 0, �3 6= 0 �à®¨§¢¥¤¥¬ § ¬¥ã ¥§ ¢¨-
á¨¬ëå ¯¥à¥¬¥ëå

xn1 = x1; xn2 =
�2x2 + �3x3p

�22 + �23
; xn3 =

��3x2 + �2x3p
�22 + �23

: (4.36)

� «¥¥ á®åà ï¥¬ §  x1 áâ à®¥ ®¡®§ ç¥¨¥. �®£¤  à áá¬ âà¨¢ ¥¬®¥ ãà ¢¥¨¥
§ ¯¨è¥âáï ¢ ¢¨¤¥

��@
2u

@t2
+

@

@x1

�
A11

@u

@x1

�
+

@

@xn2

�
An22

@u

@xn2

�
+

@

@xn2

�
An23

@u

@xn3

�
+

@

@xn3

�
An32

@u

@xn2

�
+

@

@xn3

�
An33

@u

@xn3

�
= 0;

(4.37)

£¤¥

An22 =
�22A22 + 2�2�3A23 + �23A33

�22 + �23
; An23 = An32 =

��2�3A22 + (�22 � �23)A23 + �2�3A33

�22 + �23
;

An33 =
�23A22 � 2�2�3A23 + �22A33

�22 + �23
:

�á«¥¤áâ¢¨¥ ¢â®à®£® ¨§ á®®â®è¥¨© (1.2) á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  a � An22, a �
An33.
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� ®¢ëå ¯¥à¥¬¥ëå  á â¥¯¥àì ¡ã¤¥â ¨â¥à¥á®¢ âì à á¯à®áâà ¥¨¥ ¢®« ¢
 ¯à ¢«¥¨¨ § ¤ ¢ ¥¬®¬ ¢¥ªâ®à®¬ (�1; �n2 ; 0), £¤¥ �

n
2 =

p
�22 + �23 .

� à¬®¨ç¥áª ï ¢®«  ei(k(�1x1+�2x2+�3x3)�!t)

¯à¥¢à â¨âáï ¢ ®¢ëå ¯¥à¥¬¥ëå ¢ £ à¬®¨ç¥áªãî ¢®«ã ei(k(�1x1+�
n
2 x

n
2 )�!t). �®-

®â¢¥âáâ¢ãîé¥¥ § ç¥¨¥ áª®à®áâ¨ à á¯à®áâà ¥¨ï £ à¬®¨ç¥áª¨å ¢®« ¢ëç¨á-
«ï¥âáï ¯® ä®à¬ã«¥

c2 =
!2

k2
= �21 bA11 + (�n2 )

2 bAn22 � ("k)2Sn(�1; �n2 );

£¤¥

Sn(�1; �n2 ) =


A�111 Z

2
�� bA11



A�111 Z

�2
; Z = �21 bA11J(Q1�R)+(�n2 )2 bAn22J( eQn2 �R);

bAn22 = �22 hA22i+ 2�2�3 hA23i+ �23 hA33i
�22 + �23

; Qn2 =
�22A22 + 2�2�3A23 + �23A33bAn22 :

�§ ¥à ¢¥áâ¢  ¤«ï áª «ïà®£® ¯à®¨§¢¥¤¥¨ï (1.18), ª ª ¨ ¢ ¤¢ã¬¥à®¬ á«ãç ¥,
¯®«ãç ¥¬, çâ® Sn(�1; �n2 ) � 0.

� ª¨¬ ®¡à §®¬, ¤®ª §  
�¥®à¥¬  2. �«ï ¯à®æ¥áá  à á¯à®áâà ¥¨ï ¢®«, ®¯¨áë¢ ¥¬®£® ãà ¢¥¨¥¬

(4.34), áª®à®áâì à á¯à®áâà ¥¨ï £ à¬®¨ç¥áª¨å ¢®« { à¥è¥¨© ®áà¥¤¥®£®
ãà ¢¥¨ï ç¥â¢¥àâ®£® ¯®àï¤ª  â®ç®áâ¨ ¯® ", ¯®«ãç ¥¬®£® ¨§ (1.10) ®â¡à áë-
¢ ¨¥¬ ç«¥®¢ ¢ëáè¥£® ¯®àï¤ª , ¥ ¢®§à áâ ¥â á à®áâ®¬ ç áâ®âë.

�â¢¥à¦¤¥¨¥ â¥®à¥¬ë ¢¥à®, ¢ ç áâ®áâ¨, ¢ á«ãç ¥ «®ª «ì®-®àâ®âà®¯®©
áà¥¤ë á ®¤®© ¨§ ¯«®áª®áâ¥© á¨¬¬¥âà¨¨, ¯ à ««¥«ì®© á«®ï¬.

�¨â¥à âãà 
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� âà¨ç®-¬®£®ç«¥ ï áâàãªâãà  ¢ Rn

�. �. �ã§¥æ®¢

�áâ¨âãâ ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨
¨ ¬ â¥¬ â¨ç¥áª®© £¥®ä¨§¨ª¨ �� ���

E-mail:kuzn@ommfao.sscc.ru

�« áá¨ç¥áª ï ¨â¥à¯à¥â æ¨ï ¬ âà¨æë { ¯à¥¤áâ ¢«¥¨¥ ®¯¥à â®à  ¢
ä¨ªá¨à®¢ ®© ª®®à¤¨ â®© á¨áâ¥¬¥. �«ï á¨¬¬¥âà¨ç®© ¬ âà¨æë { íâ®
â ª¦¥ ¯à¥¤áâ ¢«¥¨¥ ª¢ ¤à â¨ç®© ä®à¬ë. � ¤ ®© áâ âì¥ ¯à¥¤áâ ¢«¥ 
®¢ ï ª®æ¥¯æ¨ï:(i) áâà®£® ¥¢ëà®¦¤¥ ï ¬ âà¨æ , (ii) ¥à §«®¦¨¬ë¥
¨¦ïï ¨ ¢¥àåïï ¬ âà¨æë �¥áá¥¡¥à£  ¨ (iii) ¤¢¥ á¨áâ¥¬ë á¯¥æ¨ «ìëå
¬®£®ç«¥®¢, ¢á¥ ¢¬¥áâ¥ ¯à¥¤áâ ¢«ïîâ à §«¨çë¥  á¯¥ªâë ¥ª®â®à®£® ®¡ê-
¥ªâ , «¥¦ é¥£® ¢¥ ¯à®áâà áâ¢  Rn. � ¯à¨¬¥à, ¥á«¨ í«¥¬¥â (ii) ¥áâì ïª®-
¡¨¥¢  ¬ âà¨æ  á ¥®âà¨æ â¥«ìë¬ á¯¥ªâà®¬, â® íâ¨¬ ®¡ê¥ªâ®¬ ï¢«ï¥âáï
ª®«¥¡ â¥«ì ï á¨áâ¥¬  á n áâ¥¯¥ï¬¨ á¢®¡®¤ë.

The classical interpretation of matrix is representation of the operator in
�xed coordinate system. For a symmetric matrix this is the representation of the
quadratic form as well. In the paper the new concept is presented: (i) a strongly
nonsingular matrix, (ii) irreducible low and upper Hessenberg matrices and (iii)
two system of special polynomials, taken together represents the di�erent aspects
of the some object exterior to the linear vector space Rn. For instance, if element
(ii) is Jacobi matrix with nonsingular spectrum, then this object is the oscillation
system with n degrees of freedom.

�« áá¨ç¥áª ï ¨â¥à¯à¥â æ¨ï ¬ âà¨æë { ¯à¥¤áâ ¢«¥¨¥ ®¯¥à â®à  ¢ ä¨ªá¨-
à®¢ ®© ª®®à¤¨ â®© á¨áâ¥¬¥. �«ï á¨¬¬¥âà¨ç®© ¬ âà¨æë { íâ® â ª¦¥ ¯à¥¤-
áâ ¢«¥¨¥ ª¢ ¤à â¨ç®© ä®à¬ë. � ¤ ®© áâ âì¥ à §¢¨¢ ¥âáï ®¢ ï ª®æ¥¯æ¨ï:
(i) áâà®£® ¥¢ëà®¦¤¥ ï ¬ âà¨æ , (ii) ¥à §«®¦¨¬ë¥ ¨¦ïï ¨ ¢¥àåïï ¬ â-
à¨æë �¥áá¥¡¥à£  ¨ (iii) ¤¢¥ á¨áâ¥¬ë á¯¥æ¨ «ìëå ¬®£®ç«¥®¢, ¯à¥¤áâ ¢«ïîâ
à §«¨çë¥ áâ®à®ë ¥ª®â®à®£® ®¡ê¥ªâ , «¥¦ é¥£® ¢¥ ¯à®áâà áâ¢  Rn. � -
¯à¨¬¥à, ¥á«¨ í«¥¬¥â ii ¥áâì ïª®¡¨¥¢  ¬ âà¨æ  á ¥®âà¨æ â¥«ìë¬ á¯¥ªâà®¬, â®
íâ¨¬ ®¡ê¥ªâ®¬ ï¢«ï¥âáï ª®«¥¡ â¥«ì ï á¨áâ¥¬  á n áâ¥¯¥ï¬¨ á¢®¡®¤ë [2].

� àï¤¥ ¯à¥¤ë¤ãé¨å à ¡®â [3-6] ¡ë«¨ ¨áá«¥¤®¢ ë á«ãç ¨, á¢ï§ ë¥ á ¯®-
«®¦¨â¥«ì® ®¯à¥¤¥«¥®©, ¢ ç áâ®áâ¨ £ ª¥«¥¢®©, ¬ âà¨æ¥© A. � à ¡®â¥ á¨-
¬ ¥âáï ãá«®¢¨¥ ¯®«®¦¨â¥«ì®© ®¯à¥¤¥«¥®áâ¨ (çâ® ¢ ¦®,  ¯à¨¬¥à, ¢ á«ãç ¥
¯á¥¢¤®®àâ®£® «ìëå ¬®£®ç«¥®¢ [7]) ¨ ¤ ¦¥ á¨¬¬¥âà¨ç®áâ¨ ¬ âà¨æë. �à®¬¥
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â®£®, ¯®«ãç¥ àï¤ ®¢ëå á®®â®è¥¨©, ¤¥â «¨§¨àãîé¨å ¢§ ¨¬®á¢ï§ì ¢á¥å âà¥å
í«¥¬¥®¢ ((i),(ii) ¨ (iii)), á®¢®ªã¯®áâì ª®â®àëå  §¢   Rn-áâàãªâãà®©.

�¢¥¤¥¨¥
� ®â®è¥¨¨ áâà®ª ¨ áâ®«¡æ®¢ ¥ª®â®à®© ¬ âà¨æë ¡ã¤¥¬ ¯à¨¤¥à¦¨¢ âìáï

á«¥¤ãîé¨å ¯à ¢¨«: B�k = Bek, Bl� = eTl B, £¤¥ ek ¥áâì k-© áâ®«¡¥æ ¥¤¨¨ç®©
¬ âà¨æë E, ®¡®§ ç îâ k-© áâ®«¡¥æ ¨ l-î áâà®ªã ¬ âà¨æë B. � â® ¦¥ ¢à¥¬ï Bk
®¡®§ ç ¥â ãá¥ç¥ãî ¯®¤¬ âà¨æã k-£® ¯®àï¤ª  ¬ âà¨æë B, ¯®«ãç îéãîáï ¯à¨
®â¡à áë¢ ¨¨ áâà®ª ¨ áâ®«¡æ®¢ á ®¬¥à ¬¨ ¡®«ìè¥ k. � ª¦¥ ¯®¤ ¢¥ªâ®à®¬ �b
¯®¨¬ ¥âáï ¢¥ªâ®à, á®áâ ¢«¥ë© ¨§ ¯¥à¢ëå ª®¬¯®¥â ¢¥ªâ®à  b,   à §¬¥à®áâì
¥£® ®¯à¥¤¥«ï¥âáï ¨§ ª®â¥ªáâ .

�ãáâì R = (rij) { ¥¢ëà®¦¤¥ ï ¢¥àåïï âà¥ã£®«ì ï ¬ âà¨æ . � ª ¯®ª -
§ ® ¢ [4], ¥© á®®â¢¥âáâ¢ã¥â ¥à §«®¦¨¬ ï ¢¥àåïï ¬ âà¨æ  �¥áá¥¡¥à£  T

T =

26666664

�11 �12 : : : �1n
�21 �22 �23 : : : �2n

�32
. . .

. . .
...

. . .
. . . �n�1;n

�n;n�1 �nn

37777775
á ¯à®¨§¢®«ìë¬ ¯®á«¥¤¨¬ áâ®«¡æ®¬. � âà¨æ  T á«¥¤ãîé¨¬ ®¡à §®¬ á¢ï§ë-
¢ ¥â á®á¥¤¨¥ áâ®«¡æë ¬ âà¨æë R:

R�k+1 = T R�k = r11T ke1; k = 0(1)n (1)

(á®®â®è¥¨¥ ¯à¨ k = n ¢ª«îç ¥â ã¦¥ ®ª ©¬«¥¨¥ ¬ âà¨æë R, ¨ ¢¬¥áâ® R�n+1

á«¥¤ã¥â ç¨â âì �R�n+1),   ¥¥ í«¥¬¥âë  å®¤ïâáï à¥ªãàà¥â®:

�lk =
rl;k+1
rkk

�
k�1X
j=m

rjk
rkk

�lj ; (2)

l = 1(1)k + 1; k = 1(1)n; m = max(l � 1; 1):

� ç áâ®áâ¨,

�k+1;k =
rk+1;k+1
rkk

;

�k;k =
rk;k+1
rkk

� rk�1;k
rk�1;k�1

;

�k;k�1�k�1;k =
rk�1;k+1
rk�1;k�1

� rk�1;k
rk�1;k�1

�k�1;k�1 � rk�2;k
rk�2;k�2

; (3)

k = 1(1)n� 1:

�¥à¢ë¥ n � 1 áâ®«¡æ®¢ T «¨¥©® ¥§ ¢¨á¨¬ë ¨ ®¯à¥¤¥«¥ë ®¤®§ ç®. �®-
á«¥¤¨© áâ®«¡¥æ ¯à®¨§¢®«¥ ¨ ¬®¦¥â ¡ëâì ¢ë¡à  â ª, çâ®¡ë á¯¥ªâà ¬ âà¨æë
T ¡ë«  ¯¥à¥¤ § ¤ . �â® ¬®¦® á¤¥« âì á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì

�n(x) = xn �
nX
j=1

pn�j+1x
j�1
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ï¢«ï¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ ¬®£®ç«¥®¬ ¬ âà¨æë T , ¨ P = (pn; : : : ; p1)T .
� áá¬®âà¨¬ à ¢¥áâ¢® (1) ¯à¨ k = n ¨ ¢¥ªâ®à R�n, ®ª ©¬«ïîé¨© ¬ âà¨æã R,
¯®¤áâ ¢¨¬ ¢ (2) ¯à¨ k = n. �« £®¤ àï â®¦¤¥áâ¢ã �¥«¨ { � ¬¨«ìâ®  ¯®«ãç¨¬
[4]:

P = R�1T R�n; (4)

T�n =
1
rnn

(RP �
n�1X
j=1

rjnT�j): (5)

�à®¨§¢®«ìë¬ ¥¢ëà®¦¤¥ë¬ ¨¦¥© ¨ ¢¥àå¥© âà¥ã£®«ìë¬ ¬ âà¨æ ¬ L ¨
R ç¥à¥§ âà¥ã£®«ì®¥ à §«®¦¥¨¥ áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ áâà®£® ¥¢ëà®¦¤¥-
 ï ¬ âà¨æ  A = LR. �á«¨ A á¨¬¬¥âà¨ç  (LT = DR, £¤¥ D { ¤¨ £® «ì ï
¬ âà¨æ ,), ¥© á®®â¢¥âáâ¢ã¥â ä ªâ¨ç¥áª¨ ®¤  ¬ âà¨æ  �¥áá¥¡¥à£ .

� ¤ «ì¥©è¥¬ ¯® ¤®¡¨âáï ¢ëà ¦¥¨¥ í«¥¬¥â®¢ ¬ âà¨æ L ¨ R ç¥à¥§ ®ª ©¬-
«¥ë¥ ¬¨®àë ¬ âà¨æë A, ¯®íâ®¬ã ¢¢¥¤¥¬ ®ª ©¬«¥ãî ¬ âà¨æã

Ak(m; l) =
�
Ak�1 �A�l
�Am� aml

�
¯®àï¤ª  k, £¤¥ Ak�1 - ãá¥ç¥ ï ¬ âà¨æ  ¯®àï¤ª  k � 1 ¨ Ak(k; k) = Ak. � ª
¨§¢¥áâ® [1],

A = LDU; (6)

£¤¥ L = (lij), U = (uij), i; j = 1(1)n, D = diag(d1; : : : ; dn) áãâì ¨¦ïï ¨ ¢¥àåïï
âà¥ã£®«ìë¥ ¬ âà¨æë á®®â¢¥âáâ¢¥®, D - ¤¨ £® «ì ï, á í«¥¬¥â ¬¨

lij = jAj(i; j)j;
di = 1=(jAi�1jjAij); jA0j = 1; (7)

uij = jAi(i; j)j;
�®âï à §«®¦¥¨¥ (6) ¥ ¥¤¨áâ¢¥®, ® áãé¥áâ¢ã¥â ¨¢ à¨ â

lkkdkukk = jAkj=jAk�1j; k = 1(1)n: (8)

� ç áâ®áâ¨, ¥á«¨ ¬ âà¨æ A á¨¬¬¥âà¨ç , (LT = U), â® ¯à¨ "k = sign(jAkj=jAk�1j),
E = diag("1; : : : ; "n) ¨ R = (ED)1=2U ¨¬¥¥¬ à §«®¦¥¨¥

A = RTER: (9)

� «®£¨çãî ®ª ©¬«¥ë¬ ¬¨®à ¬ à®«ì ¨£à îâ ¢«®¦¥ë¥ ¬¨®àë, â®
¥áâì ®¯à¥¤¥«¨â¥«¨ ¬ âà¨æ ¢¨¤ 

Ak�1[i; j] =

26666664
a11 : : : a1;j�1 a1;j+1 : : : a1k
: : : : : : : : : : : :

ai�1;1 : : : ai�1;j�1 ai�1;j+1 : : : ai�1;k
ai+1;1 : : : ai+1;j�1 ai+1;j+1 : : : ai+1;k
: : : : : : : : : : : :
ak1 : : : ak;j�1 ak;j+1 : : : akk

37777775 ;
i; j = 1(1)k:
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�â® ¬ âà¨æ  ¬¨®à , ¤®¯®«¨â¥«ì®£® ª í«¥¬¥âã aij ¢ ¬ âà¨æ¥ Ak. � à §«®-
¦¥¨¨ (6) ¯à¨¬¥¨¬ ®¯¥à æ¨î ®¡à é¥¨ï ¬ âà¨æ

A�1 = U�DL�; (10)

£¤¥
U� = U�1D�1 = (u�ij); L

� = D�1L�1 = (l�ij):

�¬¥¥â ¬¥áâ® [3] á«¥¤ãîé¥¥ ¯à¥¤áâ ¢«¥¨¥ í«¥¬¥â®¢ âà¥ã£®«ìëå ¬ âà¨æ ç¥à¥§
®¯à¥¤¥«¨â¥«¨ ¬ âà¨æ Ak�1[i; j]:

�¥®à¥¬  1. �«ï âà¥ã£®«ì®£® à §«®¦¥¨ï (10) áâà®£® ¥¢ëà®¦¤¥®© ¬ â-
à¨æë A�1 á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

l�ij = (�1)i+j jAi�1[j; i]j; i � j;

u�ij = (�1)i+j jAj�1[j; i]j; j � i: (11)

� íâ®¬ã  ¤® ¤®¡ ¢¨âì, çâ® ¢ á«ãç ¥, ¥á«¨ ¬ âà¨æ  A = RTR ï¢«ï¥âáï
£ ª¥«¥¢®© ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥®©, ¬ âà¨æ  �¥áá¥¡¥à£  T , á â®ç®áâìî
¤® ¯®á«¥¤¥£® áâ®«¡æ , ï¢«ï¥âáï á¨¬¬¥âà¨ç®© [4].

�á¥ íâ¨ á¢¥¤¥¨ï  ¬ ¯® ¤®¡ïâáï ¢ ¤ «ì¥©è¥¬.

1. �¨áâ¥¬  ¬®£®ç«¥®¢
�¥¯®áà¥¤áâ¢¥® á¢ï§ì ¬ âà¨æë A á ¬®£®ç«¥ ¬¨ ãáâ  ¢«¨¢ ¥â á«¥¤ãî-

é ï, ¢ëâ¥ª îé ï ¨§ (11)

�¥®à¥¬  2. �«¥¬¥âë k-£® áâ®«¡æ  ¬ âà¨æë U� ¨ k-© áâà®ª¨ ¬ âà¨æë L�

¯à¥¤áâ ¢«ïîâ á®¡®© ª®íää¨æ¨¥âë ¬®£®ç«¥®¢ k � 1-£® ¯®àï¤ª  U�
k�1(x) ¨

L�k�1(x) á®®â¢¥âáâ¢¥®, ¢ëç¨á«ï¥¬ëå ¯® ä®à¬ã« ¬

U�
k�1(x) =

kP
i=1

u�ikx
i�1 =

=
kP
i=1

(�1)i+kjAk�1[k; i]jxi�1 =

=
���� Ak�1 �A�k
1 : : : xk�2 xk�1

���� ;
L�k�1(x) =

kP
i=1

l�kix
i�1 =

=
kP
i=1

(�1)i+kjAk�1[i; k]jxi�1 =

��������
1

Ak�1 : : :
xk�2

�Ak� xk�1

�������� :
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�®íää¨æ¨¥âë ¯à¨ áâ àè¨å ç«¥ å íâ¨å ¬®£®ç«¥®¢ à ¢ë jAk�1j. �  áç¥â
¨§¬¥¥¨ï ®à¬¨à®¢ª¨ ¬ âà¨æ ¢ âà¥ã£®«ì®¬ à §«®¦¥¨¨ ®à¬¨à®¢ª  ¬®£®-
ç«¥®¢ U�

k�1(x), L
�
k�1(x) ¬®¦¥â ¡ëâì ¨§¬¥¥ .

�â ª, k-© áâ®«¡¥æ ¬ âà¨æë U� = U�1D�1 (k-ï áâà®ª  L� = D�1L�1) á®áâ®¨â
¨§ ª®íää¨æ¨¥â®¢ à §«®¦¥¨ï ¬®£®ç«¥  U�

k�1(x) (L
�
k�1(x)) ¯® áâ¥¯¥ï¬ x.

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ¥¢ëà®¦¤¥ãî ¬ âà¨æã � ¤¥à¬®¤ 

V =

26664
1 x1 : : : xn�11

1 x2 : : : xn�12
...

...
...

1 xn : : : xn�1n

37775
ª ª í«¥¬¥â (i) Rn-áâàãªâãàë. �¢¥¤¥¬ ã§«®¢ë¥ ¬®£®ç«¥ë

�k(x) =
kY
i=1

(x� xi) =
kX
i=1

ck;k�ix
i;

'
(k)
l (x) = �k(x)=(x � xl); l = 1(1)k; k = 1(1)n;

¨ à áá¬®âà¨¬ âà¥ã£®«ìë¥ à §«®¦¥¨ï ¬ âà¨æ V ¨ V �1 [3], [6]:

V = ZW;

£¤¥ Z = (zij), W = (wij), i; j = 1(1)n, { á®®â¢¥âáâ¢¥® ¨¦ïï ¨ ¢¥àåïï
âà¥ã£®«ìë¥ ¬ âà¨æë, ¯à¨ç¥¬

wij =
iX
l=1

xj�1l

'
(i)
l (xl)

;

zji = �i�1(xj)

¨
V �1 =W�1Z�1;

£¤¥ í«¥¬¥âë ¬ âà¨æ Z�1 = (z?ij) ¨ W
�1 = (w?ij), i; j = 1(1)n, ¤ îâáï á®®â®è¥-

¨ï¬¨
z?jl =

1

'
(j)
l (xl)

; l = 1(1)j;

w?ij = cj�1;j�i; i = 1(1)j;

á®®â¢¥âáâ¢¥®.
�«ï ¢¥àå¥© âà¥ã£®«ì®© ¬ âà¨æëW (í«¥¬¥â wij ª®â®à®© ¥áâì à §¤¥«¥ ï

à §®áâì (i � 1)-£® ¯®àï¤ª  äãªæ¨¨ xj�1   ã§« å x1; : : : ; xi) ¬ âà¨æ  �¥áá¥-
¡¥à£  ¨¬¥¥â ¢¨¤ [3] (¯®á«¥¤¨© áâ®«¡¥æ ¬®¦¥â ¡ëâì ¨ ¤àã£¨¬)

T =

26666664

x1
1 x2

1
. . .
. . .

. . .
1 xn

37777775 ;



72 �. �. �ã§¥æ®¢

  W�1 ®¯à¥¤¥«ï¥â ã§«®¢ë¥ ¬®£®ç«¥ë �k(x), k = 0(1)n� 1.
�à¨¬¥¨¬ â¥¯¥àì â¥®à¥¬ã 2 ª á¨¬¬¥âà¨ç®© ¬ âà¨æ¥ A.
�«¥¤áâ¢¨¥ 1. �«ï á¨¬¬¥âà¨ç®© ¬ âà¨æë ¨¬¥¥âáï   «®£ ¯à¥¤áâ ¢«¥¨ï

(7). �®« £ ï ¢ (10) P = U�(ED)1=2 ¨ E = diag("1; : : : ; "n), ¯à¨å®¤¨¬ ª à §«®¦¥-
¨î

A�1 = PEP T : (12)

�á«¨ P = (pj�1i�1 ), i = 1(1)j, j = 1(1)n, â®

pj�1i�1 = (�1)i+j 1p
"j jAj�1jjAj j

jAj�1[j; i]j; j � i; (13)

"j = sign(jAj j=jAj�1j):

�«¥¤áâ¢¨¥ 2. �«¥¬¥âë k-£® áâ®«¡æ  ¬ âà¨æë P ¯à¥¤áâ ¢«ïîâ á®¡®© ª®-
íää¨æ¨¥âë ¬®£®ç«¥  pk�1(x) ¯®àï¤ª  k � 1, ¢ëç¨á«ï¥¬®£® ¯® ä®à¬ã«¥

pk�1(x) =
k�1X
i=0

pk�1i xi =

=
1p

"kjAk�1jjAkj
kX
i=1

(�1)i+kjAk�1[k; i]jxi�1 =

=
1p

"kjAk�1jjAkj

���� Ak�1 �A�k
1 : : : xk�2 xk�1

���� : (14)

2. �¨ £® «ì®¥ ¯à¥®¡à §®¢ ¨¥ ¯®¤®¡¨ï
�¥¥¤¨áâ¢¥®áâì âà¥ã£®«ì®£® à §«®¦¥¨ï ¬ âà¨æë A áª §ë¢ ¥âáï   ®à-

¬¨à®¢ª¥ á®®â¢¥âáâ¢ãîé¨å ¬®£®ç«¥®¢ ¨ ¯®à®¦¤ ¥â á¥¬¥©áâ¢® ¬ âà¨æ �¥áá¥-
¡¥à£ . �â® á¥¬¥©áâ¢® ¯à¥¤áâ ¢«ï¥â á®¡®© ª« áá ¯®¤®¡ëå ¬ âà¨æ, ª ª ãâ¢¥à¦-
¤ ¥â á«¥¤ãîé ï

�¥®à¥¬  3. �ãáâì áâ®«¡æë ¥ª®â®à®© ¥¢ëà®¦¤¥®© âà¥ã£®«ì®© ¬ âà¨æë
R ¯®à®¦¤ îâáï ¥à §«®¦¨¬®© ¬ âà¨æ¥© �¥áá¥¡¥à£  T á®£« á® á®®â®è¥-
¨ï¬ (1). �®£¤  ¤«ï «î¡®© ¥¢ëà®¦¤¥®© ¤¨ £® «ì®© ¬ âà¨æë �D ¨¬¥îâ
¬¥áâ® á®®â®è¥¨ï �R�k+1 = �T �R�k, k = 1(1)n � 1, £¤¥ �T = �DT �D�1 = (�tij) {
¥à §«®¦¨¬ ï å¥áá¥¡¥à£®¢  ¨ �R = �DR { ¥¢ëà®¦¤¥ ï âà¥ã£®«ìë¥ ¬ â-
à¨æë. � íâ®¬ ¯à¥®¡à §®¢ ¨¨ áãé¥áâ¢ãîâ ¤¢¥ £àã¯¯ë ¨¢ à¨ â®¢ (â® ¥áâì
¥ § ¢¨áïé¨å ®â �D â®¦¤¥áâ¢):

�tkk = �kk ;

�tk;k�1�tk�1;k = �k;k�1�k�1;k: (15)

�®ª § â¥«ìáâ¢®. � âà¨æ  �R ®ç¥¢¨¤® ¥¢ëà®¦¤¥  ¨ âà¥ã£®«ì , ¯®-
íâ®¬ã áãé¥áâ¢ã¥â ¥ª®â®à ï ¬ âà¨æ  �¥áá¥¡¥à£  �T , ¤«ï ª®â®à®©

�R�k+1 = �T �R�k; k = 1(1)n� 1:
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� â® ¦¥ ¢à¥¬ï ¯à¨ â¥å ¦¥ § ç¥¨ïå k ¯® ãá«®¢¨î â¥®à¥¬ëR�k+1 = T R�k . � â ª
ª ª �R�l = �DR�l, â®R�k+1 = �D�1 �T �DR�k = T R�k, ¨«¨ ®¡®§ ç ïU = �D�1 �T �D�T ,
¯®«ãç¨¬

UR�k =
kX
j=1

rjkU�j = 0; k = 1(1)n� 1:

�à¨ k = 1  å®¤¨¬, çâ® U�1 = 0. �® ¨¤ãªæ¨¨ ¨§ ãá«®¢¨ï U�j = 0, j = 1(1)k� 1,
 å®¤¨¬ U�k = 0, k = 1(1)n� 1. �® ¯®á«¥¤¨© áâ®«¡¥æ ¬ âà¨æë �T ¯à®¨§¢®«¥,
¨ ¥£® ¢ë¡¥à¥¬ ¨§ ãá«®¢¨ï U�n = 0. �«¥¤®¢ â¥«ì®, ¬ âà¨æ  U à ¢  ã«î,çâ®
á®¢¯ ¤ ¥â á ¯¥à¢ë¬ ãâ¢¥à¦¤¥¨¥¬ â¥®à¥¬ë. �®á«¥¤¥¥ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë
¥áâì ®ç¥¢¨¤®¥ á«¥¤áâ¢¨¥ ¬ âà¨ç®£® ¯¥à¥¬®¦¥¨ï �D�1 �T �D. 2

3. �®¡áâ¢¥ ï ¯à®¡«¥¬  ¬ âà¨æë T
�à¥¤áâ ¢¨¬ ¬ âà¨æã R, ¨á¯®«ì§ãï ¤«ï íâ®£® ¢ëà ¦¥¨¥ (1)

R =
n�1X
k=1

T k�1R�1e
T
k +R�ne

T
n ;

ã¬®¦¨¬ ¥¥ á«¥¢    T , ¯®á«¥ ç¥£® ¨áª«îç¨¬ ¯®á«¥¤¥¥ á« £ ¥¬®¥ á ¯®¬®èìî
(4):

T R =
n�1X
k=1

T kR�1e
T
k +RPeTn :

�®¢ì ¯à¨¬¥¨¢ â®¦¤¥áâ¢® �¥«¨ { � ¬¨«ìâ® ,  ©¤¥¬ ¯à¥¤áâ ¢«¥¨¥ ¬ âà¨æë
�¥áá¥¡¥à£  ¢ ä®à¬¥ �à®¡¥¨ãá :

T R = RF; (16)

£¤¥ F { ¬ âà¨æ  �à®¡¥¨ãá 

F =
n�1X
k=1

ek+1e
T
k + Pen:

�¢¥¤¥ ï ¬ âà¨æ  �à®¡¥¨ãá , ª ª «¥£ª® ¢¨¤¥âì, ®¡« ¤ ¥â â¥¬ á¢®©áâ¢®¬, çâ®
¥á«¨ �(xi) = 0, â® xi ¥áâì ¥¥ á®¡áâ¢¥®¥ ç¨á«®,   v(xi) = (1; xi; : : : ; xn�1i ) {
á®®â¢¥âáâ¢ãîé¨© ¥¬ã «¥¢ë© á®¡áâ¢¥ë© ¢¥ªâ®à. �®«®¦¨¬ P = R�1. �¬¥¥â
¬¥áâ®

�¥¬¬  1. �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ á®®â®è¥¨ï:

PT = FP; (17)

v(xi)PT = xiv(xi)P: (18)
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�®§ì¬¥¬ â¥¯¥àì à §«®¦¥¨¥ áâà®£® ¥¢ëà®¦¤¥®© ¬ âà¨æë A, A = LDU , á
¬ âà¨æ¥© D, ¥ ®¡ï§ â¥«ì® ¯®¤ç¨¥®© ãá«®¢¨ï¬ (7), ¨ à áá¬®âà¨¬ ®ª ©¬«¥-
¨¥ ¬ âà¨æë: �

A �A�n+1
�An+1� an+1;n+1

�
=
�
LD 0
lD �d

� �
U u
0 �

�
=

=
�
LDU LDu
lDU d��+ lDu

�
:

�à¨¬¥¨â¥«ì® ª ¬ âà¨æ ¬ U ¨ TU ,   â ª¦¥ L ¨ TL, ¢ ®¡®§ ç¥¨ïå ¤ ®£®
ª®â¥ªáâ  á®®â®è¥¨¥ (1) ¯à¨ k = n ¡ã¤¥â ¨¬¥âì ¢¨¤: u = TUU�n = UP ,
l = Ln�TL = P TL, ¥á«¨ ¯à¨ íâ®¬ ãç¥áâì à ¢¥áâ¢® (4). �®íâ®¬ã ¨¬¥îâ ¬¥áâ®
á®®â®è¥¨ï

�A�n+1 = LDU = AP; �An+1� = P TA:

�¥¯¥àì ¬®¦¥â ¡ëâì áä®à¬ã«¨à®¢  

�¥®à¥¬  4. �«ï áâà®£® ¥¢ëà®¦¤¥®© ¬ âà¨æë A å à ªâ¥à¨áâ¨ç¥áª¨© ¬®-
£®ç«¥ á¢ï§ ëå á ¥© ¥à §«®¦¨¬ëå ¬ âà¨æ �¥áá¥¡¥à£  TU ¨ TL, ¥á«¨ ¢ë-
¡à âì ¤«ï ¨å ®¤¨ ª®¢ë¥ å à ªâ¥à¨áâ¨ç¥áª¨¥ ¬®£®ç«¥ë, ¨¬¥¥â ¢¨¤

�(x) =
1
jAj
�

A AP
vT (x) xn

�
=

1
jAj
�

A v(x)
P TA xn

�
; (19)

v(x) = (1; x; : : : ; xn�1)T . � ¦¤®¬ã á®¡áâ¢¥®¬ã ç¨á«ã, ¥§ ¢¨á¨¬® ®â ªà â-
®áâ¨, á®®â¢¥âáâ¢ã¥â ¯® ®¤®¬ã á®¡áâ¢¥®¬ã ¢¥ªâ®àã ¤«ï ®¡®¨å ¬ âà¨æ:
«¥¢ë© vT (xi)PU ¤«ï ¬ âà¨æë TU ¨ ¯à ¢ë© PLv(xi) ¤«ï ¬ âà¨æë TL, ¯à¨ç¥¬
PUU = PLL = E.

�®ª § â¥«ìáâ¢®. �¯à ¢¥¤«¨¢®áâì (19) ãáâ  ¢«¨¢ ¥âáï ¯à®áâë¬ à áªàëâ¨¥¬
®¯à¥¤¥«¨â¥«ï ¯® áâà®ª¥ (¢ ¯¥à¢®¬ á«ãç ¥) ¨«¨ ¯® áâ®«¡æã (¢® ¢â®à®¬). �à¨
íâ®¬ ã¦® â®«ìª® ãç¥áâì á¢®©áâ¢® ã¬®¦¥¨ï ¬ âà¨æë   ¢¥ªâ®à,  ¯à¨¬¥à:

AP =
nP
i=1

pjA�n�j+1: �â¢¥à¦¤¥¨ï ®â®á¨â¥«ì® á®¡áâ¢¥ëå ¢¥ªâ®à®¢ á«¥¤ã¥â

¨§ ¥à §«®¦¨¬®áâ¨ ¬ âà¨æ �¥áá¥¡¥à£ ,   â ª¦¥ ¨§ á®®â®è¥¨© (18). 2
�®¢®ªã¯®áâì ¯à¥¤áâ ¢«¥ëå ¢ëè¥ ¤®ª § â¥«ìáâ¢ ®¡®á®¢ë¢ ¥â ¨ ¥é¥ ®¤¨

¢ ¦ë©, ¢ á¬ëá«¥ ¯®áâ ®¢ª¨ ¯àï¬ëå ¨ ®¡à âëå § ¤ ç, à¥§ã«ìâ â.

�¥®à¥¬  5. �«ï § ¤ ¨ï í«¥¬¥â®¢ Rn-áâàãªâãàë ¤®áâ â®ç® ®¯à¥¤¥«¨âì
®¤¨ ¨§ ¨å.

�â® ®ç¥¢¨¤®. �á«¨ ¤   ¬ âà¨æ  A, â® ç¥à¥§ ¥¥ âà¥ã£®«ì®¥ à §«®¦¥¨¥ A =
LR  å®¤ïâáï ¨ ¬ âà¨æë �¥áá¥¡¥à£  TL, TR, ¨ á¨áâ¥¬ë ¬®£®ç«¥®¢ p(L)k (x),
p
(R)
k (x), k = 0(1)n � 1. �á«¨ ¨§¢¥áâë T (L), T (R), ¤®áâ â®ç® ¡¥§ ¯®á«¥¤¥£®
áâ®«¡æ , â®  å®¤¨¬ âà¥ã£®«ìë¥ ¬ âà¨æë

L = l11

nX
k=1

eke
T
1 T

k�1
L ;

R = r11

nX
k=1

T k�1R e1e
T
k
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¨ ¢á«¥¤ §  ¨¬¨ ¬ âà¨æã A. � ª®¥æ, ¥á«¨ ¨¬¥¥¬ á¨áâ¥¬ë ¬®£®ç«¥®¢ p(L)k (x)
¨ p(R)k (x), k = 0(1)n�1, â® ¨§ ¨å ª®íää¨æ¨¥â®¢ á®áâ ¢«ï¥¬ ¬ âà¨æë L�1 ¨ R�1,
¯®á«¥ ç¥£® ¬®¦® ®¯à¥¤¥«¨âì A.

� á«ãç ¥ á¨¬¬¥âà¨ç®© ¬ âà¨æë A § ¤ ç  ã¯à®é ¥âáï.

4. �âà®£® ¥¢ëà®¦¤¥ ï á¨¬¬¥âà¨ç ï ¬ âà¨æ 
�á«¨ ¬ âà¨æ  ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ , â® ¥© á®®â¢¥âáâ¢ã¥â âà¥ã£®«ì ï

¬ âà¨æ , ®¯à¥¤¥«ï¥¬ ï à §«®¦¥¨¥¬ A = RTR. �® ¤«ï áâà®£® ¥¢ëà®¦¤¥®©
á¨¬¬¥âà¨ç®© ¬ âà¨æë, á®£« á® à §«®¦¥¨î (9), ªà®¬¥ ¬ âà¨æë R á«¥¤ã¥â
ãç¨âë¢ âì â ª¦¥ ¨ ¤¨ £® «ìãî ¬ âà¨æã E . �®¬¨¬® (9) ã¤®¡® ¯®«ì§®¢ âìáï
á«¥¤ãîé¥© ¥£® ¬®¤¨ä¨ª æ¨¥©:

A = ~RT ~D ~R; (20)

£¤¥ ~D = diag( ~d1; : : : ; ~dn), ~R = (~rij), i; j = 1(1)n, { ¢¥àåïï ¥¤¨¨ç ï âà¥ã£®«ì ï
¬ âà¨æ ,

~di = jAij=jAi�1j; ~rij = jAi(i; j)j=jAij (21)

� ª ª ª ¬ âà¨æë R ¨ ~R á¢ï§ ë ®â®è¥¨¥¬

R = ( ~DE)1=2 ~R; (22)

E = diag("1; : : : ; "n), "i = sign ~di, â® ¯® â¥®à¥¬¥ 3  å®¤¨¬ á¢ï§ì ¬ âà¨æ �¥áá¥-
¡¥à£ 

T = (DE)1=2 ~T ( ~DE)�1=2 (23)

¨ ~T = (~tij), i; j = 1(1)n, ®â¢¥ç îé¨å âà¥ã£®«ìë¬ à §«®¦¥¨ï¬ (9) ¨ (20) á®®â-
¢¥âáâ¢¥®.

� §ã¬¥¥âáï, ª ª ¤«ï ¯ àë T , R, â ª ¨ ¤«ï ¯ àë ~T , ~R á¯à ¢¥¤«¨¢ë, á â®ç-
®áâìî ¤® ®¡®§ ç¥¨©, á®®â®è¥¨ï (1) - (3). � ¯à¨¬¥à, ¢ á¨«ã (22), (23) ¬ â-
à¨æë ~T ¨ ~R á¢ï§ ë á®®â®è¥¨ï¬¨:

~R�k+1 = ~T ~R�k = ~T k ~R�1; k = 0(1)n� 1; (24)

¨«¨

~tjk = ~rj;k+1 �
k�1P
i=m

~rik~tji; (25)

j = 1(1)k + 1; k = 1(1)n� 1; m = max(j � 1; 1);

¨, ¢ ç áâ®áâ¨,

~tk+1;k = 1;
~tk;k = ~rk;k+1 � ~rk�1;k ; (26)

~tk�1;k = ~rk�1;k+1 � ~rk�2;k � ~rk�1;k~tk�1;k�1; k = 1(1)n� 1:

�¥à¥©¤¥¬ â¥¯¥àì ª ®á®¢®© § ¤ ç¥ íâ®£® à §¤¥«  { ¢ëà §¨¬ í«¥¬¥âë ¬ â-
à¨æë ~R ç¥à¥§ ®ª ©¬«¥ë¥ ¬¨®àë ¬ âà¨æë A, ¤«ï ç¥£® ¢¢¥¤¥¬ ¬ âà¨æã
~D+ = diag( ~d+1 ; : : : ; ~d

+
n ) à ¢¥áâ¢®¬

~D = ~D+E :
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�§ ¢á¥¢®§¬®¦ëå ¬ âà¨æ E (¨å ®¡é¥¥ ç¨á«® à ¢® 2n) ®¤  ï¢«ï¥âáï ¥¤¨-
¨ç®©, ¯à¨ç¥¬ ¥© á®®â¢¥âáâ¢ã¥â ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ ï ¬ âà¨æ  A+ =
~RT ~D+ ~R ¢ á¥¬¥©áâ¢¥ 2n ¬ âà¨æ A = ~RT ~D ~R. � ç¥à¥§ í«¥¬¥âë âà¥ã£®«ì®£® à §-
«®¦¥¨ï A+ ¬®£ãâ ¡ëâì ¢ëà ¦¥ë ¢á¥ ®ª ©¬«¥ë¥ ¬¨®àë ¬ âà¨æ A íâ®£®
á¥¬¥©áâ¢ .

�¥¬¬  2. �«ï á¨¬¬¥âà¨ç®© áâà®£® ¥¢ëà®¦¤¥®© ¬ âà¨æë A ¨ ¥¥ à §«®-
¦¥¨© (9) ¨ (20) ¨¬¥îâ ¬¥áâ® á®®â®è¥¨ï:

~D = E ~D+; ~R = ~R+; R = R+:

�®ª § â¥«ìáâ¢®. �¥à¢®¥ à ¢¥áâ¢® ¥áâì ¯à®áâ® ®¯à¥¤¥«¥¨¥ ~D+. � «¥¥,
â ª ª ª ¢ à §«®¦¥¨¨ (20) ~rii = 1,i = 1(1)n, â® ¤®«¦ë ¢ë¯®«ïâìáï à ¢¥áâ¢ 

jAi(i; j)j = j ~RTi jj ~Dijj ~Ri(ij)j = jEijj ~RTi jj ~D+
i jj ~Ri(ij)j =

= jEijjA+
i (i; j)j:

�â® ®§ ç ¥â, çâ® ¢ à §«®¦¥¨¨ (6) á L = UT

uij = jAi(ij)j = jEiju+ij ;
á«¥¤®¢ â¥«ì®,

~rij =
uijq
jAji

=
ju+ij j
jA+
i j

= r+ij :

�â¨¬ ®¡®á®¢ë¢ ¥âáï ¢â®à®¥ à ¢¥áâ¢®. �ç¥¢¨¤® ¨ âà¥âì¥ à ¢¥áâ¢®, ¯®áª®«ìªã
¨§ á®¯®áâ ¢«¥¨ï à §«®¦¥¨© A = RTER = ~RT ~D ~R á«¥¤ã¥â R = ( ~D+)1=2 ~R =
( ~D+)1=2 ~R+ = R+: 2

5. � ª¥«¥¢  Rn-câàãªâãà 
Rn-áâàãªâãàã á £ ª¥«¥¢®© ¬ âà¨æ¥© A = (aij), aij = ai+j�2, ¡ã¤¥¬  §ë¢ âì

£ ª¥«¥¢®© Rn-áâàãªâãà®©. �à¨¬¥¨¬ ª ®¡é¥¬ã á«ãç î áâà®£® ¥¢ëà®¦¤¥®©
¬ âà¨æë â¥å¨ªã, ¨á¯®«ì§®¢ ãî ¢ [3-4].

�¥®à¥¬  6. � £ ª¥«¥¢®© Rn-áâàãªâãà¥ ¬ âà¨æ  �¥áá¥¡¥à£  ~T , á®®â¢¥âáâ-
¢ãîé ï à §«®¦¥¨î (20), ï¢«ï¥âáï âà¥å¤¨ £® «ì®© ¨ ¨¬¥¥â ¢¨¤:

~T =

266664
b1 g1

1 b2
. . .

. . .
. . . gn�1
1 bn

377775
á í«¥¬¥â ¬¨

bj = rj;j+1 � rj�1;j ; j = 1(1)n;

gj =
jAj�1jjAj+1j

jAj j2 ; j = 1(1)n� 1: (27)
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�®ª § â¥«ìáâ¢®. � ááã¦¤¥¨ï ®á®¢ ë   ¤¢ãå á®®â®è¥¨ïå [3-4]:
â®¦¤¥áâ¢¥ �à®¡¥¨ãá  ¤«ï £ ª¥«¥¢®© ¬ âà¨æë ¢ ä®à¬¥

jAl�1(l; k)j = ul�1;k+1 + jAl�1jul�2;l�1ul�1;k � ul�2;kjAl�1j
jAl�2jjAl�1j (28)

¨ â®¦¤¥áâ¢¥ �¨«ì¢¥áâà  ¢ ä®à¬¥

jAl�2julk = jAl�1jjAl�1(l; k)j � ul;l�1ul�1;k (29)

(§¤¥áì ãçâ¥®, çâ® ¥á«¨ ¢ ®¯à¥¤¥«¨â¥«¥ jAlj § ¬¥¨¬ l-© áâ®«¡¥æ   k-©, ¯®«ãç¨¬
ulk). �áª«îç¨¢ ¨§ ®¡®¨å â®¦¤¥áâ¢ ®¯à¥¤¥«¨â¥«ì jAl�1(l; k)j ¨ ãçâï á¨¬¬¥âà¨ç-
®áâì ¬ âà¨æë A, ¯®«ãç¨¬ á«¥¤ãîé¥¥ ¡ §®¢®¥ ¢ëà ¦¥¨¥:

ul�1;k+1
jAl�1j =

ul�2;k
jAl�2j +

ul�1;k
jAl�1j

� ul�1;l
jAl�1j �

ul�2;l�1
jAl�2j

�
+
jAl�2julk
jAl�1j2 ;

¨«¨, ¢ á¨«ã (16):

~rl�1;k+1 = ~rl�2;k + ~rl�1;k
�
~rl�1;l � ~rl�2;l�1

�
+
jAl�2jjAlj
jAl�1j2 ~rlk : (30)

�¥àï ¯®á«¥¤¥¥ ¢ëà ¦¥¨¥ ¯à¨ l = k ¨ ¯®¤áâ ¢«ïï ¥£® ¢ âà¥âì¥ ãà ¢¥¨¥ á¨á-
â¥¬ë (26) (ãç¨âë¢ ï ¨ ¤àã£¨¥ ãà ¢¥¨ï íâ®© á¨áâ¥¬ë),  å®¤¨¬:

~tk�1;k =
jAk�2jjAkj
jAk�1j2 :

�¬¥áâ¥ á ¯¥à¢ë¬ ¨ ¢â®àë¬ ãà ¢¥¨ï¬¨ (26) íâ® á®áâ ¢«ï¥â ãâ¢¥à¦¤¥¨¥ (27).
�áâ ¥âáï ¤®ª § âì, çâ® ~tj�1;k = 0 ¯à¨ j < k, â.¥. âà¥å¤¨ £® «ì®áâì¬ âà¨æë

T . �¥à¥¬ ¤¢  à ¢¥áâ¢ : (30), ª®â®à®¥ § ¯¨è¥¬ ¢ ¢¨¤¥

~rl�1;k+1 =
lX

i=l�2

~rik~tl�1;i;

¨ (25) ¢ ¢¨¤¥

~rl�1;k+1 =
kX

i=l�2

~rik~tl�1;i;

¨ ¢¬¥áâ¥ ®¨ ¯à¨¢®¤ïâ ª á®®â®è¥¨ï¬

kX
i=l+1

~rik~tl�1;i = 0: (31)

�à¨ l = k � 1  å®¤¨¬ ~tk�2;k = 0 ¤«ï k = 3(1)n. � ª¨¬ ®¡à §®¬, ¨¦¨¬
¯à¥¤¥«®¬ ¢ (28) áâ ®¢¨âáï l+2. � «¥¥, ¯® ¨¤ãªæ¨¨, ¯®¢ëè ï ¨¦¨© ¯à¥¤¥«
¤® k, ¤®ª §ë¢ ¥¬, çâ® ¨§ ~tk�j;k = 0 á«¥¤ã¥â ~tk�j�1;k = 0. �à¨ ¤®ª § â¥«ìáâ¢¥
ãçâ¥®, çâ® ¬ âà¨æ  ~T ®¯à¥¤¥«¥  á â®ç®áâìî ¤® ¯®á«¥¤¥£® áâ®«¡æ . 2
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�¥¯¥àì à áá¬®âà¨¬ ¬ âà¨æã T , á¢ï§ ãî á á®®â®è¥¨¥¬ (9).
�¯à¥¤¥«¥¨¥. � âà¨æã B ¡ã¤¥¬  §ë¢ âì á¨¬¬¥âà¨ç®© ¯® ¬®¤ã«î, ¥á«¨

®  ®¡« ¤ ¥â á¢®©áâ¢®¬ jbij j = jbjij.
�«¥¤áâ¢¨¥. �«ï áâà®£® ¥¢ëà®¦¤¥®© £ ª¥«¥¢®© ¬ âà¨æë A á à §«®¦¥-

¨¥¬ (9) ¬ âà¨æ  T ï¢«ï¥âáï á¨¬¬¥âà¨ç®© ¯® ¬®¤ã«î, â® ¥áâì

T =

266664
b1 a1"1"2

a1 b2
. . .

. . .
. . . an�1"n�1"n
an�1 bn

377775 ;
£¤¥

aj =

vuutabs
�
jAj�1jjAj+1j

�
jAj j2 :

�¥£ª® ã¡¥¤¨âìáï ¢ â®¬, çâ® ¤«ï á¨¬¬¥âà¨ç®© ¯® ¬®¤ã«î ¬ âà¨æë ¢ë¯®«ï¥âáï
à ¢¥áâ¢®

T T = ETE :

�¨â¥à âãà 
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�®àà¥ªâ ï ¢¥àá¨ï Sn{¬¥â®¤ 
¢ â¥®à¨¨ ¯¥à¥®á  ¨§«ãç¥¨ï

�.�. �¬¥«®¢

�áâ¨âãâ ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨
¨ ¬ â¥¬ â¨ç¥áª®© £¥®ä¨§¨ª¨ �� ���

�¡êïá¥® ¢®§¨ª®¢¥¨¥ «®ª «ì®© ¥ãáâ®©ç¨¢®áâ¨ å®à®è® ¨§¢¥áâ-
®£® Sn{¬¥â®¤ . �à¥¤«®¦¥ ¤àã£®©  ¡á®«îâ® ãáâ®©ç¨¢ë© ¢ à¨ â íâ®£®
¬¥â®¤ .

1. � 1955 £®¤  ¢ ¯à ªâ¨ª¥ à¥è¥¨ï § ¤ ç ®¤®áª®à®áâ®© â¥®à¨¨ ¯¥à¥®á  ¨§-
«ãç¥¨ï ¢ ®¡« áâïå á® áä¥à¨ç¥áª®© ¨ æ¨«¨¤à¨ç¥áª®© á¨¬¬¥âà¨¥© áâ « è¨à®ª®
¯à¨¬¥ïâìáï Sn{¬¥â®¤ (¬¥â®¤ � à«á® ). �¤ ª® ¯à¨ à¥è¥¨¨ â ª¨å § ¤ ç
áâ «¨ ®¡ àã¦¨¢ âìáï ¥¦¥« â¥«ìë¥ ®áæ¨««ïæ¨¨ à¥è¥¨©. � ª, ¢ ¬®®£à -
ä¨¨ �.�.� àçãª  ¨ �.�.�¥¡¥¤¥¢  [1] ç¨â ¥¬: \� áç¥âë... ¨®£¤  ¯®ª §ë¢ îâ
¥ãáâ®©ç¨¢®áâì áç¥â , ¯à¨ ª®â®à®©  ¡«î¤ ¥âáï á¨«ì ï ®áæ¨««ïæ¨ï à¥è¥¨©,
á®¯à®¢®¦¤ ¥¬ ï ¤ ¦¥ ¯¥à¥¬¥®© § ª . � á®¦ «¥¨î, ªà¨â¥à¨¨ ãáâ®©ç¨¢®áâ¨
¢ Sn{¬¥â®¤¥ ¤® á¨å ¯®à ¥ ¢ëïá¥ë". H  ¨â¥£à «ìë¥ å à ªâ¥à¨áâ¨ª¨, ¢ ç áâ-
®áâ¨ äãªæ¨® «ë, â ª¨¥ ®áæ¨««ïæ¨¨ § ¬¥â® ¥ áª §ë¢ «¨áì, ¨ íâ® ¯à¥¤®¯à¥-
¤¥«¨«® ãáâ®©ç¨¢ë© ¨â¥à¥á ª ¬¥â®¤ã [2{6]. � â® ¦¥ ¢à¥¬ï á ¯®§¨æ¨© ¬ â¥¬ â¨-
ç¥áª®© ª®àà¥ªâ®áâ¨ ®áâ ¢ « áì ¥ã¤®¢«¥â¢®à¥®áâì ®â  «¨ç¨ï ã¯®¬ïãâ®£®
¤¥ä¥ªâ  ¬¥â®¤ .

H¨¦¥ ¢¬¥áâ® ¯®¯ëâª¨ ¯®¨áª  ãá«®¢¨©, ª®â®àë¥ ®¡¥á¯¥ç¨¢ «¨ ¡ë ãáâ®©ç¨-
¢®áâì íâ®£® ã¦¥ áä®à¬¨à®¢ ¢è¥£®áï ¬¥â®¤ , ¯à¥¤« £ ¥âáï ¨®© ¢ à¨ â Sn{
 «£®à¨â¬ ,  ¡á®«îâ® ãáâ®©ç¨¢ë© ¨, ¯® íâ®© ¯à¨ç¨¥, ¥ ¯®à®¦¤ îé¨© ®áæ¨«-
«ïæ¨© à¥è¥¨ï.

2. � «¨§ ¯à¥¦¥£®  «£®à¨â¬  Sn{¬¥â®¤  ¨ ¯à¥¤« £ ¥¬®£® ¯à®¢®¤¨âáï  
¯à¨¬¥à¥ áä¥à¨ç¥áª¨ á¨¬¬¥âà¨ç®© § ¤ ç¨ á ¨§®âà®¯®© äãªæ¨¥© à áá¥ï¨ï ¨
¨§®âà®¯ë¬ ¨áâ®ç¨ª®¬ q(r), ª®â®à ï ¢ ¨â¥à æ¨®®¬ ¯à®æ¥áá¥ § ¯¨áë¢ ¥âáï ¢
¢¨¤¥ [1, 4, 6]

1
r2

@

@r
(r2�'(n)) +

@

@�

�1� �2

r
'(n)

�
+ �'(n) = f (n)(r); (1)
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'(n)(R; �) = S(�) ¯à¨ � � 0: (2)

�¤¥áì f (n)(r) = 1
2

�
�s
R 1
�1 '

(n�1)(r; �)d� + q(r)
�
-   ª ¦¤®¬ ¨â¥à æ¨®®¬ è £¥

"n" ¨§¢¥áâ ï äãªæ¨ï; 0 � r � R; �1 � � � 1; �(r) � �s(r) > 0.
�ãáâì ®âà¥§®ª �1 � � � 1 à §¡¨â   2n à ¢ëå ç áâ¥© (�j ; �j+1),  ç¨ ï á

�0 = �1,   ®âà¥§®ª 0 � r � R   N ¨â¥à¢ «®¢ (rk; rk+1) â ª, çâ®¡ë ¢®§¬®¦ë¥
£à ¨æë à §¤¥«  áà¥¤ á à §ë¬¨ ä¨§¨ç¥áª¨¬¨ á¢®©áâ¢ ¬¨ á®¤¥à¦ «¨áì áà¥¤¨
â®ç¥ª rk. � áá¬®âà¨¬ ¯à®¨§¢®«ìãî ïç¥©ªã Mkj ¯®áâà®¥®© á¥âª¨, £¤¥ rk �
r � rk+1; �j � � � �j+1. � à¥§ã«ìâ â¥ ¨â¥£à¨à®¢ ¨ï ãà ¢¥¨ï (1) ¢ ¯à¥¤¥« å
ïç¥©ª¨Mkj á ãç¥â®¬ ¥¥ í«¥¬¥â  \®¡ê¥¬ " dM = r2drd� ¯®«ãç ¥¬ (®¯ãáª ï ¤«ï
¯à®áâ®âë ¨â¥à æ¨®ë© ¨¤¥ªá n) á«¥¤ãîé¥¥ áâà®£®¥ à ¢¥áâ¢®:

r2k+1

�j+1Z
�j

�'(rk+1; �)d�� r2k

�j+1Z
�j

�'(rk ; �)d�+ (1� �2j+1)

rk+1Z
rk

r'(r; �j+1)dr�

(1� �2j )

rk+1Z
rk

r'(r; �j)dr +

rk+1Z
rk

�(r)r2dr

�j+1Z
�j

'(r; �)d� = ��

rk+1Z
rk

f(r)r2dr; (3)

£¤¥ �� = �j+1 � �j .
� ¯®¤¢¥à£ ¥¬®¬ "à¥¢¨§¨¨" Sn{ «£®à¨â¬¥ äãªæ¨ï '(r; �) ¢ ¯à¥¤¥« å ïç¥©ª¨

Mkj  ¯¯à®ªá¨¬¨àã¥âáï ¡¨«¨¥©®© ¨â¥à¯®«ïæ¨®®© ä®à¬ã«®©. �®®â¢¥âáâ-
¢¥® äãªæ¨ï f(r)  ¯¯à®ªá¨¬¨àã¥âáï «¨¥©®© ¨â¥à¯®«ïæ¨®®© ä®à¬ã«®©.
� ¨â®£¥ ¯®«ãç ¥¬ à §®áâë¥ ãà ¢¥¨ï á® ¢â®àë¬ ¯®àï¤ª®¬  ¯¯à®ªá¨¬ æ¨¨

Akj'kj +Bkj'k+1;j + Ckj'k;j+1 +Dkj'k+1;j+1 = Ekfk + Fkfk+1; (4)

£¤¥ k = 0; 1; :::; N�1; j = 0; 1; :::; n�1. �ë ¥ ¢ë¯¨áë¢ ¥¬ ¤®áâ â®ç® £à®¬®§¤ª¨¥
¢ëà ¦¥¨ï ¤«ï ª®íää¨æ¨¥â®¢Akj ; Bkj ; :::; Fk, ª®â®àë¥ ¯à¨¢¥¤¥ë ¢ à ¡®â å [1,
6].

�¨áâ¥¬  ãà ¢¥¨© (4) ¤®«¦  ¡ëâì ¤®¯®«¥  á«¥¤ãîè¨¬¨ à ¢¥áâ¢ ¬¨:

'Nj = S(�j); j = 0; 1; :::; n; (5)

'0j = '0;2n�j ; j > n: (6)

�¥à¢ë¥ ¨§ íâ¨å à ¢¥áâ¢ ®â¢¥ç îâ £à ¨ç®¬ã ãá«®¢¨î (2),   ¢â®àë¥| ãá«®¢¨î
áä¥à¨ç¥áª®© á¨¬¬¥âà¨¨ § ¤ ç¨ ¢ æ¥âà¥ áä¥àë.

�®á«¥ ¯à¨¢«¥ç¥¨ï íâ¨å ¤®¯®«¨â¥«ìëå à ¢¥áâ¢ à §®áâ ï § ¤ ç  ®áâ -
¥âáï ¥é¥ ¥¤®®¯à¥¤¥«¥®©. �®®¯à¥¤¥«¨âì ¥¥ «¥£ª® ª®¥ç®-à §®áâë¬¨ ãà ¢-
¥¨ï¬¨, á¢ï§ë¢ îé¨¬¨ ¨áª®¬ë¥ ¢¥«¨ç¨ë 'k0, k = 0; 1; :::; N: � íâ®© æ¥«ìî
¯®«®¦¨¬ ¢ ãà ¢¥¨¨ (1) � = �1, çâ® ¯¥à¥¢®¤¨â ¥£® ¢ ®¡ëª®¢¥®¥ ¤¨ää¥à¥-
æ¨ «ì®¥ ãà ¢¥¨¥

�@'
@r

+ �'(r;�1) = f(r) (7)
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á  ç «ìë¬ ãá«®¢¨¥¬ '(R;�1) = S(�1). �¥è¥¨¥ íâ®© § ¤ ç¨ �®è¨ à §®áâ-
ë¬ ¬¥â®¤®¬ ¤®¢®¤¨â ®¡éãî á¨áâ¥¬ã ãà ¢¥¨© ¤® § ¬ªãâ®©. �å¥¬  ¢ëç¨á-
«¥¨© ¤«ï íâ®© ¯à¨¡«¨¦¥®© § ¤ ç¨ ¯®¤à®¡® ¨§«®¦¥  ¢ à ¡®â å [1, 6] ¨
 «£¥¡à ¨ç¥áª¨ ®§ ç ¥â à¥è¥¨¥ á¨áâ¥¬ë ãà ¢¥¨© á âà¥ã£®«ì®© ¬ âà¨æ¥©. �
¤ ë© ¬®¬¥â  á ¨â¥à¥áãîâ ¤àã£¨¥ á¢®©áâ¢  íâ®© ¬ âà¨æë. �à¨ 0 � j < n
¤¨ £® «ìë¬¨ í«¥¬¥â ¬¨ ¬ âà¨æë ï¢«ïîâáï ¯®«®¦¨â¥«ìë¥ ª®íää¨æ¨¥âë
Ckj ¢ ãà ¢¥¨ïå (4),   ¯à¨ j � n ¤¨ £® «ìë¬¨ í«¥¬¥â ¬¨ ¡ã¤ãâ ª®íää¨-
æ¨¥âë Dkj > 0. �ãé¥áâ¢¥®, ®¤ ª®, â®, çâ® ®áâ «ìë¥ í«¥¬¥âë ¬ âà¨æë
¥ ®áâ îâáï § ª®¯®áâ®ïë¬¨. �àã£¨¬¨ á«®¢ ¬¨, ¬ âà¨æ  ¢ ®¡é¥¬ á«ãç ¥ ¥
ï¢«ï¥âáï M -¬ âà¨æ¥© [7],   ¯®â®¬ã ¥ ¨¬¥¥â ¬¥áâ  ¤¨áªà¥âë© ¯à¨æ¨¯ ¬ ªá¨-
¬ã¬  [8]. �® ®â®è¥¨î ª ¨áå®¤®© § ¤ ç¥ (1), (2) ¯à¨æ¨¯ ¬ ªá¨¬ã¬  ®§ ç ¥â
¥®âà¨æ â¥«ì®áâì à¥è¥¨ï '(r; �) ¯à¨ f(r) � 0 ¨ S(�) � 0, ¢ â® ¢à¥¬ï ª ª ¢
à §®áâ®© § ¤ ç¥ ¯à¨ fk = f(rk) � 0 ¨ S(�j � 0) ¥®âà¨æ â¥«ì®áâì à¥è¥¨ï
'kj ¯à¨ ¢á¥å k ¨ j ¥ £ à â¨à®¢  . �¬¥® íâ® ®¡áâ®ïâ¥«ìáâ¢® ¨ ï¢«ï¥âáï
¯à¨ç¨®© ¯®ï¢«¥¨ï ¥¦¥« â¥«ìëå ®áæ¨««ïæ¨© à¥è¥¨ï.

3. �á¯à ¢«ï¥â "¤¥ä¥ªâ" ¢ëè¥¯à¨¢¥¤¥®£® Sn- «£®à¨â¬  ¯à¤« £ ¥¬ë© ¨¦¥
¤àã£®© ¢ à¨ â ¬¥â®¤  â ª¦¥ á âà¥ã£®«ì®© ¬ âà¨æ¥©. �â®â ¢ëå®¤    ¡á®«îâ®
ãáâ®©ç¨¢ë©  «£®à¨â¬ ¤®áâ¨£ ¥âáï, ®¤ ª®, á¨¦¥¨¥¬ ¯®àï¤ª   ¯¯à®ªá¨¬ æ¨¨
à §®áâ®© áå¥¬ë   ¥¤¨¨æã, â.¥. ¤® ¯¥à¢®£® ¯®àï¤ª . �«¥¤ã¥â ®â¬¥â¨âì, çâ®
¨ ¤àã£¨¥ à §®áâë¥  «£®à¨â¬ë ¤«ï § ¤ ç â¨¯  (1),(2) (¬¥â®¤ �« ¤¨¬¨à®¢  [4,
6], ¬¥â®¤ à áé¥¯«¥¨ï [1, 6] ¨ ¤à.), ¯®¤ç¨¥ë¥ ¯à¨æ¨¯ã ¬ ªá¨¬ã¬ , â ª¦¥
¨¬¥îâ ¯¥à¢ë© ¯®àï¤®ª  ¯¯à®ªá¨¬ æ¨¨.

H®¢ë©  «£®à¨â¬  ç¥¬ á à §®áâ®© § ¯¨á¨ ãà ¢¥¨ï (7)

(1 + �(rk)�rk)'k0 � 'k+1;0 =

rk+1Z
rk

f(r)dr; 'N0 = S(�1); (8)

£¤¥ �rk = rk+1 � rk . � «¥¥, ¥á«¨ ã§«ë ïç¥©ª¨ Mkj ®â¢¥ç îâ § ç¥¨ï¬ � �
0; (0 � j � n), â® â®ç®¥ à ¢¥áâ¢® (3) § ¬¥¨¬ á«¥¤ãîé¨¬ ¯à¨¡«¨¦¥ë¬:

8>>>>:�r2k
�j+1Z
�j

�d�+ (1� �2j+1)

rk+1Z
rk

rdr +

rk+1Z
rk

�r2dr

�j+1Z
�j

d�

9>>>>;'k;j+1+

r2k+1

�j+1Z
�j

�d� � 'k+1;j+1 � (1� �2j )

rk+1Z
rk

rdr � 'kj = ��

rk+1Z
rk

f(r)r2dr: (9)

�à ¨çë¥ ãá«®¢¨ï (5) ¨  ©¤¥ë¥ § ç¥¨ï 'k0   ®á®¢¥ ãà ¢¥¨© (8) ¯à¥¤-
®¯à¥¤¥«ïîâ ¯à¨ 0 � j < n ¯®á«¥¤®¢ â¥«ì®¥ ¢ëç¨á«¥¨¥ § ç¥¨© 'k;j+1 ¨§
ãà ¢¥¨© (9). �â® ®§ ç ¥â, çâ® ¯®«®¦¨â¥«ìë© ª®íää¨æ¨¥â ¯à¨ 'k;j+1 ¥áâì
¤¨ £® «ìë© í«¥¬¥â ¬ âà¨æë  è¥© á¨áâ¥¬ë ãà ¢¥¨©. �áâ «ìë¥ ª®íä-
ä¨æ¨¥âë ¢ ãà ¢¥¨ïå (9) ®âà¨æ â¥«ìë.

�«¥¤ãîé¨© íâ ¯ áå¥¬ë ¢ëç¨á«¥¨© { ¯à¨ n � j � 2n� 1 ¯®á«¥¤®¢ â¥«ì®¥
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¢ëç¨á«¥¨¥ ¢¥«¨ç¨ 'k+1;j+1 ¨§ á«¥¤ãîé¥£® ¯à¨¡«¨¦¥®£® à ¢¥áâ¢ :8>>>>:�r2k+1
�j+1Z
�j

�d�+ (1� �2j+1)

rk+1Z
rk

rdr +

rk+1Z
rk

�r2dr

�j+1Z
�j

d�

9>>>>;'k+1;j+1�

r2k

�j+1Z
�j

�d� � 'k;j+1 � (1� �2j )

rk+1Z
rk

rdr � 'k+1;j = ��

rk+1Z
rk

f(r)r2dr: (10)

� íâ®¬ à ¢¥áâ¢¥ ¯à¨ k = 0 ¢¥«¨ç¨ë '0;j+1 á«¥¤ã¥â ¯®«®¦¨âì à ¢ë¬¨
'0;2n�(j+1) á®£« á® ãá«®¢¨î á¨¬¬¥âà¨¨ (6).

� ãà ¢¥¨ïå (10) ¯®«®¦¨â¥«ìë© ª®íää¨æ¨¥â ¯à¨ 'k+1;j+1 ¥áâì ¤¨ £®-
 «ìë© í«¥¬¥â ¬ âà¨æë,   ®áâ «ìë¥ ª®íää¨æ¨¥âë ®âà¨æ â¥«ìë. �®¯®«-
¨â¥«ì® ª®áâ â¨àã¥¬: ¬ âà¨æ  ®¡ê¥¤¨¥®© á¨áâ¥¬ë ãà ¢¥¨© (8){(10) ï¢-
«ï¥âáï âà¥ã£®«ì®© ¬ âà¨æ¥© á® áâà®£¨¬ ¤¨ £® «ìë¬ ¯à¥®¡« ¤ ¨¥¬. �®-
á«¥¤¥¥ ãâ¢¥à¦¤¥¨¥ ¯® ®â®è¥¨î ª ãà ¢¥¨ï¬ (8) ®ç¥¢¨¤®; ®â®á¨â¥«ì®
ãà ¢¥¨© (9) íâ® á«¥¤ã¥â ¨§ â®¦¤¥áâ¢ 

�r2k
�j+1Z
�j

�d�+ (1� �2j+1)

rk+1Z
rk

rdr + r2k+1

�j+1Z
�j

�d�+ (1� �2j )

rk+1Z
rk

rdr � 0;

  «®£¨ç®¥ â®¦¤¥áâ¢® á¯à ¢¥¤«¨¢® ¨ ¤«ï ãà ¢¥¨© (10).
� ¨â®£¥ ¨§ ¢á¥£® ¢ëè¥¨§«®¦¥®£® á«¥¤ã¥â, çâ® ®¡ê¥¤¨¥ ï á¨áâ¥¬  ãà ¢-

¥¨© ï¢«ï¥âáïM -¬ âà¨æ¥© [7], â.¥. ¥¥ ®¡à â ï ¬ âà¨æ  A�1 � 0,   ¯®â®¬ã ¯à¨
¥®âà¨æ â¥«ìëå f(r) ¨ S(�) à¥è¥¨¥ à §®áâ®© § ¤ ç¨ ¡ã¤¥â ¥®âà¨æ â¥«ì-
ë¬. �®«¥¥ ®¯à¥¤¥«¥®, ¯à¨ f(r) � 0; S(�) � 0 ¬®¦® § ¯¨á âì [8]

0 � max
k;j

'k;j � max
n

max
0�k�N�1

rk+1Z
rk

f(r)dr=�(rk)�rk ;

max
0�k�N�1

rk+1Z
rk

f(r)r2dr=

rk+1Z
rk

�r2dr; max
0�j�n

S(�j)
o
:

�á«¨ ¥ ¯®áâã«¨à®¢ âì ¥®âà¨æ â¥«ì®áâì f ¨ S, â® ¢ ¯®«ãç¥®© ®æ¥ª¥ ã¦®
¯®«®¦¨âì: j 'kj j; j f(r) j; j S(�j). �â¨ ®æ¥ª¨ ¥áâì ®¤®¢à¥¬¥® ¨ å à ªâ¥-
à¨áâ¨ª   ¡á®«îâ®© ãáâ®©ç¨¢®áâ¨ à §®áâ®© áå¥¬ë (8){(10).

�á¥ ¢ëè¥¨§«®¦¥®¥ à á¯à®áâà ï¥âáï, ¥áâ¥áâ¢¥®,   æ¨«¨¤à¨ç¥áª¨¥ § -
¤ ç¨,   á«ãç ¨ ¥à ¢®¬¥à®© á¥âª¨ ¯® � ¨ â.¤.

�¨â¥à âãà 
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�¨á«¥®¥ à¥è¥¨¥ ¯à®¡«¥¬ë ®¡ ãá¢®¥¨¨ ¤ ëå
¤«ï ¯®«ã«¨¥©®£® ¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï 1
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�à¥¤«®¦¥ ¨ ®¡®á®¢  ç¨á«¥ë©  «£®à¨â¬ à¥è¥¨ï § ¤ ç¨ ¢ à¨ æ¨-
®®£® ãá¢®¥¨ï ¤ ëå ¤«ï ¯®«ã«¨¥©®£® ¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï.

�¢¥¤¥¨¥
� §¢¨â¨¥ ¬¥â®¤®¢ ¨áá«¥¤®¢ ¨ï ¨ ç¨á«¥®£® à¥è¥¨ï § ¤ ç ¢ à¨ æ¨®®£®

ãá¢®¥¨ï ¤ ëå   ®á®¢¥ â¥®à¨¨ á®¯àï¦¥ëå ãà ¢¥¨© ¢ë§ë¢ ¥â ¢  áâ®ï-
é¥¥ ¢à¥¬ï ¡®«ìè®© ¨â¥à¥á ã ¬®£¨å ¨áá«¥¤®¢ â¥«¥© ¢ à §«¨çëå ®¡« áâïå § -
¨© [1]{[20] ¨ ¤à. �á®¢ë â¥®à¨¨ á®¯àï¦¥ëå ãà ¢¥¨© ¤«ï à¥è¥¨ï ®¡à âëå
¨ ®¯â¨¬¨§ æ¨®ëå § ¤ ç ¡ë«¨ § «®¦¥ë ¢ ¯¨®¥àáª¨å à ¡®â å �.�.� àçãª 
[3, 4].

� áâ®ïé ï à ¡®â  ¯®á¢ïé¥  ¯à®¡«¥¬¥ ®¡ ãá¢®¥¨¨ ¤ ëå ¤«ï í¢®«îæ¨-
®®© § ¤ ç¨ á ãà ¢¥¨¥¬ á®áâ®ï¨ï, ï¢«ïîé¨¬áï ¯®«ã«¨¥©ë¬ ¯ à ¡®«¨-
ç¥áª¨¬ ãà ¢¥¨¥¬. � áá¬®âà¥ ç¨á«¥ë©  «£®à¨â¬ à¥è¥¨ï § ¤ ç¨, ®á®¢ -
ë©   ¯à®¥ªæ¨®®-á¥â®ç®¬ ¬¥â®¤¥ ¨ ¬¥â®¤¥ ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨©.
�áá«¥¤®¢ ë á¢®©áâ¢  «¨¥©®© § ¤ ç¨ ¨ ¤®ª §   áå®¤¨¬®áâì ¬¥â®¤  ¯®á«¥-
¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨©. �à¨¢¥¤¥ë à¥§ã«ìâ âë ç¨á«¥ëå íªá¯¥à¨¬¥â®¢
¯® à¥è¥¨î § ¤ ç¨ ¨¤¥â¨ä¨ª æ¨¨  ç «ìëå ¤ ëå ¤«ï ¥«¨¥©®© § ¤ ç¨
â¥¯«®¯à®¢®¤®áâ¨. �à¥¤áâ ¢«¥ë¥ à¥§ã«ìâ âë ï¢«ïîâáï à §¢¨â¨¥¬ àï¤  ¢®-
¯à®á®¢, á¢ï§ ëå á ¬¥â®¤ ¬¨ à¥è¥¨ï § ¤ ç ®¡ ãá¢®¥¨¨ ¤ ëå ¨ ¯®¤ïâëå ¢
à ¡®â å [13], [15], [21].

1. �®áâ ®¢ª  § ¤ ç¨
� áá¬®âà¨¬ í¢®«îæ¨®ãî § ¤ çã ¢¨¤ :(

d'
dt + A(t)'+ F (') = f; t 2 (0; T )

'
��
t=0

= u;
(1.1)

1� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ ���� (¯à®¥ªâ ¿00{01{00611)
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£¤¥ A { «¨¥©ë© ®¯¥à â®à, ®¯à¥¤¥«ï¥¬ë© ¢ëà ¦¥¨¥¬

A(t)' = �
2X

i;j=1

@

@xi
ai;j

@'

@xj
+

2X
i=1

ai
@'

@xi
+ a':

�¤¥áì �x = (x1; x2) 2 
 � R2, 
 { ®£à ¨ç¥ ï ®¡« áâì á ªãá®ç®-£« ¤ª®©
£à ¨æ¥© @
, äãªæ¨¨ ai;j , ai, a ¯à¥¤¯®« £ îâáï ¤®áâ â®ç® £« ¤ª¨¬¨ ¨ ã¤®¢-
«¥â¢®àïîé¨¬¨ ãá«®¢¨ï¬:

a(�x; t) � 0;
2X
i=1

@ai
@xi

= 0; ai;j = aj;i;

2X
i;j=1

ai;j�i�j � 
2X
i=1

�2i 8�i 2 R;  = const > 0:

�¯¥à â®à A ¤¥©áâ¢ã¥â ¨§ Y = L2(
� (0; T )) ¢ Y á ®¡« áâìî ®¯à¥¤¥«¥¨ï D(A) =
f' : ' 2 Y ;A' 2 Y; '=@
 = 0g. �ãáâì â ª¦¥ f 2 Y , u 2 H = L2(
), F (') -
¥«¨¥©ë© ®¯¥à â®à, § ¤ ¢ ¥¬ë© ä®à¬ã«®©

F (') =
�
Qe��=�'; ' > 0;

0; ' � 0;

Q; �; � > 0 - ä¨§¨ç¥áª¨¥ ª®áâ âë. � ¤ ç¨ ¢¨¤  (1.1) ¢®§¨ª îâ,  ¯à¨¬¥à, ¢
â¥®à¨¨ £®à¥¨ï [23], [24].

�¢¥¤¥¬ äãªæ¨® «

S(') =
�

2
k'jt=0k2 + 1

2

Z T

0
kb'� 'k2dt; (1.2)

£¤¥ � =const� 0; b' = b'(t) 2 Y { § ¤  ï äãªæ¨ï, k�k { ®à¬  ¢ ¯à®áâà áâ¢¥
H . �ãªæ¨ï b'(t) ®¯à¥¤¥«ï¥âáï, ª ª ¯à ¢¨«®,  ¯à¨®àë¬¨ ¤ ë¬¨  ¡«î¤¥-
¨©. �¥á®¢®© ª®íää¨æ¨¥â � ¯à¨ïâ®  §ë¢ âì ¯ à ¬¥âà®¬ à¥£ã«ïà¨§ æ¨¨ [13].
� «¥¥ ¢áî¤ã ¯à¥¤¯®« £ ¥âáï, çâ® ¢á¥ à áá¬ âà¨¢ ¥¬ë¥ ¯à®áâà áâ¢  ¨ äãªæ¨¨
¢¥é¥áâ¢¥ë.

� áá¬®âà¨¬ § ¤ çã (1.1) á ¥¨§¢¥áâ®© äãªæ¨¥© u 2 H (â.¥. ¥¨§¢¥áâë¬
ã¯à ¢«¥¨¥¬ u) ¢  ç «ì®¬ ãá«®¢¨¨. � ¤ ç  ®¡ ãá¢®¥¨¨ ¤ ëå ¬®¦¥â ¡ëâì
áä®à¬ã«¨à®¢   á«¥¤ãîé¨¬ ®¡à §®¬ [6],[13]:  ©â¨ äãªæ¨î '='(t) ¨ ã¯à ¢-
«¥¨¥ u â ª¨¥, çâ® ®¨ ã¤®¢«¥â¢®àïîâ (1.1), ¯à¨ç¥¬   ¬®¦¥áâ¢¥ à¥è¥¨© ãà ¢-
¥¨ï (1.1) äãªæ¨® « (1.2) ¯à¨¨¬ ¥â  ¨¬¥ìè¥¥ § ç¥¨¥.

�ä®à¬ã«¨à®¢ ãî § ¤ çã § ¯¨è¥¬ ¢ ¢¨¤¥:8><>:
@'
@t +A(t)'+ F (') = f; t 2 (0; T )

'
��
t=0

= u
S(') = min

u
S('):

(1.3)

� ¤ ç¨ ¢¨¤  (1.3) à áá¬ âà¨¢ «¨áì ¢ à ¡®â å [6], [13], [15], [25] ¨ ¬®£¨å ¤àã£¨å.
�ãªæ¨® « ¢¨¤  (1.2) à áá¬ âà¨¢ «áï, ¢ ç áâ®áâ¨, ¢ à ¡®â¥ [15].
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� ª ¨§¢¥áâ® [6], [13], § ¤ ç  (1.3) á¢®¤¨âáï ª á¨áâ¥¬¥ ¤«ï ®âëáª ¨ï äãª-
æ¨© ' = '(t), '� = '�(t) ¨ ã¯à ¢«¥¨ï u ¢¨¤ :(

@'
@t +A(t)'+ F (') = f; t 2 (0; T )

'
��
t=0

= u;
(1.4)

(
�@'

�

@t +A�(t)'� + (F 0('))�'� = (b'� '); t 2 (0; T )
'�
��
t=T

= 0;
(1.5)

�u� '�
��
t=0

= 0; (1.6)

£¤¥ A�(t) { ®¯¥à â®à, á®¯àï¦¥ë© ª �(t),   ®¯¥à â®à F 0 ¥áâì ¯à®¨§¢®¤ ï � â®
®â ®¯¥à â®à  F .

� §à¥è¨¬®áâì á¨áâ¥¬ ¢¨¤  (1.4){(1.6) ¨ ¡®«¥¥ á«®¦ëå ¨áá«¥¤®¢ « áì ¢ à -
¡®â å [13], [25] ¨ ¤àã£¨å. �ë ¥ ¨áá«¥¤ã¥¬ §¤¥áì ¢®¯à®áë à §à¥è¨¬®áâ¨,   ¡ã¤¥¬
¯à¥¤¯®« £ âì, çâ® à¥è¥¨¥ ', '�, u á¨áâ¥¬ë (1.4){(1.6) áãé¥áâ¢ã¥â, ¥¤¨áâ¢¥®
¨ ï¢«ï¥âáï ¤®áâ â®ç® £« ¤ª¨¬.

2. �¨á«¥ë©  «£®à¨â¬
�«ï  ¯¯à®ªá¨¬ æ¨¨ § ¤ ç¨ (1.4){(1.6) ¯® ¯à®áâà áâ¢¥ë¬ ¯¥à¥¬¥ë¬ ¢®á-

¯®«ì§ã¥¬áï ¯à®¥ªæ¨®®-á¥â®çë¬ ¬¥â®¤®¬.
� ¤ ç¨ (1.4), (1.5) ¬ë ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢ ®¡®¡é¥®© ¯®áâ ®¢ª¥. � ª,

®¡®¡é¥ãî ¯®áâ ®¢ªã ¤«ï § ¤ ç¨ (1.4) ¬®¦® áä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¬
®¡à §®¬. � §o¢¥¬ ®¡®¡é¥ë¬ à¥è¥¨¥¬ § ¤ ç¨ (1.4) äãªæ¨î '(�x; t), ª®â®à ï
¯à¨ ¢á¥å t 2 (0; T ) ¯à¨ ¤«¥¦¨â í¥à£¥â¨ç¥áª®¬ã ¯à®áâà áâ¢ã HA [26], ®¡« -

¤ ¥â ¯à®¨§¢®¤®© @'
@t 2 L2(
 � (0; T )) ¨ ã¤®¢«¥â¢®àï¥â ¯®çâ¨ ¢áî¤ã   (0; T )

á®®â®è¥¨ï¬

(
@'

@t
;  )(t)+[';  ](t)+

2X
k=1

�
ak

@'

@xk
;  

�
+(F (');  )(t) = (f;  )(t); ('

��
t=0

;  ) = (u;  );

(2.1)
¤«ï ¢á¥å  2 HA. �¤¥áì (�; �) { áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ H , HA { í¥à£¥â¨ç¥áª®¥
¯à®áâà áâ¢®, á®®â¢¥âáâ¢ãîé¥¥ A(t), á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬

[';  ] =
Z



(
2X

i;j=1

ai;j
@'

@xj

@ 

@xi
+ a' )d�x

¨ ®à¬®© ['] = ['; ']1=2.
�¯¯à®ªá¨¬ æ¨î § ¤ ç¨ ¯® ¯à®áâà áâ¢¥ë¬ ¯¥à¥¬¥ë¬ ¢ë¯®«¨¬, ¨á-

¯®«ì§ãï ¯à®¥ªæ¨®®-á¥â®çë©  «£®à¨â¬,   ®á®¢¥ ®¡®¡é¥®© ¯®áâ ®¢ª¨ [26].
�¢®¤ï á¥âªã ¢ 
 ¨ ¢ë¯®«ïï âà¨ £ã«ïæ¨î ®¡« áâ¨, ª ¦¤®¬ã ã§«ã Pi ¯®áâ ¢¨¬
¢ á®®â¢¥âáâ¢¨¥ ®à¬¨à®¢ ãî ¡ §¨áãî äãªæ¨î �ãà â   i [26]. �à¨¡«¨¦¥-
®¥ à¥è¥¨¥ § ¤ ç¨ (2.1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

'h(�x; t) =
NX
i=1

bi(t) i(�x);
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£¤¥ N { ç¨á«® ã§«®¢ ¢ á¥â®ç®© ®¡« áâ¨. �®íää¨æ¨¥âë bi(t) ®¯à¥¤¥«ïîâáï ¨§
á«¥¤ãîé¥£® ãà ¢¥¨ï:

(
@'h
@t

;  i)(t) + ['h;  i](t) +
2X
k=1

�
ak
@'h
@xk

;  i

�
+ (F ('h);  i)(t) = (f;  i)(t); (2.2)

¯à¨  ç «ìëå ãá«®¢¨ïå

('h(�x; 0)� '0;  i) = 0 i = 1; N: (2.3)

�  ®á®¢¥ ®¯¨á ®£®  «£®à¨â¬  § ¤ ç  (1.4){(1.6) á¢®¤¨âáï ª á¨áâ¥¬¥:8>>><>>>:
�
@'h
@t ;  i

�
+ ['h;  i] +

2X
k=1

�
ak
@'h
@xk

;  i

�
+ (F ('h);  i) = (f;  i)

('h
��
t=0
�uh;  i) = 0;

(2.4)

8>>><>>>:
�
�
@'�h
@t ;  i

�
+ ['�h;  i]�

2X
k=1

�
ak
@'�h
@xk

;  i

�
+ (F 0('h)'�h;  i) = (b'� 'h;  i)

('�h
��
t=T

;  i) = 0;
(2.5)

(�uh � '�h
��
t=0

;  i) = 0; i = 1; N: (2.6)

�¢¥¤¥¬ á«¥¤ãîé¨¥ äãªæ¨¨: e'h = 'h �'h, e'�h = '�h �'�h, euh = uh � uh, £¤¥
'h, '

�
h, uh { à¥è¥¨¥ «¨¥©®© § ¤ ç¨:8>>><>>>:

�
@'h
@t ;  i

�
+ ['h;  i] +

2X
k=1

�
ak
@'h
@xk

;  i

�
= (f;  i)

('h
��
t=0
�uh;  i) = 0;

(2.7)

8>>><>>>:
�
�
@'�h
@t ;  i

�
+ ['�h;  i]�

2X
k=1

�
ak
@'�h
@xk

;  i

�
= (b'� 'h;  i)

('�h
��
t=T

;  i) = 0;

(2.8)

(�uh � '�h
��
t=0

;  i) = 0; i = 1; N: (2.9)

�®£¤  § ¤ ç  ¤«ï e'h, e'�h, euh ¨¬¥¥â ¢¨¤:8>>><>>>:
�
@ e'h
@t ;  i

�
+ [e'h;  i] + 2X

k=1

�
ak
@ e'h
@xk

;  i

�
+ (F ('h + e'h);  i) = 0

(e'h��t=0�euh;  i) = 0;

(2.10)
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8>>>>><>>>>>:
�
�
@ e'�h
@t ;  i

�
+ [e'�h;  i]� 2X

k=1

�
ak
@ e'�h
@xk

;  i

�
+

(F 0('h + e'h)('�h + e'�h);  i) = �(e'h;  i)
(e'�h��t=T ;  i) = 0;

(2.11)

(�euh � e'�h��t=0;  i) = 0; i = 1; N: (2.12)

�«ï ¥�¥ à¥è¥¨ï à áá¬®âà¨¬ ¬¥â®¤ ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨© ¢ ¢¨¤¥:

8>>><>>>:
 
@ e'(n+1)h
@t ;  i

!
+ [e'(n+1)h ;  i] +

2X
k=1

 
ak
@ e'(n+1)h

@xk
;  i

!
+ (F ('h + e'(n)h );  i) = 0;

(e'(n+1)h

��
t=0
�eu(n+1)h ;  i) = 0;

(2.13)

8>>>>>>>><>>>>>>>>:

�
 
@ e'�(n+1)h

@t ;  i

!
+ [e'�(n+1)h ;  i]�

2X
k=1

 
ak
@ e'�(n+1)h

@xk
;  i

!
+

+(F 0('h + e'(n)h )('�h + e'�(n)h );  i) = �(e'(n+1)h ;  i)

(e'�(n+1)h

��
t=T

;  i) = 0;

(2.14)

(�eu(n+1)h � e'�(n+1)h

��
t=0

;  i) = 0; i = 1; N: (2.15)

�«ï ®¡®á®¢ ¨ï áå®¤¨¬®áâ¨ ¬¥â®¤  (2.13){(2.15) ¥®¡å®¤¨¬® ¨áá«¥¤®¢ ¨¥
«¨¥©®© § ¤ ç¨ (2.7){(2.9), ª®â®à®¥ ¬ë ¯à®¢¥¤¥¬ ¢ á«¥¤ãîé¥¬ ¯ à £à ä¥.

3. �¢®©áâ¢  «¨¥©®© § ¤ ç¨
� áá¬®âà¨¬ «¨¥©ãî § ¤ çã (2.7){(2.9) ¯à¨ ä¨ªá¨à®¢ ëå f; b' 2 Y =

L2(
� (0; T )). �¯à ¢¥¤«¨¢ 

�¥®à¥¬  3.1. �ãáâì f; b' 2 Y . �®£¤  ¯à¨ � > 0 § ¤ ç  (2.7){(2.9) ¨¬¥¥â
¥¤¨áâ¢¥®¥ à¥è¥¨¥ 'h, '

�
h, uh, ¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢  ®æ¥ª 

k'hkY + k'�hkY + kuhk � c(kfkY + kb'kY ); c = const > 0: (3.1)

�â  â¥®à¥¬  ¢ëâ¥ª ¥â ¨§ å®à®è® ¨§¢¥áâëå à¥§ã«ìâ â®¢ [6], [9], [13] ¯® à §à¥-
è¨¬®áâ¨ â ª¨å § ¤ ç. � ¤ ®¬ ¯ à £à ä¥ ¬ë ¤®ª ¦¥¬ ®æ¥ªã (3.1) ¨ ¢ë¯¨è¥¬
¯®áâ®ïãî c ¢ ï¢®¬ ¢¨¤¥ { ®  ¯® ¤®¡¨âáï ¢ ¤ «ì¥©è¥¬ ¤«ï ä®à¬ã«¨à®¢ª¨
â¥®à¥¬ë ® áå®¤¨¬®áâ¨ ¬¥â®¤  ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨©.

�à¥¦¤¥ áä®à¬ã«¨àã¥¬ á«¥¤ãîéãî «¥¬¬ã.
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�¥¬¬  3.1. �«ï à¥è¥¨ï 'h § ¤ ç¨ (2.7) á¯à ¢¥¤«¨¢   ¯à¨®à ï ®æ¥ª 

k'h
��
t=T

k2 + �k'hk2Y �
1
�
kfk2Y + k'h

��
t=0
k2; (3.2)

£¤¥ � = 9
4mes
,    { ¯®áâ®ï ï, ®¯à¥¤¥«ïîé ï í««¨¯â¨ç®áâì ¨áå®¤®£®

®¯¥à â®à  A.

�®ª § â¥«ìáâ¢®. �§ ãà ¢¥¨© (2.7) ®¡ëçë¬ ®¡à §®¬ [13] ¯®«ãç ¥âáï â®¦-
¤¥áâ¢® �

@'h
@t

; 'h

�
+ ['h; 'h] = (f; 'h);

¨â¥£à¨àãï ª®â®à®¥ ¯® t ®â 0 ¤® T , ¯à¨å®¤¨¬ ª à ¢¥áâ¢ã

1
2
k'hk2(T ) +

TZ
0

['h]
2(t0)dt0 =

TZ
0

(f; 'h)dt
0 +

1
2
k'hk2(0):

�®áª®«ìªã

['h]
2 � 

Z



2X
k=1

�
@'h
@xk

�2
d�x � C2(
)k'hk2;

£¤¥ C(
) = 3
2(mes
)

1=2 { ¯®áâ®ï ï ¨§ ¥à ¢¥áâ¢  �ã ª à¥-�à¨¤à¨xá  [27],
â® ¤«ï «î¡®£® " > 0 ¨¬¥¥¬

1
2
k'hk2(T ) + �k'hk2Y �

1
4"
kfk2Y + "k'hk2Y +

1
2
k'hk2(0):

�®« £ ï ¢ ¯®á«¥¤¥¬ ¥à ¢¥áâ¢¥ " = �=2, ¯à¨å®¤¨¬ ª (3.2).
� «®£¨ç ï ®æ¥ª  á¯à ¢¥¤«¨¢  ¨ ¤«ï à¥è¥¨ï '�h á®¯àï¦¥®© § ¤ ç¨

(2.8). �®ª ¦¥¬ â¥¯¥àì â¥®à¥¬ã 3.1.
�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3.1. � á¨«ã «¥¬¬ë 3.1 ¤«ï à¥è¥¨© ãà ¢¥¨©
(2.7){(2.8) á¯à ¢¥¤«¨¢ë ¯à¥¤áâ ¢«¥¨ï

'h = G0uh +G1f; '�h = G
(T )
1 (b'� 'h);

£¤¥ G0 : H ! Y; G1 : Y ! Y; G
(T )
1 : Y ! Y { «¨¥©ë¥ ®£à ¨ç¥ë¥

®¯¥à â®àë. �áª«îç ï 'h; '
�
h ¨§ (2.7), (2.8) ¨ ¯®¤áâ ¢«ïï à¥§ã«ìâ âë ¢ (2.9),

¯à¨å®¤¨¬ ª ãà ¢¥¨î ¤«ï ã¯à ¢«¥¨ï uh:

Luh = P; (3.3)

£¤¥ L = T0G
(T )
1 G0 + �E; P = T0G

(T )
1 (b'�G1f), T0' = '

��
t=0

; E' = '.
� áá¬®âà¨¬ ®¯¥à â®à L   ª®¥ç®¬¥à®¬ ¯®¤¯à®áâà áâ¢¥ HN { «¨¥©®©

®¡®«®çª¥ ¡ §¨áëå äãªæ¨© f igi=1;N . �â®â ®¯¥à â®à á¨¬¬¥âà¨ç¥ ¨ ¯à¨ � � 0
¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥, â.ª.

(Luh; uh) = �kuhk2 +
TZ
0

kG1uhk2dt > 0:
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�®£¤  ãà ¢¥¨¥ Luh = P ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥, ¤«ï ª®â®à®£® á¯à ¢¥¤-
«¨¢  ®æ¥ª 

kuhk � dkPk; (3.4)

£¤¥ d = 1=�min(L),   �min(L) {  ¨¬¥ìè¥¥ á®¡áâ¢¥®¥ § ç¥¨¥ ®¯¥à â®à  L.
�ç¥¢¨¤®, çâ® �min(L) � �.

�«ï ®æ¥ª¨ P ¢®á¯®«ì§ã¥¬áï «¥¬¬®© 3.1. �¬¥¥¬:

kPk � 1p
�
(kb'�G1fkY ) � 1p

�
kb'kY + ��3=2kfkY ;

â®£¤  á®£« á® (3.4)

kuhk � d��1=2kb'kY + d��3=2kfkY : (3.5)

�®áª®«ìªã 'h { à¥è¥¨¥ § ¤ ç¨ (2.7), â® ¯® «¥¬¬¥ 3.1

k'hkY �
1
�
kfkY + ��1=2kuk;

  á ãç�¥â®¬ (3.5)

k'hkY �
�
1
�
+

d

�2

�
kfkY + d

�
kb'kY : (3.6)

� «®£¨ç® ¯®«ãç ¥¬ ¤«ï à¥è¥¨ï á®¯àï¦¥®© § ¤ ç¨ (2.8) á ãç¥â®¬ (3.6):

k'�hkY �
1
�
kb'� 'hkY �

1
�
kb'kY +

�
1
�2

+
d

�3

�
kfkY +

d

�2
kb'kY : (3.7)

�ã¬¬¨àãï (3.5){(3.7), ¯®«ãç ¥¬ ®æ¥ªã (3.1), £¤¥

c = max
�

dp
�
+
d

�
+
1
�
+

d

�2
;

d

�3=2
+
1
�
+

d

�2
+

1
�2

+
d

�3

�
:

�¥®à¥¬  ¤®ª §  .

4. �å®¤¨¬®áâì ¬¥â®¤  ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨©
�à¥¦¤¥ ¢á¥£® ¨áá«¥¤ã¥¬ á¢®©áâ¢  ¥«¨¥©®£® ®¯¥à â®à  ¨áå®¤®© § ¤ ç¨.

� áá¬®âà¨¬ äãªæ¨î �(x) = Qe��=�x; x 2 (0;1), ®¯à¥¤¥«ïîéãî ¥«¨¥©ë©
®¯¥à â®à F ('). �¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥¨¥¬ ¯à®¢¥àï¥âáï

�¥¬¬  4.1. �«ï äãªæ¨¨ � ¨ ¥�¥ ¯à®¨§¢®¤ëå �0; �00 á¯à ¢¥¤«¨¢ë ®æ¥ª¨

j�(x)j � Q; j�0(x)j � q1Q; j�00(x)j � q2Q; (4.1)

£¤¥ q1 =
4�
� e

�2; q2 = max(�1;�2), �i = j�00(�i)j; i = 1; 2, �1;2 = �
2(
1
2 +�

p
3
6 ),

�00(x) = �expf� �
�x(

�
� � 2x)g=�x4, x 2 (0;1).

�§ «¥¬¬ë 4.1 ¢ëâ¥ª ¥â
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�¥¬¬  4.2. �¯¥à â®à F ®£à ¨ç¥ ¨§ Y ¢ Y , ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ¯®
�à¥è¥ ¨

kF (')kY � Q
p
Tmes
; kF 0(') kY � q1Qk kY ; 8 ';  2 Y; (4.2)

£¤¥ ¯®áâ®ï ï q1 ®¯à¥¤¥«¥  ¢ (4.1).

� áá¬®âà¨¬ â¥¯¥àì ¬¥â®¤ ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨© (2.13){(2.15) ¨ ¤®-
ª ¦¥¬ á«¥¤ãîéãî â¥®à¥¬ã.

�¥®à¥¬  4.1. �ãáâì  ç «ì®¥ ¯à¨¡«¨¦¥¨¥ e'(0)h ; e'�(0)h ; eu(0)h «¥¦¨â ¢ è à¥
à ¤¨ãá  R:

ke'(0)h kY + ke'�(0)h kY + keu(0)h k � R; R > 0:

�®£¤  ¯à¨ Q � 1=(cq1 + g0=R), £¤¥ g0 = cq1(k'hkY + k'�hkY + kuhk),   ª ¦-

¤®© ¨â¥à æ¨¨ ¬¥â®¤  (2.13){(2.15) à¥è¥¨¥ e'(n)h ; e'�(n)h ; eu(n)h â ª¦¥ ®áâ ¥âáï ¢
íâ®¬ è à¥.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¨â¥à æ¨®ë© ¯à®æ¥áá (2.13){(2.14) ¯à¨ ke'(0)h kY+
ke'�(0)h kY +keu(0)h k � R. �®áª®«ìªã ( ¯à¨ ä¨ªá¨à®¢ ®¬ n) e'(n+1)h ; e'�(n+1)h ; eu(n+1)h
{ à¥è¥¨¥ «¨¥©®© § ¤ ç¨, â® ¢ á¨«ã â¥®à¥¬ë 3.1 ¨ «¥¬¬ë 4.2

ke'(n+1)h kY+ke'�(n+1)h kY+keu(n+1)h k � c(kF ('h+e'(n)h )kY+kF 0('h+e'(n)h )('�h+e'�(n)h )kY ) �

� cq1Q(k'h+e'(n)h kY+k'�(n)h +e'�hkY ) � cq1Q(ke'(n)h kY+ke'�(n)h kY )+cq1Q(k'hkY+k'�hkY ):
�®á«¥¤®¢ â¥«ì® ¯à¨¬¥ïï íâ® ¥à ¢¥áâ¢®, ¯®«ãç ¥¬

ke'(n)h kY + ke'�(n)h kY + keu(n)h k � (cq1Q)n(ke'(0)h kY + ke'�(0)h kY )+ 1� (cq1Q)n

1� cq1Q
g0Q � R;

¥á«¨ Q � 1=(cq1 + g0=R). � ª¨¬ ®¡à §®¬, ¯à¨¡«¨¦�¥®¥ à¥è¥¨¥   ª ¦¤®©
¨â¥à æ¨¨ ®áâ �¥âáï ¢ è à¥ à ¤¨ãá  R.

� ãá«®¢¨ïå â¥®à¥¬ë 4.1 á¯à ¢¥¤«¨¢  â ª¦¥ ®æ¥ª 

max
t
ke'(n)h kL1(
) +max

t
ke'�(n)h kL1(
) + keu(n)h kL1(
) � qR (4.3)

á ¯®áâ®ï®© q, ¥ § ¢¨áïé¥© ®â n ¨ R. �â  ®æ¥ª  á«¥¤ã¥â ¨§ ¢«®¦¥¨ï

¯®¤¯à®áâà áâ¢  HN ªãá®ç®-«¨¥©ëå äãªæ¨© ¨§ L2(
) ¢¨¤  vh =
NP
i=1

bi i

¢ L1(
) [26].
�â®¡ë ¤®ª § âì áå®¤¨¬®áâì ¬¥â®¤  ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨©, ¯®âà¥-

¡ã¥âáï  «®¦¨âì   Q ¤®¯®«¨â¥«ìë¥ ®£à ¨ç¥¨ï. �¯à ¢¥¤«¨¢ 

�¥®à¥¬  4.2. �ãáâì  ç «ì®¥ ¯à¨¡«¨¦¥¨¥ e'(0)h ; e'�(0)h ; eu(0)h «¥¦¨â ¢ è à¥
à ¤¨ãá  R = r0 = k'hkY + k'�hkY + kuhk. �®£¤  ¯à¨ Q < Q0, £¤¥ Q0 = [2c(q1 +
qq2r0)]�1, ¬¥â®¤ ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨© (2.13){(2.15) áå®¤¨âáï.
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�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ R = r0 ¢ â¥®à¥¬¥ 4.1, â®£¤  ãâ¢¥à¦¤¥¨¥ â¥®-
à¥¬ë 4.1 á¯à ¢¥¤«¨¢® ¯à¨ Q � 1=(2cq1). �áå®¤ï ¨§ (2.13){(2.15) § ¯¨è¥¬ ¤«ï
à §®áâ¥© �n = e'(n+1)h � e'(n)h , ��n = e'�(n+1)h � e'�(n)h , vn = eu(n+1)h � eu(n)h :8>>><>>>:

�
@�n
@t ;  i

�
+ [�n;  i] +

2X
k=1

(ak
@�n
@xk

;  i) = (F ('h + e'(n�1)h )� F ('h + e'(n)h );  i)

(�n
��
t=0
�vn;  i) = 0;

(4.4)

8>>>>>>><>>>>>>>:

�
�
@��n
@t ;  i

�
+ [��n;  i]�

2X
k=1

(ak
@��n
@xk

;  i) = (F 0('h + e'(n�1)h )('�h + e'�(n�1)h );  i)�

�(F 0('h + e'(n)h )('�h + e'�(n)h );  i)� (�n;  i)

(��n
��
t=T

;  i) = 0
(4.5)

(�vn � ��n
��
t=0

;  i) = 0; i = 1; N: (4.6)

�á¯®«ì§ãï â¥®à¥¬ã 3.1 ¨ «¥¬¬ã 4.1, 4.2, ¨§ (4.4){(4.6) ¨ (4.3) ¯®«ãç ¥¬ ®æ¥ª¨

k�nkY + k��nkY + kvnk � c(kF ('h + e'(n�1)h )� F ('h + e'(n)h )kY+

kF 0('h+e'(n�1)h )(e'�(n)h �e'�(n�1)h )kY +k(F 0('h+e'(n)h )�F 0('h+e'(n�1)h )('�h+e'�(n)h )kY )

� cQ(q1ke'(n)h � e'(n�1)h kY + q1ke'�(n)h � e'�(n�1)h kY + 2qq2r0ke'(n)h � e'(n�1)h kY )

= �(ke'(n)h � e'(n�1)h kY + ke'�(n)h � e'�(n�1)h kY );
£¤¥ � = cQ(q1 + 2qq2r0).

�§ ¯®á«¥¤¥© ®æ¥ª¨ § ª«îç ¥¬, çâ® ¤«ï «î¡ëå  âãà «ìëå m ¨ n á¯à -
¢¥¤«¨¢® ¥à ¢¥áâ¢®:

ke'(n+m)h �e'(n)h kY+ke'�(n+m)h �e'�(n)h kY+keu(n+m)h �eu(n)h k � �n ��n+m

1��
; k = const > 0:

(4.7)
�®áª®«ìªã ¯® ãá«®¢¨î â¥®à¥¬ë � < 1, â® ¨§ (4.7) á«¥¤ã¥â, çâ® ¬¥â®¤ ¯®á«¥-

¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨© áå®¤¨âáï.

5. �¨á«¥®¥ à¥è¥¨¥ § ¤ ç¨ ®¡ ãá¢®¥¨¨ ¤ ëå
�  áâ®ïé¥¬ ¯ à £à ä¥ ¬ë ¯à¨¢¥¤¥¬ ¥ª®â®àë¥ à¥§ã«ìâ âë ç¨á«¥ëå íªá-

¯¥à¨¬¥â®¢   ®á®¢¥ áä®à¬ã«¨à®¢ ®£® ¢ëè¥ ¢ëç¨á«¨â¥«ì®£®  «£®à¨â¬ .
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�  ª ¦¤®¬ è £¥ ¬¥â®¤  ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨© (2.13){(2.14) ¥®¡-
å®¤¨¬® à¥è âì «¨¥©ãî § ¤ çã ¢¨¤ :8><>:

d'
dt +Ah(t)' = ef;

'
��
t=0

= u;

(5.1)

8><>:
�d'

�

dt +Ah�(t)'� = �'+ g;

'�
��
t=T

= 0;
(5.2)

�u� '�
��
t=0

= 0; (5.3)

£¤¥ ' = '(t), '� = '�(t), u { ¥¨§¢¥áâë¥ ¢¥ªâ®àë ¤«¨ë N , Ah(t); Ah� {
¬ âà¨æë à §¬¥à  N , ef = ef(t); g = g(t) { § ¤ ë¥ ¢¥ªâ®à-äãªæ¨¨.

�«ï à¥è¥¨ï á¨áâ¥¬ë (5.1){(5.3) ¢®á¯®«ì§ã¥¬áï ¨â¥à æ¨®ë¬¨ ¬¥â®¤ ¬¨,
à §à ¡®â ë¬¨ ¢ [21], [22]. �¤¨ ¨§ â ª¨å ¬¥â®¤®¢ (¯®á«¥  ¯¯à®ªá¨¬ æ¨¨ § -
¤ ç¨ ¯® ¢à¥¬¥®© ¯¥à¥¬¥®©   ®á®¢¥ áå¥¬ �à ª -�¨ª®«á®) ä®à¬ã«¨àã-
¥âáï á«¥¤ãîé¨¬ ®¡à §®¬ [22]:8><>:

'k+1(j) � 'k(j)
� +Ak+1=2'

k+1(j) + 'k(j)

2 = efk+1=2;
'0(j) = uj

(5.4)

8><>:
�'

�k+1(j) � '�k(j)
� +A�k+1=2'

�k+1(j) + '�k(j)

2 = �'k+1=2(j) + gk+1=2;

'�M(j) = 0;
(5.5)

uj+1 = uj + �j+1('�0(j) � �uj) + �j+1(uj � uj�1); (5.6)

£¤¥ �j+1; �j+1 { ¨â¥à æ¨®ë¥ ¯ à ¬¥âàë, 'k(j), '�k(j), uj { ¨â¥à æ¨®ë¥

¯®á«¥¤®¢ â¥«ì®áâ¨, 'k+1=2(j) = 'k+1(j) + 'k(j)

2 , � { è £ á¥âª¨ ¯® ¢à¥¬¥¨, k =
0;M � 1; � = T=M .

�å®¤¨¬®áâì ¨â¥à æ¨®®£® ¯à®æ¥áá  (5.4){(5.6) ¨áá«¥¤®¢   ¢ [22]. �«ï à¥è¥-
¨ï «¨¥©ëå § ¤ ç (5.4), (5.5)   ª ¦¤®¬ è £¥ ¨â¥à æ¨®®£® ¯à®æ¥áá  (5.4){
(5.6) ¡ë« ¢ë¡à  BiCGSTAB-¬¥â®¤ [28], [29].

� ª¨¬ ®¡à §®¬, ¢ëç¨á«¨â¥«ìë©  «£®à¨â¬ á®áâ®ï« ¨§ ¢¥è¥£® ¨â¥à æ¨®-
®£® ¯à®æ¥áá  (2.13){(2.15),   ª ¦¤®¬ è £¥ ª®â®à®£® ¯à¨¬¥ï«áï ¢ãâà¥¨©
¨â¥à æ¨®ë© ¯à®æ¥áá ¢¨¤  (5.4){(5.6).

�à¨¢¥¤¥¬ â¥¯¥àì ¥ª®â®àë¥ à¥§ã«ìâ âë ç¨á«¥ëå íªá¯¥à¨¬¥â®¢. � à á-
á¬ âà¨¢ ¥¬ëå ¯à¨¬¥à å è £¨ ¯® ¯à®áâà áâ¢ã ¢ë¡¨à «¨áì ®¤¨ ª®¢ë¬¨ ¨ à ¢-
ë¬¨ h=0:05,   è £¨ ¯® ¢à¥¬¥¨ � =0:05. �à¨â¥à¨¥¬ ®áâ ®¢ª¨ ¨â¥à æ¨®ëå
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¯à®æ¥áá®¢ (ª ª ¢ãâà¥¥£®, â ª ¨ ¢¥è¥£®) ï¢«ï«®áì ãá«®¢¨¥

kuj+1 � ujk
kujk < ";

£¤¥ " = h2 = 2:5 � 10�3,   k�k { à §®áâë©   «®£ ®à¬ë ¢ L2(
).
� ¯¥à¢®© á¥à¨¨ íªá¯¥à¨¬¥â®¢ ¨áá«¥¤®¢ « áì áå®¤¨¬®áâì ¨â¥à æ¨®ëå ¬¥-

â®¤®¢ ¯à¨ á«¥¤ãîé¨å ¢å®¤ëå ¯ à ¬¥âà å ¨ äãªæ¨ïå: aij = 1; i = j; aij =
0; i 6= j; ai = 0; a = 0, Q = � = � = 1. �¥è¥¨¥ ' ¯àï¬®© § ¤ ç¨ (1.1) ¡ë«®
§ ¤ ®   «¨â¨ç¥áª¨, ¨ ®® à áá¬ âà¨¢ «®áì ¢ ª ç¥áâ¢¥ b' = b'(x1; x2; t), £¤¥
t 2 (0; 1); x1 2 (0; 1); x2 2 (0; 1). � â¥¬ ¯à¥¤¯®« £ «®áì, çâ® u ¥¨§¢¥áâ®, ¨ ¤«ï
¥£® ®âëáª ¨ï ¨§ (2.4){(2.6) ¬ë ¢®á¯®«ì§®¢ «¨áì  «£®à¨â¬®¬, ®¯¨á ë¬ ¢ëè¥,
á  ç «ìë¬ ¯à¨¡«¨¦¥¨¥¬ u0 = x21x

2
2(1� x1)(1� x2), ¯®« £ ï á®£« á® [21]

�j+1 =

8><>:
2

�+ � ; j = 0

4
�� �

Tj(�)
Tj+1(�)

; j > 0
; �j+1 =

8><>:
0; j = 0

Tj�1(�)
Tj+1(�)

; j > 0;
(5.7)

£¤¥

� =
�+ �

�� �
; � = �+ (2�max)�1[1�

 
1� ��max

�
2

1 + ��max
�
2

!2T=�

];

� = �+ (2�min)�1[1�
 
1� ��min

�
2

1 + ��min
�
2

!2T=�

];

�max =
8
h2

cos2
�h

2
; �min =

8
h2

sin2
�h

2
:

� â ¡«. 5.1 ¯à¨¢¥¤¥  § ¢¨á¨¬®áâì ç¨á«  ¢á¥å ¢ãâà¥¨å ¨â¥à æ¨©, ¥®¡-
å®¤¨¬ëå ¤«ï ®âëáª ¨ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï á âà¥¡ã¥¬®© â®ç®áâìî ", ®â
¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ � ¤«ï à §«¨çëå § ç¥¨© �. � ª ¢¨¤® ¨§ â ¡«. 5.1,
á ã¬¥ìè¥¨¥¬ ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ � ª®«¨ç¥áâ¢® ¨â¥à æ¨© ¢®§à áâ ¥â.

� ¡«¨æ  5.1. � ¢¨á¨¬®áâì ç¨á«  ¨â¥à æ¨© n(")
®â ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨

� à ¬¥âà � 1 0.5 0.2 0.1 0.05 0.01 0.001 0.0005
�®«¨ç¥áâ¢®
¨â¥à æ¨© n 8 8 8 9 11 16 42 54

�¢¥¤¥¨¥ à¥£ã«ïà¨§ â®à  á ¯ à ¬¥âà®¬ �, ª ª ¨§¢¥áâ® [18], ¯à¨¢®¤¨â ª à¥-
è¥¨î u § ¤ ç¨ (5.1){(5.3), ª®â®à®¥ ®â«¨ç ¥âáï ®â à¥è¥¨ï �u, ¯®«ãç¥®£® ¨§
(5.1){(5.3) ¯à¨ � = 0,   ¢¥«¨ç¨ã O(�). �¡®§ ç¨¬ ç¥à¥§ R ®â®á¨â¥«ìãî
¯®£à¥è®áâì R = kuj � �uk=k�uk, £¤¥ uj { ¯à¨¡«¨¦¥®¥ à¥è¥¨¥,  ©¤¥®¥ á
¯®¬®éìî à áá¬ âà¨¢ ¥¬®£®  «£®à¨â¬ . � â ¡«. 5.2 ¯à¨¢¥¤¥ë § ç¥¨ï R ¯à¨
à §«¨çëå �. �§ â ¡«¨æë ¢¨¤®, çâ® á ã¬¥ìè¥¨¥¬ ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨
� ¢¥«¨ç¨  ¯®£à¥è®áâ¨ R ã¬¥ìè ¥âáï, ®¤ ª® ¯à¨ íâ®¬ à áâ¥â ç¨á«® ¨â¥à -
æ¨© ¢  «£®à¨â¬¥.
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� ¡«¨æ  5.2. � ¢¨á¨¬®áâì ¢¥«¨ç¨ë ¯®£à¥è®áâ¨ R
®â ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨

� à ¬¥âà � 1 0.5 0.2 0.1 0.05 0.01 0.001 0.0005

�®£à¥è®áâì R 0.9765 0.9541 0.8931 0.8078 0.6804 0.3167 0.0586 0.0351

�¤®© ¨§ ¢ ¦¥©è¨å å à ªâ¥à¨áâ¨ª § ¤ ç ¤ ®£® â¨¯  ï¢«ï¥âáï § ç¥¨¥
¬¨¨¬¨§¨àã¥¬®£® äãªæ¨® «  (1.2). � â ¡«. 5.3 ¯à¨¢¥¤¥ë § ç¥¨ï äãªæ¨-
® «  S(') ¯® ¨â¥à æ¨ï¬ ¤«ï ¥ª®â®àëå § ç¥¨© �. � â ¡«. 5.4 ¯à¥¤áâ ¢«¥ë
§ ç¥¨ï äãªæ¨® «  S(') ¯à¨ à §«¨çëå § ç¥¨ïå � ¯®á«¥ ®ª®ç ¨ï ¯à®-
æ¥áá  ¨¨æ¨ «¨§ æ¨¨  ç «ì®£® ãá«®¢¨ï.

� ¡«¨æ  5.3. �¥«¨ç¨  äãªæ¨® «  S(')
¯® ¨â¥à æ¨ï¬ ¤«ï ¥ª®â®àëå § ç¥¨© �
� à ¬¥âà � 1 0.1 0.05
�â¥à æ¨¨

0 0.12732 0.11895 0.11848
1 0.02019 0.01666 0.01356
2 0.02009 0.01687 0.01419
3 0.02006 0.01649 0.01328
4 0.02006 0.01654 0.01352
5 0.02006 0.01653 0.01341
6 * 0.01652 0.01345
7 0.01653 0.01342
8 0.01653 0.01343
9 * 0.01343
� � � � � � � � � � � �
17 0.01343

� ¡«¨æ  5.4. � ¢¨á¨¬®áâì ¢¥«¨ç¨ë äãªæ¨® «  S(')
®â ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ �

� à ¬¥âà � 1 0.5 0.2 0.1 0.05

S(') 0.02006 0.01963 0.01839 0.01653 0.01343

�ë¢®¤ë
�¥â®¤ ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨© (2.13){(2.15), ¨á¯®«ì§®¢ ë© ¤«ï à¥-

è¥¨ï ¥«¨¥©®© á¨áâ¥¬ë (2.10){(2.12), áå®¤¨âáï ¤®áâ â®ç® ¡ëáâà® { ¢® ¢á¥å
à áá¬ âà¨¢ ¥¬ëå á«ãç ïå âà¥¡®¢ «®áì 2-3 ¨â¥à æ¨¨ ¤«ï ¢¥è¥£® ¨â¥à æ¨®-
®£® ¯à®æ¥áá . �â® ª á ¥âáï ¢ãâà¥¥£® ¨â¥à æ¨®®£® ¯à®æ¥áá , â® ¥£® áå®¤¨-
¬®áâì ®¯à¥¤¥«ï¥âáï ¢¥«¨ç¨®© ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ �. �á«¨ 0:05 � � � 1,
â® ª®«¨ç¥áâ¢® ¨â¥à æ¨© ¥¢¥«¨ª®, { ¢ íâ®¬ ¯à¥¨¬ãé¥áâ¢® ¢¢¥¤¥¨ï à¥£ã«ïà¨-
§ â®à . �¥¤®áâ âª®¬ ¦¥ ï¢«ï¥âáï â®â ä ªâ, çâ® ¯à¨ ¢¢¥¤¥¨¨ à¥£ã«ïà¨§ â®à 
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¢ à¥è¥¨¥ § ¤ ç¨ ¢®á¨âáï ¯®£à¥è®áâì. � ã¬¥ìè¥¨¥¬ � ¯®£à¥è®áâì ã¬¥ì-
è ¥âáï, ® ¯à¨ íâ®¬ ç¨á«® ¢ãâà¥¨å ¨â¥à æ¨© à¥§ª® ¢®§à áâ ¥â.

� § ª«îç¥¨¥  ¢â®àë ¢ëà ¦ îâ á¢®î £«ã¡®ªãî ¡« £®¤ à®áâì  ª ¤¥¬¨ªã
�ãà¨î �¢ ®¢¨çã � àçãªã §  ¯®áâ®ïë© ¨â¥à¥á ª à ¡®â ¬ ¢ ®¡« áâ¨ ¨áá«¥-
¤®¢ ¨ï ¨ ç¨á«¥®£® à¥è¥¨ï § ¤ ç ¢ à¨ æ¨®®£® ãá¢®¥¨ï ¤ ëå   ®á-
®¢¥ á®¯àï¦¥ëå ãà ¢¥¨©, §  ¯«®¤®â¢®àë¥ ®¡áã¦¤¥¨ï ¨ ¢á¥áâ®à®îî
¯®¤¤¥à¦ªã.
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¢ ¥«¨¥©ëå § ¤ ç å ä¨§¨ª¨  â¬®áä¥àë 1

�. �. �ë¬¨ª®¢

�áâ¨âãâ ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨ ���
E-mail: dymnikov@inm.ras.ru

� à ¡®â¥ à áá¬ âà¨¢ îâáï ¥áª®«ìª® ¥«¨¥©ëå § ¤ ç ä¨§¨ª¨  â¬®-
áä¥àë, ¢ ª®â®àëå ¯®áâà®¥¨¥ äãªæ¨¨ �à¨  ï¢«ï«®áì ª«îç¥¢ë¬ ¬®¬¥-
â®¬. � «¨§¨àãîâáï ¤¢  ¬¥â®¤ , ¢ à ¬ª å ª®â®àëå áâà®¨« áì äãªæ¨ï
�à¨ : ¬¥â®¤ ª¢ §¨«¨¥ à¨§ æ¨¨ ¨ ¬¥â®¤ «¨¥ à¨§ æ¨¨. �áá«¥¤ã¥âáï
ãáâ®©ç¨¢®áâì ®¡®¨å íâ¨å ¬¥â®¤®¢ ¨ ¯®ª §ë¢ ¥âáï, çâ® ¢ ¬¥â®¤¥ ª¢ §¨«¨¥ -
à¨§ æ¨¨ à¥è¥¨¥ á®¯àï¦ñ®© § ¤ ç¨ ï¢«ï¥âáï ãáâ®©ç¨¢ë¬ ¯® �ï¯ã®¢ã
¯® ®â®è¥¨î ª ¢®§¬ãé¥¨ï¬  ç «ìëå ¤ ëå ¨ ¯à ¢®© ç áâ¨ á®¯àï-
¦ñ®© § ¤ ç¨. �â®à ï ç áâì à ¡®âë ¯®á¢ïé¥  ¨áá«¥¤®¢ ¨î ãá«®¢¨©,
¯à¨ ª®â®àëå äãªæ¨ï �à¨  ¢ ®¯¥à â®à¥ ®âª«¨ª    ¬ «ë¥ ¢¥è¨¥ ¢®§-
¤¥©áâ¢¨ï ¤¨áá¨¯ â¨¢®© ª«¨¬ â¨ç¥áª®© á¨áâ¥¬ë, å ®â¨ç¥áª ï ¤¨ ¬¨ª 
ª®â®à®© à áá¬ âà¨¢ ¥âáï   ¥ñ  ââà ªâ®à¥, ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥  ç¥à¥§
áâ â¨áâ¨ç¥áª¨¥ å à ªâ¥à¨áâ¨ª¨ à¥è¥¨ï.

1. �®¤¥«¨  â¬®áä¥àëå ¯à®æ¥áá®¢
�  áâ®ïé¥© à ¡®â¥ ¬ë à áá¬®âà¨¬ ¥áª®«ìª® ª« áá¨ç¥áª¨å § ¤ ç ä¨§¨ª¨

 â¬®áä¥àë, ¢ ª®â®àëå ¯®áâà®¥¨¥ äãªæ¨¨ �à¨  ¡ë«® ¥ â®«ìª® â¥å¨ç¥áª¨¬
¯à¨¥¬®¬ à¥è¥¨ï ª®ªà¥â®© § ¤ ç¨, ® ¨ áãé¥áâ¢¥® ¯®¢«¨ï«®   ¤ «ì¥©è¥¥
à §¢¨â¨¥ ¬¥â®¤®¢ ¨áá«¥¤®¢ ¨ï ®á®¢ëå ¯à®¡«¥¬ ä¨§¨ª¨  â¬®áä¥àë.

�à¥¦¤¥ ç¥¬ ¯¥à¥©â¨ ¥¯®áà¥¤áâ¢¥® ª ª®ªà¥âë¬ § ¤ ç ¬, ®¯à¥¤¥«¨¬ ®¡-
é¨¥ å à ªâ¥à¨áâ¨ª¨ ®¡ì¥ªâ®¢, ª®â®àë¥ ¬ë ¡ã¤¥¬ ¨áá«¥¤®¢ âì. �¥çì ¡ã¤¥â ¨¤â¨
® á¨áâ¥¬ å ãà ¢¥¨©, ®¯¨áë¢ îé¨å ªàã¯®¬ áèâ ¡ãî ¤¨ ¬¨ªã  â¬®áä¥à-
ëå ¯à®æ¥áá®¢. � ®¡é¥¬ ¢¨¤¥ íâ¨ á¨áâ¥¬ë ¬®¦® § ¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:

@'

@t
+K(') � ' = �S'+ f; 'jt=0 = '0; (1)

' 2 �; f 2 F;

1� ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à¦ª¥ ����, £à â ¿ 99{05{64038.
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£¤¥ � { ¥ª®â®à®¥ ¢¥é¥áâ¢¥®¥ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® á® áª «ïàë¬ ¯à®¨§-
¢¥¤¥¨¥¬ (�), K(') { ª®á®á¨¬¬¥âà¨çë© ®¯¥à â®à, «¨¥©® § ¢¨áïé¨© ®â ':

(K(')'; ') = 0; K� = �K;

S { ¯®«®¦¨â¥«ì®-®¯à¥¤¥«¥ë© á ¬®á®¯àï¦¥ë© ®¯¥à â®à (¤«ï ¯à®áâ®âë ¡ã-
¤¥¬ áç¨â âì ¥£® «¨¥©ë¬):

(S'; ') � �2('; '); S = S�:

�¨áâ¥¬  (1) ãáâà®¥  â ª¨¬ ®¡à §®¬, çâ® ¢ ®âáãâáâ¢¨¨ ¤¨áá¨¯ æ¨¨, ª®â®à ï
®¯¨áë¢ ¥âáï ®¯¥à â®à®¬ S, ¨ ¢¥è¥£® ¢®§¡ã¦¤¥¨ï f ¢ á¨áâ¥¬¥ áãé¥áâ¢ã¥â
§ ª® á®åà ¥¨ï í¥à£¨¨:

1
2
@

@t
('; ') � 1

2
@

@t
k'k2 = 0: (2)

�«ï ª®ªà¥âëå á¨áâ¥¬ ¬®¦¥â áãé¥áâ¢®¢ âì ¨ ¬®¦¥áâ¢® ¤àã£¨å § ª®®¢
á®åà ¥¨ï, ¢ ¦®áâì ª®â®àëå ¬ë ¡ã¤¥¬ ®£®¢ à¨¢ âì á¯¥æ¨ «ì®. �ë ¡ã¤¥¬
áç¨â âì, çâ® ¤«ï á¨áâ¥¬ë (1) áãé¥áâ¢ãîâ £«®¡ «ìë¥ â¥®à¥¬ë à §à¥è¨¬®áâ¨,
â.¥. à¥è¥¨¥ ¥¥ áãé¥áâ¢ã¥â ¨ ¥¤¨áâ¢¥®   «î¡®¬ ª®¥ç®¬ ¯à®¬¥¦ãâª¥ ¢à¥-
¬¥¨ �.

�¥âàã¤® ¢¨¤¥âì, çâ® á¨áâ¥¬  (1) ®¡« ¤ ¥â ¯®£«®é îé¨¬ ¬®¦¥áâ¢®¬, â.¥.
ï¢«ï¥âáï ¤¨cá¨¯ â¨¢®© á¨áâ¥¬®© [1]. �§ áãé¥áâ¢®¢ ¨ï ¯®£«®é îé¥£® ¬®-
¦¥áâ¢  ¨ ª®ªà¥â®£® ¢¨¤  á¨áâ¥¬, ®¯¨áë¢ îé¨å ªàã¯®¬ áèâ ¡ãî ¤¨ ¬¨ªã
 â¬®áä¥àë, á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ £«®¡ «ì®£®  ââà ªâ®à  ª®¥ç®© à §¬¥à-
®áâ¨ [1]. �ë ¡ã¤¥¬ ¢á¥£¤  ¯à¥¤¯®« £ âì, çâ® ¤¨ ¬¨ª  á¨áâ¥¬ë ¯à®¨áå®¤¨â  
¥¥  ââà ªâ®à¥, â.¥. ¬ë ¡ã¤¥¬ áç¨â âì, çâ® '0 2 A, £¤¥ A {  ââà ªâ®à á¨áâ¥¬ë
(1). � ¦® ®â¬¥â¨âì, çâ® á¨áâ¥¬ë ãà ¢¥¨©, ®¯¨áë¢ îé¨¥  â¬®áä¥àãî æ¨à-
ªã«ïæ¨î, ¯®à®¦¤ îâ   á¢®¨å  ââà ªâ®à å ¤¨ ¬¨ç¥áª¨© å ®á. �â® ®§ ç ¥â,
çâ® âà ¥ªâ®à¨ï á¨áâ¥¬ë (1), ¢ë¯ãé¥ ï ¨§ ¯®çâ¨ «î¡®© '0 2 A, ¥ãáâ®©ç¨¢ 
¯® �ï¯ã®¢ã. � ä¨§¨ç¥áª®© â®çª¨ §à¥¨ï íâ® § ç¨â, çâ® ¢ á¨áâ¥¬¥ (1) à¥ «¨-
§ã¥âáï «¨¡® ¡ à®âà®¯ ï, «¨¡® ¡ à®ª«¨ ï ¥ãáâ®©ç¨¢®áâ¨, «¨¡® ®¨ à¥ «¨§ã-
îâáï ¢¬¥áâ¥. �«¥¤ã¥â, ®¤ ª®, § ¬¥â¨âì, çâ® ¥ãáâ®©ç¨¢®áâì ¯® �ï¯ã®¢ã, ª ª
¨ ¯®ïâ¨¥  ââà ªâ®à , ¥áâì ¯®ïâ¨¥  á¨¬¯â®â¨ç¥áª®¥, âà¥¡ãîé¥¥ ¢ë¯®«¥¨ï
â¥®à¥¬ë à §à¥è¨¬®áâ¨   ¡¥áª®¥ç®¬ ¯à®¬¥¦ãâª¥ ¢à¥¬¥¨.

�â¢¥à¦¤¥¨¥, çâ® '(t) ¥ãáâ®©ç¨¢® ¯® �ï¯ã®¢ã, ®§ ç ¥â, çâ® «¨¥ à¨§®-
¢ ë© ®â®á¨â¥«ì® '(t) ®¯¥à â®à § ¤ ç¨ (1) ¯®à®¦¤ ¥â ¯®«®¦¨â¥«ìë¥ ¯®ª -
§ â¥«¨ �ï¯ã®¢ . �ãáâì

M' � K(') � '+ S':

�®£¤  «¨¥ à¨§ æ¨ï M ®â®á¨â¥«ì® '(t) ¯à¨¢®¤¨â ª ®¯¥à â®àã:

A'0 � K('(t)) � '0 +K('0) � '(t) + S'0:

(� ¯®¬¨¬, çâ® K(') «¨¥©® § ¢¨á¨â ®â '.) �á«¨ ' = '(t) + '0, â® «¨¥ à¨§®-
¢ ®¥ ®â®á¨â¥«ì® '(t) ãà ¢¥¨¥ ¤«ï '0 ¡ã¤¥â ¨¬¥âì ¢¨¤:

@'0

@t
+A('(t))'0 = 0; '0jt=0 = '00: (3)
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�¥âàã¤® ¢¨¤¥âì, çâ® ®¯¥à â®à A ¯® á¢®¥© áâàãªâãà¥ ®â«¨ç ¥âáï ®â ®¯¥à â®à 
M ¤®¡ ¢ª®© K('0) �'(t), ª®â®à ï, ¢ ¯à¨æ¨¯¥, ¨ ®¯à¥¤¥«ï¥â å à ªâ¥à¨áâ¨ª¨ ¥-
ãáâ®©ç¨¢®áâ¨ à¥è¥¨ï '(t). (� ä¨§¨ç¥áª®© â®çª¨ §à¥¨ï íâ®â ç«¥ ®¯à¥¤¥«ï¥â
¯à¥®¡à §®¢ ¨¥ í¥à£¨¨ ¨§ ®á®¢®£® à¥è¥¨ï ¢ ¢®§¬ãé¥¨ï.)

2. �®áâà®¥¨¥ äãªæ¨¨ �à¨ 
  ®á®¢¥ ¬¥â®¤  ª¢ §¨«¨¥ à¨§ æ¨¨

�«îç¥¢®© § ¤ ç¥© ä¨§¨ª¨  â¬®áä¥àë ¢á¥£¤  ï¢«ï« áì § ¤ ç  ¯à®£®§  ¯®-
£®¤ë. �á«¨ £®¢®à¨âì ® ªà âª®áà®ç®¬ ¯à®£®§¥ ¯®£®¤ë, â® ¢  áâ®ïé¥¥ ¢à¥¬ï
¯à®£à¥áá ¢ à¥è¥¨¨ íâ®© § ¤ ç¨ á®¢¥àè¥® ®ç¥¢¨¤¥, ¨ ¤®áâ¨£ãâ ®   ¯ãâ¨
¢á¥ ¡®«ìè¥£® ãá«®¦¥¨ï á¨áâ¥¬ë (1) (¢ª«îç¥¨ï ¢ f ¨ S ®¯¨á ¨ï ¢á¥ ¡®«ì-
è¥£® ç¨á«  ä¨§¨ç¥áª¨å ¯à®æ¥áá®¢), ã¢¥«¨ç¥¨ï ¯à®áâà áâ¢¥®£® ¨ ¢à¥¬¥®£®
à §à¥è¥¨ï ¨ ¯à¨¬¥¥¨ï ®¢ëå ç¨á«¥ëå ¬¥â®¤®¢ à¥è¥¨ï ãà ¢¥¨© £¨¤à®-
â¥à¬®¤¨ ¬¨ª¨, ã¢¥«¨ç¥¨ï â®ç®áâ¨ ¯®«ãç¥¨ï '0 ¨ á®£« á®¢ ¨ï '0 á ¯à®-
£®áâ¨ç¥áª®© á¨áâ¥¬®© ãà ¢¥¨©. �¤ ª® ¨§ íâ®£® ¥ á«¥¤ã¥â, çâ® ¯¥à¢ë¥ à -
¡®âë ¯® ªà âª®áà®ç®¬ã ¯à®£®§ã ¯®£®¤ë ¥ áâ®¨â á¥©ç á   «¨§¨à®¢ âì. �¤¥¨,
à¥ «¨§®¢ ë¥ ¢ ¨å, ¯® áãé¥áâ¢ã, ¨á¯®«ì§ãîâáï ¨ ¢  áâ®ïé¥¥ ¢à¥¬ï, ¬®¦¥â
¡ëâì, ¢ ¥áª®«ìª® ¢¨¤®¨§¬¥¥®© ä®à¬¥. �¯¥à¢ë¥ ¢ § ¤ ç¥ ¯à®£®§  ¯®£®¤ë
¨¤¥ï ¯®áâà®¥¨ï äãªæ¨¨ �à¨  ¤«ï ¥«¨¥©®© á¨áâ¥¬ë ãà ¢¥¨© £¨¤à®â¥à-
¬®¤¨ ¬¨ª¨  â¬®áä¥àë   ®á®¢¥ ¬¥â®¤  ª¢ §¨«¨¥ à¨§ æ¨¨ ¡ë«  à¥ «¨§®¢  
�ã«¥¥¢ë¬ ¨ � àçãª®¬ [2]. � ®á®¢¥ íâ®£® ¯®áâà®¥¨ï «¥¦¨â ãà ¢¥¨¥ ¤«ï
ª¢ §¨£¥®áâà®ä¨ç¥áª®£® ¢¨åàï, ª®â®à®¥ ¡ë«® áä®à¬ã«¨à®¢ ® �ã«¥¥¢ë¬ ¨ � à-
çãª®¬ ¢ íâ®© à ¡®â¥.

�¢ §¨£¥®áâà®ä¨ç¥áª¨© ¢¨åàì ¬®¦® ¯à¥¤áâ ¢¨âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

q � �H +
@

@p

p2

m2

@H

@p
;

£¤¥ H { £¥®¯®â¥æ¨ «, à { ¤ ¢«¥¨¥, � { ®¯¥à â®à � ¯« á , m2 > 0. � â®çª¨
§à¥¨ï ä¨§¨ª¨  â¬®áä¥àë ä®à¬ã«¨à®¢ ¨¥ íâ®£® ãà ¢¥¨ï ï¢«ï¥âáï ¡®«ìè®©
§ á«ã£®© �ã«¥¥¢  ¨ � àçãª , ¯®áª®«ìªã ®® ï¢«ï¥âáï ¤®  áâ®ïé¥£® ¢à¥¬¥¨
äã¤ ¬¥â «ì®© ®á®¢®© ¯®áâà®¥¨ï â¥®à¨¨ ªàã¯®¬ áèâ ¡®© ¤¨ ¬¨ª¨  â-
¬®áä¥àë ¢ áà¥¤¨å è¨à®â å, ¢ ç áâ®áâ¨ â¥®à¨¨ £¥®áâà®ä¨ç¥áª®© âãà¡ã«¥â-
®áâ¨.

�à ¢¥¨¥ ¤«ï q ¨¬¥¥â ¢¨¤

@q

@t
+ �2J(H; q) = ~": (4)

�¤¥áì ~" { ç«¥, ®¯¨áë¢ îé¨© ¨áâ®ç¨ª¨ ¨ áâ®ª¨ ª¢ §¨£¥®áâà®ä¨ç¥áª®£® ¢¨åàï,
J { ïª®¡¨ , �2 =const > 0.

�à ¥¢ë¥ ãá«®¢¨ï ¯à¨ p = p0; p1 ä®à¬ã«¨àãîâáï ¢ ¢¨¤¥

@

@t

@H

@p
= f1(H); p = p0; p2

@H

@t
= 0; p = p1:



102 �. �. �ë¬¨ª®¢

�¯à¥¤¥«¨¬ ®¯¥à â®à L á«¥¤ãîé¨¬ ®¡à §®¬:

L �

8>>><>>>:
�+

@

@p

p2

m2

@

@p
p 2 (p1; p0);

@

@p
p = p0;

p2� p = p1:

�®£¤  ãà ¢¥¨¥ ¤«ï � ¬®¦® ä®à¬ «ì® § ¯¨á âì ¢ ¢¨¤¥

L
@H

@t
= F (H; ~"):

�®áª®«ìªã L { «¨¥©ë© ¥¢ëà®¦¤¥ë© ®¯¥à â®à, â® ¥£® ¬®¦® ®¡à â¨âì:

@H

@t
= L�1F (H; ~"):

L�1 { ¨â¥£à «ìë© ®¯¥à â®à. �¤à® íâ®£® ®¯¥à â®à  (äãªæ¨ï �à¨ ) ¯à¨ ¥ª®-
â®àëå ã¯à®é îé¨å ¯à¥¤¯®«®¦¥¨ïå ¬®¦¥â ¡ëâì ¢ëç¨á«¥®   «¨â¨ç¥áª¨, çâ®
¨ ¡ë«® á¤¥« ® �ã«¥¥¢ë¬ ¨ � àçãª®¬. � ¤ ®¬ á«ãç ¥ ¨¤¥ï ª¢ §¨«¨¥ à¨-
§ æ¨¨ ®ç¥¢¨¤  { ¢áï ¥«¨¥© ï ç áâì á¨áâ¥¬ë à áá¬ âà¨¢ « áì ª ª § ¤  ï
äãªæ¨ï. �  ¯¥à¢ë© ¢§£«ï¤, ¨á¯®«ì§®¢ âì ¤ ãî äãªæ¨î �à¨  ª ª äãª-
æ¨î çã¢áâ¢¨â¥«ì®áâ¨ ª ¦¥âáï ¤®áâ â®ç® ¨áªãááâ¢¥ë¬ ¯à¨ñ¬®¬, ®¤ ª® íâ®
¥ â ª: ¯à¨ ®âáãâáâ¢¨¨ ¨áâ®ç¨ª®¢ ¨ áâ®ª®¢ ª¢ §¨£¥®áâà®ä¨ç¥áª®£® ¢¨åàï íâ®â
¢¨åàì ¥áâì « £à ¦¥¢ ¨¢ à¨ â ¢¤®«ì à-¯®¢¥àå®áâ¥©, ¨, á«¥¤®¢ â¥«ì®, ¢áñ
¢§ ¨¬®¤¥©áâ¢¨¥ ¬¥¦¤ã ¢¨åàï¬¨   à §«¨çëå à-¯®¢¥àå®áâïå ®¯¨áë¢ ¥âáï ®¯¥-
à â®à®¬ L.

�¤¥ï ®¯¨á ¨ï ¤¨ ¬¨ª¨  â¬®áä¥àë ¢ â¥à¬¨ å ¯®â¥æ¨ «ì®£® ¢¨åàï ¯à¥¤-
áâ ¢«ï¥âáï ¢  áâ®ïé¥¥ ¢à¥¬ï ®ç¥ì ¯¥àá¯¥ªâ¨¢®©, çâ® ¢ë§¢ ® â ª¦¥ ¨ à §-
¢¨â¨¥¬ â ª  §ë¢ ¥¬ëå ¯®«ã« £à ¦¥¢ëå ç¨á«¥ëå áå¥¬, ª®â®àë¥ ®ç¥ì íä-
ä¥ªâ¨¢ë ¤«ï ®¯¨á ¨ï ¯®«¥©, ¨¬¥îé¨å « £à ¦¥¢ë ¨¢ à¨ âë. � à ¬ª å
§ ¤ ç¨ ¤«ï ª¢ §¨£¥®áâà®ä¨ç¥áª®£® ¢¨åàï íâ®â ¯®¤å®¤ ¢¬¥áâ¥ á ¨á¯®«ì§®¢ ¨¥¬
¬¥â®¤  à áé¥¯«¥¨ï ¢ë£«ï¤¨â ®ç¥ì ¨§ïéë¬ ¨ ¥áâ¥áâ¢¥ë¬.

�â®à®© ¯à¨æ¨¯¨ «ìë© è £ ¯à¨ ¯®áâà®¥¨¨ äãªæ¨¨ �à¨  ¤«ï ¥«¨¥©-
®© á¨áâ¥¬ë â¨¯  (1) ¡ë« á¤¥«  � àçãª®¬ â ª¦¥   ®á®¢¥ ¬¥â®¤  ª¢ §¨«¨-
¥ à¨§ æ¨¨ [3].

� áá¬®âà¨¬ á®¢  á¨áâ¥¬ã (1):

@'

@t
+K(') � ' = �S'+ f; 'jt=0 = '0; t 2 [0; T ]

¨ á®¯àï¦¥ãî ª ¥© á¨áâ¥¬ã

� @'�

@t
+K�(') � '� = �S� + f�; '�jt=T = '�T : (5)

� á¨«ã ãá«®¢¨ï ª®á®á¨¬¬¥âà¨ç®áâ¨ �(') ¨ á¨¬¬¥âà¨ç®áâ¨ S ¨¬¥¥¬:

K�(') = �K('); S� = S;
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â ª çâ® á¨áâ¥¬  (5) ¬®¦¥â ¡ëâì ¯¥à¥¯¨á   ¢ ¢¨¤¥:

@'

@t
+K(')' = �S'+ f; 'jt=0 = '0;

(6)

�@'
�

@t
�K(') � '� = �S'+ f�; '�jt=T = '�T :

�¬®¦¨¬ áª «ïà® ¯¥à¢®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (6)   '�, ¢â®à®¥   ' ¨ ¢ëçâ¥¬
¢â®à®¥ ¨§ ¯¥à¢®£®. �®«ãç¨¬

@

@t
('; '�) + (K(')'; '�) + (K(')'�; ') = (f; '�)� (f�; '):

� á¨«ã â®¦¤¥áâ¢  � £à ¦  ¤«ï ¢¥é¥áâ¢¥ëå äãªæ¨©

(K';'�) = (';K�'�) = �(K'�; ')

¨¬¥¥¬

('; '�)T � ('; '�)0 =

TZ
0

(f; '�) dt�
TZ
0

(f�; ') dt: (7)

�â® ®á®¢®¥ á®®â®è¥¨¥, ¯®«ãç¥®¥ � àçãª®¬, ¢ ª®â®à®¬ '� ¨£à ¥â à®«ì
äãªæ¨¨ �à¨ . � ¤ ¢ ï á¯¥æ¨ «ìë¬ ®¡à §®¬ äãªæ¨¨ '�T ; f

�, ¬®¦® ¯®«ã-
ç¨âì æ¥«ë© àï¤ ¨â¥à¥áëå á®®â®è¥¨©. �ë, ®¤ ª®, ®áâ ®¢¨¬áï â®«ìª®  
¤¢ãå ¬®¬¥â å.

�¨áâ¥¬  (6) ¥«¨¥© , ®¤ ª® ¯à¨ «î¡®¬ § ¤ ®¬ '(t) ¢â®à®¥ ãà ¢¥¨¥
á¨áâ¥¬ë «¨¥©® ®â®á¨â¥«ì® '�. �á«¥¤áâ¢¨¥ íâ®£® ¬®¦® áä®à¬ã«¨à®¢ âì
àï¤ ãâ¢¥à¦¤¥¨©. � ¯à¨¬¥à, á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥: à¥è¥¨¥
á®¯àï¦¥®£® ãà ¢¥¨ï  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® ¯® �ï¯ã®¢ã ®â®á¨â¥«ì®
¢®§¬ãé¥¨©  ç «ìëå ¤ ëå ¨ ¯®áâ®ï®-¤¥©áâ¢ãîé¨å ¢®§¬ãé¥¨© ¯à ¢®©
ç áâ¨ (á®¯àï¦¥®£® ãà ¢¥¨ï).

�«ï ¤®ª § â¥«ìáâ¢  íâ®£® ãâ¢¥à¦¤¥¨ï ¬ë ¤®«¦ë ¯à¥¤¯®« £ âì, çâ® à¥-
è¥¨¥ '(t) áãé¥áâ¢ã¥â   ¡¥áª®¥ç®¬ ¯à®¬¥¦ãâª¥ ¢à¥¬¥¨ (0;1) ¨  ç «ì®¥
ãá«®¢¨¥ ¤«ï á®¯àï¦¥®© § ¤ ç¨ ¤®«¦® áâ ¢¨âìáï ¯à¨ t =1. �¯à®ç¥¬, á ¬®
¤®ª § â¥«ìáâ¢® ¯®§¢®«ï¥â áä®à¬ã«¨à®¢ âì à¥§ã«ìâ â ¤«ï «î¡®£® ª®¥ç®£® �.

�¤¥« ¥¬ ¤«ï ã¤®¡áâ¢  § ¬¥ã ¯¥à¥¬¥ëå t1 = T � t, â ª çâ® ãà ¢¥¨¥ ¤«ï
'� ¯à¨¢¥¤ñâáï ª ¢¨¤ã:

@'�

@t1
�K(') � '� = �S'� + f1; '�jt1=0 = '�0:

�ãáâì '�
0

0 { ¢®§¬ãé¥¨¥  ç «ìëå ¤ ëå. �®£¤  ãà ¢¥¨¥ ¤«ï ¢®§¬ãé¥¨ï
à¥è¥¨ï ¡ã¤¥â ¨¬¥âì ¢¨¤

@'�
0

@t
�K(')'�

0

= �S'�0 : (8)
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�¬®¦ ï (8) áª «ïà®   '�
0

, ¯®«ãç¨¬

1
2
@k'�0k2
@t

= �(S'�1; '�0) � ��2k'�k2;

â® ¥áâì
k'�0k � e��

2tk'�00 k:
� «®£¨ç® ¤®ª §ë¢ ¥âáï ãáâ®©ç¨¢®áâì ¯® ®â®è¥¨î ª ¯®áâ®ï®-¤¥©áâ¢ãîé¨¬
¢®§¬ãé¥¨ï¬ ¯à ¢®© ç áâ¨. �à ¢¥¨¥ ¤«ï ¢®§¬ãé¥¨ï à¥è¥¨ï ¢ íâ®¬ á«ãç ¥
¨¬¥¥â ¢¨¤

@'�
0

@t1
�K(')'�

0

= �S'�0 + �f; '�
0 jt1=0 = 0:

�ë ¡ã¤¥¬ ¤«ï ¯à®áâ®âë áç¨â âì, çâ® f , â ª ¦¥ ª ª ¨ �f , ¥ § ¢¨á¨â ®â ¢à¥¬¥¨.
�¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ á®®â®è¥¨ï:

1
2
@k'�0k2
@t

� ��2k'�k2 + (�f; '�
0

) �

� ��2k'�0k2 + k�fk � k'�0k � ��2k'�0k2 + 1
2"
k�fk2 + "

2
k'�0k2 =

=
�"
2
� �2

�
k'�0k2 + 1

2"
k�fk2:

�ë¡¨à ï,  ¯à¨¬¥à, " = �2, ®ª®ç â¥«ì® ¯®«ãç¨¬:

@

@t
k'�0k2 � ��2k'�0k2 + 1

�2
k�fk2;

k'�0k2 � (1� e��
2t)

1
�2
k�fk2 � 1

�2
k�fk2:

�ä®à¬ã«¨à®¢ ë¥ ãâ¢¥à¦¤¥¨ï £®¢®àïâ ® â®¬, çâ® ¥á¬®âàï   â®, çâ® à¥-
è¥¨¥ ®á®¢®© § ¤ ç¨ ¥ãáâ®©ç¨¢® ¯® �ï¯ã®¢ã, à¥è¥¨¥ á®¯àï¦¥®© § ¤ ç¨
¯® �ï¯ã®¢ã ãáâ®©ç¨¢®. �¤ ª® ¬ë ¥ ¤®«¦ë § ¡ë¢ âì, çâ® á ¬® à¥è¥¨¥
á®¯àï¦¥®© § ¤ ç¨ ¥áâì äãªæ¨ï à¥è¥¨ï ¨áå®¤®© § ¤ ç¨, ¨ ¯à®¡«¥¬ã ¥ã-
áâ®©ç¨¢®áâ¨ ¢ ¤ ®¬ á«ãç ¥ ã¦® ¨§ãç âì ¤«ï á®¢¬¥áâ®© á¨áâ¥¬ë ¯àï¬®©
¨ á®¯àï¦¥®© § ¤ ç, ¥á«¨ ¬ë å®â¨¬ ¨§ãç âì,  ¯à¨¬¥à, ãáâ®©ç¨¢®áâì äãª-
æ¨® «  (7) ¯® ®â®è¥¨î ª ¢®§¬ãé¥¨ï¬ ¯à ¢®© ç áâ¨ ®á®¢®© § ¤ ç¨. �â 
¯à®¡«¥¬  áâ ®¢¨âáï ¯®ïâ®©, ¥á«¨ ¬ë ¯¥à¥©¤¥¬ ®â ª¢ §¨«¨¥ à¨§ æ¨¨ ª «¨-
¥ à¨§ æ¨¨ ¨áå®¤®© á¨áâ¥¬ë.

3. �ãªæ¨ï �à¨  ¤«ï «¨¥ à¨§®¢ ëå á¨áâ¥¬
� ãî ¯à®¡«¥¬ã ¬ë à áá¬®âà¨¬ ¢ ª®â¥ªáâ¥ ®¤®© ¢ ¦®© ¯à ªâ¨ç¥áª®©

§ ¤ ç¨. �ãâì íâ®© § ¤ ç¨ á®áâ®¨â ¢ á«¥¤ãîé¥¬. �ãáâì á¨áâ¥¬  ãà ¢¥¨© (1)
®¯¨áë¢ ¥â ª«¨¬ â¨ç¥áªãî á¨áâ¥¬ã. �ë å®â¨¬ ¨áá«¥¤®¢ âì ®âª«¨ª ª«¨¬ â¨ç¥á-
ª®© á¨áâ¥¬ë   ¬ «ë¥ ¢¥è¨¥ ¢®§¤¥©áâ¢¨ï { ¬ «ë¥ ¢®§¬ãé¥¨ï ¯à ¢®© ç áâ¨
f . �®áª®«ìªã ¬ë à áá¬ âà¨¢ ¥¬ ¤¨ ¬¨ªã íâ®© á¨áâ¥¬ë   ¥¥  ââà ªâ®à¥, â®
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 á ¨â¥à¥áãîâ ¢ ¯¥à¢ãî ®ç¥à¥¤ì ¢®§¬ãé¥¨ï  ââà ªâ®à  ª ª ¬®¦¥áâ¢  á®áâ®-
ï¨© ª«¨¬ â¨ç¥áª®© á¨áâ¥¬ë ¨ ¢®§¬ãé¥¨ï ¨¢ à¨ â®© (íà£®¤¨ç¥áª®© ) ¬¥àë
  ¥¬. �® íâ¨¬ å à ªâ¥à¨áâ¨ª ¬ ¬ë ¢ ¯à¨æ¨¯¥ ¬®¦¥¬ ¢ëç¨á«¨âì ¢®§¬ãé¥¨ï
¢á¥å ¬®¬¥â®¢ ®â à¥è¥¨ï á¨áâ¥¬ë (1). �®âï á ¬¨ à¥è¥¨ï á¨áâ¥¬ë

@'

@t
+K(') � ' = �S'+ f

¥ãáâ®©ç¨¢ë ¯® ®â®è¥¨î ª ¢®§¬ãé¥¨ï¬ ¯à ¢®© ç áâ¨, ® ¬®¬¥âë ®â à¥è¥-
¨ï ¬®£ãâ ¡ëâì ãáâ®©ç¨¢ë.

�ë ¢ ¤ ®© à ¡®â¥ à áá¬®âà¨¬ ¢ ª ç¥áâ¢¥ ®âª«¨ª  ¢®§¬ãé¥¨¥ â®«ìª® ¯¥à-
¢®£® ¬®¬¥â  ¨ ¢ ç «¥ ®¯¨è¥¬ ®¤¨ § ¬¥ç â¥«ìë© à¥§ã«ìâ â, ¯®«ãç¥ë©
�à¥©ç ®¬ ¢ 1959 £. [4] ¤«ï «¨ã¢¨««¥¢ëå á¨áâ¥¬, ®¡« ¤ îé¨å ª¢ ¤à â¨çë¬
§ ª®®¬ á®åà ¥¨ï ¨  å®¤ïé¨åáï ¢ à ¢®¢¥á¨¨. � áâë¬ á«ãç ¥¬ â ª¨å á¨á-
â¥¬ ï¢«ïîâáï £ ¬¨«ìâ®®¢ë á¨áâ¥¬ë. �¥§ã«ìâ â ¡ë« áä®à¬ã«¨à®¢  ¤«ï ª®-
¥ç®¬¥àëå á¨áâ¥¬; â ª¨¬ ®¡à §®¬, á â®çª¨ §à¥¨ï  è¥© § ¤ ç¨, ¬ë ¡ã¤¥¬
à áá¬ âà¨¢ âì ª®¥ç®¬¥àãî  ¯¯à®ªá¨¬ æ¨î § ¤ ç¨ (1) á S = 0; f = 0, á®-
åà ïîéãî ãá«®¢¨¥ ª®á®á¨¬¬¥âà¨ç®áâ¨ ¨ ãá«®¢¨¥ ¥á¦¨¬ ¥¬®áâ¨ ä §®¢®£®
¯®â®ª  ¤«ï  ¯¯à®ªá¨¬ æ¨¨ ®¯¥à â®à  �(') (¢ ¤ «ì¥©è¥¬ à¥çì ¡ã¤¥â ¢á¥£¤ 
¨¤â¨ ®¡ íâ®¬ á«ãç ¥). �â ª, à áá¬®âà¨¬ á¨áâ¥¬ã ãà ¢¥¨©:

dui
dt

= Qi(u); i = 1; : : : ; N; u 2 RN ;
(9)

ui(0) = ui0:

�ãáâì á¨áâ¥¬  (9) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î �¨ã¢¨««ï

NX
i�1

@Qi
@ui

= 0

¨ ®¡« ¤ ¥â ª¢ ¤à â¨çë¬ § ª®®¬ á®åà ¥¨ï

NX
i�1

u2i = C:

�á«¨ á¨áâ¥¬   å®¤¨âáï ¢ à ¢®¢¥á¨¨, â® à ¢®¢¥á ï ¯«®â®áâì äãªæ¨¨ à á-
¯à¥¤¥«¥¨ï ¥áâì

�(u) = Ae�
P

u2
i

B ;

£¤¥ �;� { ®à¬¨à®¢®çë¥ ª®áâ âë.
� áá¬®âà¨¬ ¢®§¬ãé¥ãî á¨áâ¥¬ã

du0i
dt

= Qi(u0) + �fi; u0i(0) = ui0: (10)

�ãáâì �ui = u0i � ui. �à¥¤¯®«®¦¨¬, çâ® k�fk  áâ®«ìª® ¬ «®, çâ®   ¨â¥à¢ «¥
(0; t�) k�uik â ª¦¥ ¬ « , ¯à¨ç¥¬ �f 6= 0 â®«ìª® ¯à¨ t � 0. �¨¥ à¨§ã¥¬ (10)
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®â®á¨â¥«ì® u. �«ï �ui á¯à ¢¥¤«¨¢  ä®à¬ã« 

�ui =

tZ
0

X
j

gij(t; t0)�fj dt0; (11)

¨«¨ ¢ ¢¥ªâ®à®¬ ¢¨¤¥

�u =

tZ
0

G(t; t0)�f dt0;

£¤¥ G(t; t0) ¥áâì äãªæ¨ï �à¨ .
� ¬¥ç â¥«ìë© à¥§ã«ìâ â �à¥©ç   § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬: ¥á«¨ ãá-

à¥¤¨âì (11) ¯® à ¢®¢¥á®¬ã  á ¬¡«î, § ¤ ¢ ¥¬®¬ã �(u), â® ¤«ï ãáà¥¤¥®©
äãªæ¨¨ �à¨  á¯à ¢¥¤«¨¢® á â®ç®áâìî ¤® ¬ «ëå ¢â®à®£® ¯®àï¤ª  ¯® k�uk
á®®â®è¥¨¥:

< G(t; t0) >=< G(�) >= C(�)C�1(0); � = t0 � t; (12)

£¤¥ �(�) =< u(t+�)�u0(t) > { ª®¢ à¨ æ¨® ï ¬ âà¨æ  ¢¥ªâ®à  ¯à¨ á¤¢¨£¥ � . �®-
®â®è¥¨¥ (12) ®§ ç ¥â, çâ® ãáà¥¤¥ ï ¯® à ¢®¢¥á®¬ã  á ¬¡«î äãªæ¨ï
�à¨  ¬®¦¥â ¡ëâì ¢ëç¨á«¥  ¯® áâ â¨áâ¨ç¥áª¨¬ å à ªâ¥à¨áâ¨ª ¬ á¨áâ¥¬ë,   ¢
á¨«ã íà£®¤¨ç®áâ¨ íâ¨ å à ªâ¥à¨áâ¨ª¨ ¬®£ãâ ¡ëâì ¢ëç¨á«¥ë á®®â¢¥âáâ¢ãîé¨¬
ãáà¥¤¥¨¥¬ ¢¤®«ì âà ¥ªâ®à¨¨. �â ª, ¬ë ¬®¦¥¬  ¯¨á âì

< �u >=

tZ
0

C(�)C�1(0)�f d�: (13)

�à¨ ãá«®¢¨¨ áå®¤¨¬®áâ¨ ¨â¥£à «  ¢ ¯à ¢®© ç áâ¨ (13) ¯à¨ t ! 1 ¤«ï ¨ä¨-
¨â¨§¨¬ «ìëå ¢®§¬ãé¥¨© �f ¬®¦® ¯®«ãç¨âì ä®à¬ã«ã ¤«ï ãáâ ®¢¨¢è¥£®áï
®âª«¨ª :

< �u >=

1Z
0

C(�)C�1(0)�f d�: (14)

(�  ï ä®à¬ã«  ¤«ï ¨§ãç¥¨ï ®âª«¨ª  ª«¨¬ â¨ç¥áª®© á¨áâ¥¬ë   ¬ «ë¥
¢¥è¨¥ ¢®§¤¥©áâ¢¨ï ¡ë«  ¢¯¥à¢ë¥ ¯à¥¤«®¦¥  �¥©á®¬ [5].) �ë ¢¯à ¢¥ ¯®-
áâ ¢¨âì ¢®¯à®á: ª ª¨¬ ãá«®¢¨ï¬ ¤®«¦  ã¤®¢«¥â¢®àïâì ¤¨áá¨¯ â¨¢ ï á¨áâ¥¬ 
(1), çâ®¡ë ¥¥ ¤¨ ¬¨ª     ââà ªâ®à¥ ¡ë«  "ª¢ §¨£ ¬¨«ìâ®®¢®©"? �®¤ "ª¢ -
§¨£ ¬¨«ìâ®®¢®áâìî" ¬ë ¡ã¤¥¬ ¯®¨¬ âì   á ¬®¬ ¤¥«¥ ª¢ §¨à¥£ã«ïà®áâì, â.¥.
¢ë¯®«¥¨¥ âà¥å ãá«®¢¨©: í¥à£¨ï    ââà ªâ®à¥ ¤®«¦  ¡ëâì ¯®çâ¨ ¯®áâ®ï-
®©, ä §®¢ë© ¯®â®ª ¯®çâ¨ ¥á¦¨¬ ¥¬ ¨ áâ æ¨® à®¥ áâ â¨áâ¨ç¥áª®¥ à¥è¥¨¥
¤®«¦® ¡ëâì ¡«¨§ª® ª £ ãáá®¢®¬ã à á¯à¥¤¥«¥¨î. �â®¡ë ®¯à¥¤¥«¨âì ¯®ïâ¨¥
"¯®çâ¨", ¬ë ¤®«¦ë ®¯à¥¤¥«¨âì ¢ á¨áâ¥¬¥ ¬ «ë¥ ¯ à ¬¥âàë, ª®â®àë¥ å à ªâ¥-
à¨§ãîâ ¤¨ ¬¨ªã    ââà ªâ®à¥. � «®áâì ¢®§¬ãé¥¨ï ¢¥è¥£® ä®àá¨£  ¤«ï
¤¨áá¨¯ â¨¢®© á¨áâ¥¬ë á ¢¥è¨¬ ¢®§¡ã¦¤¥¨¥¬ ®¯à¥¤¥«ï¥âáï í«¥¬¥â à®:

k�f
kfk = "� 1:
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�¯à¥¤¥«¨¬ á«¥¤ãîé¨¥ ¢¥«¨ç¨ë, å à ªâ¥à¨§ãîé¨¥ ¤¨ ¬¨ªã á¨áâ¥¬ë (1)
  ¥¥  ââà ªâ®à¥:

1. �' =< ' > { ¯¥à¢ë© ¬®¬¥â (< � > { § ª ãáà¥¤¥¨ï ¯®  á ¬¡«î
á®áâ®ï¨© ¨«¨ ¯® ¢à¥¬¥¨, â.ª. ¬ë ¯à¥¤¯®« £ ¥¬ íà£®¤¨ç®áâì).

2. �E = (�'; �') { í¥à£¨ï áà¥¤¥£® á®áâ®ï¨ï.
3. E

�
= ('; ') { áà¥¤ïï í¥à£¨ï.

4. E
�
� �E = ('� �'; '� �') { í¥à£¨ï ®âª«®¥¨© ®â áà¥¤¥£®.

5. D(E) = [('; ')� ('; ')]2 { ¤¨á¯¥àá¨ï í¥à£¨¨.
�ãáâì '0 = '� �'.�®£¤ 

k'0k
k �'k =

(E
�
� �E)1=2

�E1=2
:

�¢¥¤¥¬ ¤¢  ¯ à ¬¥âà :

"1 =
D(E)
E
�
2 ; "2 =

k'0k
k �'k :

�á«®¢¨¥ "1 � 1 ®§ ç ¥â, çâ® ®¡à â ï ¢¥«¨ç¨  1="1 ¢¥«¨ª . �®à®è® ¨§¢¥áâ®,
çâ® 1="1 ¥áâì ç¨á«® íää¥ªâ¨¢ëå ¥§ ¢¨á¨¬ëå áâ¥¯¥¥© á¢®¡®¤ë [6], ª®â®à®¥ ¢
á«ãç ¥ ®à¬ «ì®£® à á¯à¥¤¥«¥¨ï á«ãç ©®© ¢¥«¨ç¨ë ' ¬®¦® ¯à¥¤áâ ¢¨âì
¢ ¢¨¤¥

N� =
1
"1

=
(
P
�i)2P
�2i

;

£¤¥ �i { á®¡áâ¢¥ë¥ ç¨á«  ª®¢ à¨ æ¨®®© ¬ âà¨æë C(0). �á®, çâ® á¯à ¢¥¤-
«¨¢ë ¥à ¢¥áâ¢ : 1 � N� � N . � ª¨¬ ®¡à §®¬, ãâ¢¥à¦¤¥¨¥, çâ® ¢ á¨áâ¥¬¥ áã-
é¥áâ¢ã¥â ¡®«ìè®¥ ç¨á«® íää¥ªâ¨¢ëå ¥§ ¢¨á¨¬ëå áâ¥¯¥¥© á¢®¡®¤ë ( â.¥. áã-
é¥áâ¢ã¥â ¡®«ìè®¥ ç¨á«® ¥áâ¥áâ¢¥ëå ®àâ®£® «ìëå äãªæ¨© á ¯à¨¬¥à® à ¢-
®© í¥à£¨¥©) íª¢¨¢ «¥â® ãâ¢¥à¦¤¥¨î, çâ® í¥à£¨ï á¨áâ¥¬ë    ââà ªâ®à¥
¯®çâ¨ ¯®áâ®ï . � «¥¥, ¯à¨ ¡®«ìè®¬ ç¨á«¥ íää¥ªâ¨¢ëå ¥§ ¢¨á¨¬ëå áâ¥¯¥-
¥© á¢®¡®¤ë áâ æ¨® à®¥ à á¯à¥¤¥«¥¨¥ � ¤®«¦® ¡ëâì ¡«¨§ª® ª ®à¬ «ì®¬ã
(á«¥¤ãï æ¥âà «ì®© ¯à¥¤¥«ì®© â¥®à¥¬¥),   íâ® ®§ ç ¥â, çâ® ¢ ¯à¥¤¯®«®¦¥¨¨
¢ë¯®«¥¨ï    ââà ªâ®à¥ ãà ¢¥¨ï �¨ã¢¨««ï ¤«ï äãªæ¨¨ à á¯à¥¤¥«¥¨ï
¬ë ¨¬¥¥¬ "¯®çâ¨ ¥á¦¨¬ ¥¬®áâì" ä §®¢®£® ¯®â®ª . �àã£¨¬¨ á«®¢ ¬¨, ãá«®¢¨¥
"1 � 1 ¥áâì ãá«®¢¨¥ ¯à¨¬¥¨¬®áâ¨ ä®à¬ã«ë (13) ¤«ï ®¯à¥¤¥«¥¨ï «¨¥©®£®
®¯¥à â®à  ®âª«¨ª  á¨áâ¥¬ë (1) (¡®«¥¥ â®ç®, ¥¥ ª®¥ç®¬¥à®©  ¯¯à®ªá¨¬ æ¨¨)
  ¬ «ë¥ ¢®§¬ãé¥¨ï ¯à ¢®© ç áâ¨.

�ãé¥áâ¢ã¥â, ®¤ ª®, ¤àã£®¥ ¯à¥¤áâ ¢«¥¨¥ ¤¨ ¬¨ª¨    ââà ªâ®à¥ ª«¨¬ -
â¨ç¥áª®© á¨áâ¥¬ë, ¯à¨ ª®â®à®¬ ä®à¬ã«  (13) â ª¦¥ á¯à ¢¥¤«¨¢ .

� áá¬®âà¨¬ á¨âã æ¨î, ª®£¤  "2 � 1. B íâ®¬ á«ãç ¥ ¬®¦® áç¨â âì, çâ®
å ®â¨ç¥áª ï ¤¨ ¬¨ª  à §ë£àë¢ ¥âáï    ââà ªâ®à¥, ¯®£àã¦¥®¬ ¢ è à á à -
¤¨ãá®¬ "2 ¨ æ¥âà®¬ ¢ �'. � §ã¬® ¯à¥¤¯®«®¦¨âì, çâ® áâ®å áâ¨ç¥áª ï ¤¨ ¬¨ª 
  â ª®¬  ââà ªâ®à¥ ¬®¦¥â ¡ëâì ®¯¨á   «¨¥©ë¬ ãà ¢¥¨¥¬ [7]:

@'0

@t
+A1'

0 = �0; (15)
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£¤¥ ®¯¥à â®à �1 ¥áâì ®¯¥à â®à § ¤ ç¨ (1), «¨¥ à¨§®¢ ë© ®â®á¨â¥«ì® �' á
¥ª®â®à®© ¯à®æ¥¤ãà®© § ¬ëª ¨ï ¥«¨¥©ëå ç«¥®¢.

�à¥¤¯®«®¦¨¬, çâ® á«ãç © ï ¯à ¢ ï ç áâì �0 ¥áâì �-ª®àà¥«¨à®¢ ë© áâ -
æ¨® àë© á«ãç ©ë© ¯à®æ¥áá á ª®¢ à¨ æ¨®®© ¬ âà¨æ¥© F �< �0 � �0T >. �
à ¬ª å â ª¨å ¯à¥¤¯®«®¦¥¨© ª®¢ à¨ æ¨® ï ¬ âà¨æ  áâ æ¨® à®£® á«ãç ©-
®£® ¯à®æ¥áá  '0 : C0 �< '0 �'0T > ¤®«¦  ã¤®¢«¥â¢®àïâì ãà ¢¥¨î �ï¯ã®¢ 

A1C0 + C0A
T
1 = F

(â® ¥áâì ãá«®¢¨î, çâ® Re�(A1) > 0),   ª®¢ à¨ æ¨® ï ¬ âà¨æ  ¯à¨ á¤¢¨£¥
� : C(�) �< '0(t+ �) � '0�(t) > ¥áâì

C(�) = e�A1�C0 (� > 0):

�á«¨ ¢ (15) ¢¥áâ¨ ¥ § ¢¨áïé¥¥ ®â ¢à¥¬¥¨ ¢¥è¥¥ ¢®§¡ã¦¤¥¨¥ �f , â® ãáâ -
®¢¨¢è¨©áï ®âª«¨ª   ¥£® ¡ã¤¥â à ¢¥

< �'0 >= A�11 �f;

¨ ®¯¥à â®à ��1
1 , ®ç¥¢¨¤®, ¬®¦¥â ¡ëâì ¢ëç¨á«¥ ¯® ä®à¬ã«¥

A�11 =

1Z
0

C(�)C�1
0 d�;

â.¥. ¢ à ¬ª å ¤ ®£® ¯à¨¡«¨¦¥¨ï ¬ë â ª¦¥ ¯à¨å®¤¨¬ ª ®¯¨á ®¬ã ¢ëè¥
¤¨áá¨¯ æ¨®®-ä«ãªâã æ¨®®¬ã á®®â®è¥¨î.

�«ï £¨¤à®¤¨ ¬¨ç¥áª¨å ¯à®¡«¥¬,  ¯à¨¬¥à ¤«ï ãà ¢¥¨©, ®¯¨áë¢ îé¨å
¤¨ ¬¨ªã ¤¢ã¬¥à®© ¡ à®âà®¯®©  â¬®áä¥àë, ®¯¨á ë¥ ¢ëè¥ ¤¢  à¥¦¨¬ 
¬®¦® ¯®«ãç¨âì ¢ à ¬ª å ¯à®áâëå «¨¥©ëå ¯à¥®¡à §®¢ ¨© à¥è¥¨ï § ¤ ç¨.

�¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ ¤«ï áãé¥áâ¢®¢ ¨ï ¯¥à¢®£® à¥¦¨¬  ï¢«ï¥âáï ¤®áâ -
â®ç® ¡®«ìè ï à §¬¥à®áâì  ââà ªâ®à  (®ç¥¢¨¤®, çâ® à §¬¥à®áâì ä §®¢®£®
¯à®áâà áâ¢  ¤®«¦  ¡ëâì ¡®«ìè®©). �®«ìè®¥ ç¨á«® íää¥ªâ¨¢ëå áâ¥¯¥¥©
á¢®¡®¤ë ¥áâì á«¥¤áâ¢¨¥ à ¢®¬¥à®£® à á¯à¥¤¥«¥¨ï "í¥à£¨¨" ¯® ¥áâ¥áâ¢¥ë¬
®àâ®£® «ìë¬ ¢¥ªâ®à ¬, ª®â®àë¥ ¤«ï  â¬®áä¥àëå § ¤ ç å à ªâ¥àë â¥¬, çâ®
¯à®áâà áâ¢¥ë© ¬ áèâ ¡ ¨å ã¬¥ìè ¥âáï á à®áâ®¬ ®¬¥à  ¢¥ªâ®à  (¥á«¨ ¢¥ª-
â®àë ã¯®àï¤®ç¥ë ¯® ã¡ë¢ ¨î á®¡áâ¢¥ëå ç¨á¥« ª®¢ à¨ æ¨®®© ¬ âà¨æë).
� ª¨¬ ®¡à §®¬, ¯à®¡«¥¬  § ª«îç ¥âáï ¢ ¢ë¡®à¥ ¯®¤å®¤ïé¥£® «¨¥©®£® ®¯¥-
à â®à , ª®â®àë© ã¦ë¬ ®¡à §®¬ ¯¥à¥à á¯à¥¤¥«ï¥â "í¥à£¨î" ¯® ¥áâ¥áâ¢¥-
ë¬ ®àâ®£® «ìë¬ ¢¥ªâ®à ¬. � ¯à¨¬¥à, ¤«ï ãà ¢¥¨ï ¡ à®âà®¯®£® ¢¨åàï
  áä¥à¥ ¯®¤å®¤ïé¨¬ ®¯¥à â®à®¬ ï¢«ï¥âáï ¥ª®â®à ï ¯®«®¦¨â¥«ì ï áâ¥¯¥ì
®¯¥à â®à  � ¯« á . �âà¨æ â¥«ì ï áâ¥¯¥ì ®¯¥à â®à  � ¯« á  á¢®¤¨â ¤ ãî
§ ¤ çã ª á«ãç î, ª®£¤  ¢®§¬®¦® ¯à¥¤áâ ¢«¥¨¥ ¤¨ ¬¨ª¨    ââà ªâ®à¥ «¨-
¥©ë¬ ¤¨ ¬¨ª®-áâ®å áâ¨ç¥áª¨¬ ãà ¢¥¨¥¬.

� ª«îç¥¨¥
� § ª«îç¥¨¥ ¥é¥ à § ¯®¤ç¥àª¥¬, çâ® à §¢¨â¨¥ ¨¤¥© ¨ ¬¥â®¤®¢ ¨á¯®«ì-

§®¢ ¨ï â¥å¨ª¨, á¢ï§ ®© á ¯®áâà®¥¨¥¬ äãªæ¨© �à¨  ¢ § ¤ ç å ä¨§¨ª¨
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 â¬®áä¥àë, ¥à §àë¢® á¢ï§ ® á ¨¬¥¥¬ �.�.� àçãª . � ¤ ®© à ¡®â¥ ¬ë ¥
ã¯®¬¨ «¨ à ¡®âë, ¯®á¢ïé¥ë¥  áá¨¬¨«ïæ¨¨ ¤ ëå ¢ § ¤ ç å ¯à®£®§  ¯®-
£®¤ë, £¤¥ â¥å¨ª  á®¯àï¦¥ëå ãà ¢¥¨© § ï«  ¢¥¤ãé¥¥ ¬¥áâ®. �¢¥à¤ ï ¢¥à 
�ãà¨ï �¢ ®¢¨ç , ª®â®à ï ¥ ¯®ª¨¤ «  ¥£® (¨,  ¢¥à®¥, ¥ ¯®ª¨¥â) ¢ â¥ç¥-
¨¥ ¢á¥© ¥£® â¢®àç¥áª®© ¦¨§¨, ¢ ®£à®¬ë¥ ¢®§¬®¦®áâ¨ íâ®£® ª« áá  ¬¥â®¤®¢
¤®áâ®©  ¢®áå¨é¥¨ï.

�¨â¥à âãà 
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�áâ¨âãâ ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨ ���
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� áá¬ âà¨¢ îâáï ¢®¯à®áë ç¨á«¥®£® ¬®¤¥«¨à®¢ ¨ï ¬®àáª®© ¤¨ -
¬¨ª¨ ¨   «¨§  çã¢áâ¢¨â¥«ì®áâ¨ ¯®«ãç¥®£® à¥è¥¨ï. �¥«ì { à §à -
¡®âª  ¬®¤¥«¨ ¬®àáª®© æ¨àªã«ïæ¨¨, ¢®á¯à®¨§¢®¤ïé¥© ªàã¯®¬ áèâ ¡ãî
áâàãªâãàã ¯®«¥©, ¨å ¯à®áâà áâ¢¥®{¢à¥¬¥ãî ¨§¬¥ç¨¢®áâì ¨ «®ª «ì-
ë¥ ®á®¡¥®áâ¨; ¯®áâà®¥¨¥ íª®®¬¨çëå £¨¡ª¨å ¢ëç¨á«¨â¥«ìëå  «£®-
à¨â¬®¢ ¤«ï ¬®¤¥«ì®£® ¨ à¥âà®á¯¥ªâ¨¢®£®   «¨§  à áç¥âëå ¤ ëå,  
â ª¦¥ à §à ¡®âª  ¬¥â®¤®¢ ®æ¥ª¨ à¥è¥¨ï   ®á®¢¥ â¥å¨ª¨ á®¯àï¦¥-
ëå ãà ¢¥¨©.

�®¤¥«ì ®á®¢     á¨áâ¥¬¥ ¨áå®¤ëå ãà ¢¥¨© ®¡é¥© â¥à¬®å «¨®©
¬®àáª®© æ¨àªã«ïæ¨¨. �à ¢¥¨ï ä®à¬ã«¨àãîâáï ¢ �-á¨áâ¥¬¥ ª®®à¤¨ â.
�á¯®«ì§ã¥âáï á¯¥æ¨ «ì ï á¨¬¬¥âà¨§®¢  ï ä®à¬  ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨©. �¯¥à â®à § ¤ ç¨ ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ áã¬¬ë ®¯¥à â®à®¢ ¡®-
«¥¥ ¯à®áâ®© áâàãªâãàë. �¨á«¥ë©  «£®à¨â¬ ®á®¢    ¥ï¢ëå áå¥¬ å
à áé¥¯«¥¨ï ¨ á¥â®çëå  ¯¯à®ªá¨¬ æ¨ïå à áé¥¯«¥ëå § ¤ ç, ª ¦¤ ï ¨§
ª®â®àëå ã¤®¢«¥â¢®àï¥â § ª®ã á®åà ¥¨ï ¯®«®© í¥à£¨¨, á¯à ¢¥¤«¨¢®¬ã
¤«ï ¨áå®¤®© § ¤ ç¨. �¯¯à®ªá¨¬ æ¨ï ãà ¢¥¨© ¯® ¯à®áâà áâ¢¥ë¬ ¯¥-
à¥¬¥ë¬ ®áãé¥áâ¢«ï¥âáï   á¤¢¨ãâëå ª®¬¡¨¨à®¢ ëå á¥âª å: ¬®£ãâ
¨á¯®«ì§®¢ âìáï ª®¬¡¨ æ¨¨ á¥â®ª A, B, ¨ C. �®¤¥«ì ®à¨¥â¨à®¢     ¯¥à-
á® «ìë¥ ª®¬¯ìîâ¥àë ¨ ¨¬¥¥â íää¥ªâ¨¢ãî ¯à®£à ¬¬ãî à¥ «¨§ æ¨î.
� áá¬ âà¨¢ ¥âáï ¢®¯à®á ®¡ ®æ¥ª¥ çã¢áâ¢¨â¥«ì®áâ¨ à¥è¥¨ï. �«ï íâ®£®
¨á¯®«ì§ã¥âáï ¬¥â®¤ á®¯àï¦¥ëå ãà ¢¥¨©. �«ï å à ªâ¥à¨áâ¨ª¨ á®áâ®-
ï¨ï á¨áâ¥¬ë ¢¢®¤¨âáï á¯¥æ¨ «ìë© äãªæ¨® «, § ¢¨áïé¨© ®â à¥è¥¨ï
á®¯àï¦¥®© § ¤ ç¨.

The work deals with the numerical modelling of the marine dynamics and
an analysis of the sensitivity of the obtained solutions.
Our goal is threefold:

1� ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à¦ª¥ ����, ¯à®¥ªâ ¿00-05-64051
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{ to develop numerical model of the marine general circulation that simulates
the large-scale structure of the hydrological �elds, its time-space variability and
local peculiarities
{ to construct a cost-e�ective exible computational algorithms for the model
and retrospective data analysis of the solution
{ to develop methods for assessment of the solution on the base of adjoint equa-
tion technique.
The model is based on the primitive equation system of thermohaline sea dy-
namics. The governing equations are written in the bottom following system of
coordinates (�-system).
The special symmetrized form of notation of the di�erential equations is used
in the model. The operator of the problem prior to its space approximation is
represented as the sum of suboperators of a simpler structure. The numerical
algorithm of the model is based on implicit splitting schemes and the grid ap-
proximations of the split problems with respect to space variables, which obey
the main conservation law that holds for the original system.
The space approximation of the model equations is realized on staggered com-
bined grids: the combinations of grids A, B, and C can be used. The model is
implemented on a personal computer with rather cost-e�ective code.
The sensitivity of the solution is considered. Adjoint method is used for this pur-
pose. In order to characterize state of the system a special functional depending
on the solution of the adjoint problem is introduced.

�¢¥¤¥¨¥
� â®çª¨ §à¥¨ï ç¨á«¥®£®   «¨§  ¬®¤¥«¨ ¬®àáª®© £¨¤à®¤¨ ¬¨ª¨ ¯à¥¤-

áâ ¢«ïîâ á®¡®© ¢¥áì¬  á«®¦ë¥ à §¢¨¢ îé¨¥áï á¨áâ¥¬ë. �å ®á®¢®© ï¢«ï-
îâáï ¥«¨¥©ë¥ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï, ®¯¨áë¢ îé¨¥ £¨¤à®¤¨ ¬¨ªã
¢à é îé¥©áï ¦¨¤ª®áâ¨ { í¢®«îæ¨î âà¥å¬¥àëå ¯®«¥© â¥ç¥¨©, â¥¬¯¥à âãàë
¨ á®«¥®áâ¨,   â ª¦¥ ¤ ¢«¥¨ï ¨ ¯«®â®áâ¨. �¬¥áâ¥ á ª« áá¨ç¥áª®© ®á®¢®©
®¨ ¢ª«îç îâ à §«¨ç®£® à®¤  ä¨§¨ç¥áª¨¥ ¯ à ¬¥âà¨§ æ¨¨, ¨§¬¥ïîé¨¥áï ¯®
¬¥à¥ ã«ãçè¥¨ï ¯®¨¬ ¨ï ¯à¨à®¤ëå ï¢«¥¨©.

� á®¢à¥¬¥ë¥ ¬®¤¥«¨ ®¡é¥© æ¨àªã«ïæ¨¨  àï¤ã á £¨¤à®¤¨ ¬¨ç¥áª¨¬¨
¢ª«îç îâáï å à ªâ¥à¨áâ¨ª¨ ¬®àáª®© íª®á¨áâ¥¬ë. �à ¢¥¨ï íª®á¨áâ¥¬ë {
âà¥å¬¥àë¥, ®¨ ¨¬¥îâ ¢¨¤ ãà ¢¥¨© ¯¥à¥®á -¤¨ääã§¨¨, ¢ª«îç îé¨å ¬ â-
à¨æã ¢§ ¨¬®¤¥©áâ¢¨© á á¨«ì®© ¥«¨¥©®áâìî [19], [20]. �¡é¥¥ ç¨á«® ¯¥à¥¬¥-
ëå, ®¯¨áë¢ îé¨å á®¢¬¥áâãî ¤¨ ¬¨ªã £¨¤à®íª®á¨áâ¥¬ë, á¨«ì® ¢®§à áâ ¥â,
  «¨§ ¯à®æ¥áá®¢ ãá«®¦ï¥âáï ¨ âà¥¡ã¥â ®¢ëå ¯®¤å®¤®¢ ¨ ¬¥â®¤®¢.

�  ¯®á«¥¤¨¥ 30 «¥â â¥®à¨ï ¨ ¯à ªâ¨ª  ¬®¤¥«¨à®¢ ¨ï ¬®àáª®© ¤¨ ¬¨ª¨
®¡®£ â¨« áì ¥áª®«ìª¨¬¨ ®¢ë¬¨ ¯®¤å®¤ ¬¨ ¨  «£®à¨â¬ ¬¨. �à¥¤¨ ¨å ¯à¥¦¤¥
¢á¥£® á«¥¤ã¥â ®â¬¥â¨âì á«¥¤ãîé¨¥

� ¬¥â®¤ à áé¥¯«¥¨ï ( á¬. [1], [5], [6], [7], [13], [17]): á ®¤®© áâ®à®ë,
ª ª íää¥ªâ¨¢ë©  «£®à¨â¬ à¥è¥¨ï á«®¦ëå § ¤ ç, ®¡« ¤ îé¨© ¢ëá®-
ª®© ãáâ®©ç¨¢®áâìî; á ¤àã£®© { ª ª ¬¥â®¤®«®£¨ç¥áªãî ®á®¢ã ¯®áâà®¥¨ï
à §¢¨¢ îé¥©áï ¬®¤¥«ì®© á¨áâ¥¬ë;

� ¢ à¨ æ¨®ë¥ ¬¥â®¤ë à¥âà®á¯¥ªâ¨¢®£®   «¨§ , ã¯à ¢«¥¨ï ¤ ë¬¨
¨ ¬®¨â®à¨£  ®ªàã¦ îé¥© áà¥¤ë.
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�á®¢ ï § á«ã£  â¥®à¥â¨ç¥áª®£® à §¢¨â¨ï ¨ ®¡®á®¢ ¨ï íâ¨å ¬¥â®¤®¢ ¨ ¨å
¯à¨«®¦¥¨ï ª § ¤ ç ¬ ¤¨ ¬¨ª¨ ¬®àáª¨å ¨  â¬®áä¥àëå ¯à®æ¥áá®¢ ¯à¨ ¤-
«¥¦¨â �.�.� àçãªã, ¥£® ãç¥¨ª ¬ ¨ ¯®á«¥¤®¢ â¥«ï¬ [3]{[12]. � ¤ ®© à ¡®â¥
¨§« £ îâáï ¥ª®â®àë¥ ¢®¯à®áë, á¢ï§ ë¥ á ¯à¨«®¦¥¨¥¬ ãª § ëå ¬¥â®¤®¢
ª à¥è¥¨î § ¤ ç ¬®àáª®© ¤¨ ¬¨ª¨.

1. � â¥¬ â¨ç¥áª ï ¬®¤¥«ì ¬®àáª®© ¤¨ ¬¨ª¨
�ä®à¬ã«¨àã¥¬ ¬ â¥¬ â¨ç¥áªãî ¯®áâ ®¢ªã § ¤ ç¨ ¬®àáª®© ¤¨ ¬¨ª¨. �

áä¥à¨ç¥áª¨å ª®®à¤¨ â å �; �; z ([18]) ¨¬¥¥¬

du

dt
� (l �mcos�u)v = �m

�0

@p

@�
+

@

@z
�u
@u

@z
+ F u; (1)

dv

dt
+ (l �mcos�u)u = � n

�0

@p

@�
+

@

@z
�v
@v

@z
+ F v ; (2)

@p

@z
= g�; (3)

m[
@u

@�
+ n

@

@�
(
v

m
)] +

@w

@z
= 0; (4)

dT

dt
=

@

@z
�T
@T

@z
+ F T ; (5)

dS

dt
=

@

@z
�S
@S

@z
+ FS ; (6)

� = f(T; S); ¢ D(�; �; z) (7)

£¤¥

d

dt
=

@

@t
+mu

@

@�
+ nv

@

@�
+ w

@

@z
;

F � = m2 @

@�
��
@�
@�

+mn
@

@�
��

n

m

@�
@�
: (8)

�¨áâ¥¬  ãà ¢¥¨© (1) - (7) à áá¬ âà¨¢ ¥âáï   ¨â¥à¢ «¥ ¯® ¢à¥¬¥¨ (0; t] ¢
âà¥å¬¥à®© ®¡« áâ¨ D. �¡« áâì D ®£à ¨ç¥  £à ¨æ¥© @D, á®áâ®ïé¥© ¨§ ¥¢®§-
¬ãé¥®© ¯®¢¥àå®áâ¨ ¬®àï z = 0, ¡®ª®¢®© (¡¥à¥£®¢®©) ¯®¢¥àå®áâ¨ � ¨ à¥«ì¥ä 
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¤  H(�; �). � á¨áâ¥¬¥ ãà ¢¥¨© ¯à¨á®¥¤¨ïîâáï á®®â¢¥âáâ¢ãîé¨¥ £à ¨çë¥
ãá«®¢¨ï

¯à¨ z = 0:

�u
@u

@z
= ���

�0
; �v

@v

@z
= � ��

�0
; w = 0; (9)

�T
@T

@z
= DT (T � Ts) +QT ; �S

@S

@z
= DS(S � Ss) +QS ; (10)

¤«ï z = H(�; �):

w = m
@H

@�
u+ n

@H

@�
v; (Du;nH) = 0; (Dv;nH) = 0; (11)

(DT;nH) = 0; (DS;nH) = 0 (12)

  ¡®ª®¢®© ¯®¢¥àå®áâ¨ �

(u;n�) = 0; (ru;n�) = 0; (rv;n�) = 0; (13)

(rT;n�) = 0; (rS;n�) = 0; (14)

  â ª¦¥  ç «ìë¥ ãá«®¢¨ï ¯à¨ t = 0

u = u0; v = v0; T = T0; S = S0: (15)

�¤¥áì: � { ¤®«£®â , � = 900 +  ,  { è¨à®â , z {  ¯à ¢«¥ ï ¢¨§ ¢¥àâ¨-
ª «ì, u; v; w { ª®¬¯®¥âë ¢¥ªâ®à  áª®à®áâ¨, T { â¥¬¯¥à âãà , S { á®«¥®áâì,
p { ¤ ¢«¥¨¥, � { ¯«®â®áâì; �u; �v; �T ; �S { ª®íää¨æ¨¥âë ¢¥àâ¨ª «ì®© âãà¡ã-
«¥â®© ¢ï§ª®áâ¨ ¨ ¤¨ääã§¨¨; �u; �v; �T ; �S { ª®íää¨æ¨¥âë £®à¨§®â «ì®©
âãà¡ã«¥â®© ¢ï§ª®áâ¨ ¨ ¤¨ääã§¨¨; l { ¯ à ¬¥âà �®à¨®«¨á : l = �2
cos�;
m = 1

Rsin� ; n =
1
R , R { à ¤¨ãá �¥¬«¨, 
 { ã£«®¢ ï áª®à®áâì ¢à é¥¨ï �¥¬«¨ ;

nH = �m@H

@�
i� � n

@H

@�
i� + iz n� = i�cos(n�; i�) + i�cos(n�; i�) (16)

D� = ��

�
m
@�

@�
i� + n

@�

@�
i�

�
+ ��

@�

@z
iz r� = ��

�
m
@�

@�
i� + n

@�

@�
i�

�
: (17)

�«ï ¯ à ¬¥âà¨§ æ¨¨ ¯à®æ¥áá  £«ã¡®ª®© ª®¢¥ªæ¨¨ ª®íää¨æ¨¥âë �T ; �S
¬®¦® ¢ë¡à âì ¢ ¢¨¤¥ ¥«¨¥©ëå äãªæ¨©, § ¢¨áïé¨å ®â £à ¤¨¥â  ¯«®â®áâ¨.
� ¯à¨¬¥à, á«¥¤ãï [18], ¬®¦® ¯®«®¦¨âì:

�T = �S � �0 + �min exp
�
a[1� th(

@�

@z
)]
�
; (18)
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£¤¥ �0; �min,  { ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥ ¨ a = 1
2 lnf �max

�min
g .

� ¬¥ç ¨¥. �«ï á«ãç ï «¨¥©®© § ¢¨á¨¬®áâ¨ ¯«®â®áâ¨ � ®â â¥¬¯¥à âãàë
¨ á®«¥®áâ¨ �.� § æ¥¢  ¤®ª § «  â¥®à¥¬ã ® ¥¤¨áâ¢¥®áâ¨ á¨«ì®£®
à¥è¥¨ï ¨ áãé¥áâ¢®¢ ¨¨ á« ¡®£® à¥è¥¨ï ¤«ï á¨áâ¥¬ë ãà ¢¥¨©
(1) { (15) (á¬. [17]). �®ª § â¥«ìáâ¢® à §¢¨¢ ¥â à¥§ã«ìâ âë, à ¥¥ ¯®«ãç¥ë¥
�.�.�®à¤§ ¤§¥ [3] ¨ �.�.�ãå®®á®¢ë¬ [14].

2. �à ¢¥¨ï ¬®àáª®© ¤¨ ¬¨ª¨ ¢ �-á¨áâ¥¬¥ ª®®à¤¨ â ¨ á¨¬-
¬¥âà¨§ æ¨ï ãà ¢¥¨©

�ë¡®à  ¯¯à®ªá¨¬ æ¨¨ ¨ ¬¥â®¤  à¥è¥¨ï (1) { (15) ®áãé¥áâ¢«ï¥âáï ¯®á«¥
¥ª®â®àëå ¯à¥®¡à §®¢ ¨© ¨áå®¤®© § ¤ ç¨. �à®æ¥¤ãà  ¯®áâà®¥¨ï ¢ëç¨á«¨-
â¥«ì®£®  «£®à¨â¬  ¢ª«îç ¥â ¥áª®«ìª® ¯®á«¥¤®¢ â¥«ìëå è £®¢ [18]. �¯¨è¥¬
¥¥ ªà âª®.

1. �¥à¢ë© è £ ¯à¥®¡à §®¢ ¨© á®áâ®¨â ¢® ¢¢¥¤¥¨¨ �-á¨áâ¥¬ë ª®®à¤¨-
 â. �áå®¤ë¥ ãà ¢¥¨ï (1) { (7) ¯¥à¥¯¨áë¢ îâáï ¢ ®¢®© á¨áâ¥¬¥ (�1; �1; z1):
�1 = �; �1 = �; z1 � � = z=H(�; �). �à¨ íâ®¬ ¨¬¥¥¬:

@

@�
=

@

@�1
� 1
H

@H

@�1
z1

@

@z1
; (19)

@

@�
=

@

@�1
� 1
H

@H

@�1
z1

@

@z1
;

@

@z
=

1
H

@

@z1
:

�« £ ¥¬ë¥, ®¯¨áë¢ îé¨¥ £®à¨§®â «ìë© âãà¡ã«¥âë© ®¡¬¥ â¥¯«®¬ ¨ á®-
«ìî, F T ; FS ¢ ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â ¯à¨¨¬ îâ ¢¨¤:

F T1 =
m2

H
[
@

@�1
�H

@T

@�1
� @

@�1
(�z1

@H

@�1

@T

@z1
)� @

@z1
(�z1

@H

@�1

@T

@�1
) +

@

@z1
(
�

H
z21(

@H

@�1
)2
@T

@z1
)] +

mn

H
[
@

@�1
�Hq

@T

@�1
� @

@�1
(�z1q

@H

@�1

@T

@z1
)�

@

@z1
(�z1q

@H

@�1

@T

@�1
) +

@

@z1
(
�

H
z21q(

@H

@�1
)2
@T

@z1
)];

£¤¥ q = n
m .

�à ¨çë¥ ãá«®¢¨ï ¯¥à¥¯¨áë¢ îâáï á«¥¤ãîé¨¬ ®¡à §®¬. �  â¢¥à¤ëå ãç áâ-
ª å £à ¨æë, ¯ à ««¥«ìëå ®á¨ �1:

�[H
@T

@�1
� @H

@�1
z1
@T

@z1
] = 0:

�  ãç áâª å £à ¨æë, ¯ à ««¥«ìëå ®á¨ �:

�q[H
@T

@�1
� @H

@�1
z1
@T

@z1
] = 0:
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�«ï z1 = 1:

�m
2

H
�[z1

@H

@�1

@T

@�1
� z21
H
(
@H

@�1
)2
@T

@z1
]� mn

H
�[z1q

@H

@�1

@T

@�1
� z21q

H
(
@H

@�1
)2
@T

@z1
]

+
1
H2

�
@T

@z1
= 0

�â¬¥â¨¬, çâ® ¢ �{á¨áâ¥¬¥ ãà ¢¥¨¥ ¥à §àë¢®áâ¨ ¯à¨¨¬ ¥â ¢¨¤:

m[
@Hu

@�1
+ n

@

@�1
(
Hv

m
)] +

@w1
@z1

= 0; (20)

¥á«¨ ¢¢¥áâ¨ ®¢ãî ¢¥àâ¨ª «ìãî áª®à®áâì w1 á®£« á®

w1 = w �mz1

�
@H

@�1
u+ n

@H

@�1

v

m

�
: (21)

�à¨ íâ®¬ ª¨¥¬ â¨ç¥áª®¥ £à ¨ç®¥ ãá«®¢¨¥   ¤¥, ¯à¨ z1 = 1; ¡ã¤¥â
â ª¨¬ ¦¥, ª ª   ¯®¢¥àå®áâ¨:

w1 = 0: (22)

� ¬¥ç ¨¥. �à¥¤¯®«®¦¨¬, çâ® ¢á¥ ª®íää¨æ¨¥âë ¤¨ääã§¨¨ �u; �v , ... , �S
à ¢ë ã«î ¨ äãªæ¨ï f(T; S) ¢ ãà ¢¥¨¨ á®áâ®ï¨ï (7) ¨¬¥¥â ®£à ¨ç¥ë¥
¯à®¨§¢®¤ë¥ ¯® T ¨ S. � íâ®¬ á«ãç ¥ ¢¬¥áâ® ¤¢ãå ãà ¢¥¨© ¤«ï â¥¬¯¥à âãàë
¨ á®«¥®áâ¨ ¬®¦® ¢¢¥áâ¨ ®¤® ãà ¢¥¨¥ ¤«ï ¯«®â®áâ¨ ¨«¨ «î¡®© äãªæ¨¨
®â ¯«®â®áâ¨ G(�), ¨¬¥îé¥© ®£à ¨ç¥ë¥ ¯à®¨§¢®¤ë¥ ¯® �. �à¨ íâ®¬ ¢ë¯®«-
ï¥âáï § ª® á®åà ¥¨ï ¯®«®© í¥à£¨¨:

@

@t

Z
D

[H�0
u2 + v2

2
+ �zgH2(

p
j � j)2]dD = 0 (23)

(§¤¥áì ¨á¯®«ì§®¢   ¯à ¢ ï á¨áâ¥¬  ª®®à¤¨ â, ¢ ª®â®à®© �z = �z1).

2. �â®à®© è £ ¯à¥®¡à §®¢ ¨© á®áâ®¨â ¢ á¨¬¬¥âà¨§ æ¨¨ ¤¨ää¥à¥æ¨ «ì-
®© á¨áâ¥¬ë ãà ¢¥¨©. �¨¬¬¥âà¨§ã¥¬ ãà ¢¥¨ï ¬®àáª®© â¥à¬®£¨¤à®¤¨ -
¬¨ª¨, § ¯¨á ë¥ ¢ �-á¨áâ¥¬¥ á«¥¤ãîé¨¬ ®¡à §®¬. �ë¡¥à¥¬ ¯®«ã¤¨¢¥à£¥âãî
ä®à¬ã § ¯¨á¨ ãà ¢¥¨© ¯¥à¥®á -¤¨ääã§¨¨ â¥¬¯¥à âãàë ¨ á®«¥®áâ¨ ¨ ¯à¥-
®¡à §ã¥¬ ãà ¢¥¨ï ¤¢¨¦¥¨ï ¨ áâ â¨ª¨ ¢ á®®â¢¥âáâ¢¨¨ á íâ¨¬ ¢ë¡®à®¬. �
à¥§ã«ìâ â¥ íª¢¨¢ «¥âëå ¯à¥®¡à §®¢ ¨© ¯®«ãç¨¬:

H
du

dt
�H(l �mcos�1u)v = �Hm

�0
[
@

@�1
(p� 1

2
gHz1�)]

�Hmg
2�0

[(Hz1)
@�

@�1
� @(Hz1)

@�1
�] +

@

@z1

�u
H

@u

@z1
+ F u1 ; (24)
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H
dv

dt
+H(l �mcos�1u)u = �Hn

�0
[
@

@�1
(p� 1

2
gHz1�)]

�Hng
2�0

[(Hz1)
@�

@�1
� @(Hz1)

@�1
�] +

@

@z1

�v
H

@v

@z1
+ F v1 ; (25)

@

@z1
(p� 1

2
gHz1�) = �g

2
[(Hz1)

@�

@z1
� @(Hz1)

@z1
�]; (26)

m[
@Hu

@�1
+ n

@

@�1
(
Hv

m
)] +

@w1
@z1

= 0; (27)

H
dT

dt
=

@

@z1

�T
H

@T

@z1
+ F T1 ; (28)

H
dS

dt
=

@

@z1

�S
H

@S

@z1
+ FS1 ; (29)

� = f(T; S); ¢ D1(�1; �1; z1) (30)

£¤¥

d

dt
=

@

@t
+mu

@

@�1
+ nv

@

@�1
+ w1

@

@z1
; (31)

F T1 = m2

�
@

@�1
�

�
@Hz1
@z1

@T

@�1
� @Hz1

@�1

@T

@z1

�
� @

@z1

�
�
z1
H

@H

@�1

�
@Hz1
@z1

@T

@�1
� @Hz1

@�1

@T

@z1

���
(32)

+mn
�

@

@�1
�q

�
@Hz1
@z1

@T

@�1
� @Hz1

@�1

@T

@z1

�
� @

@z1

�
�q
z1
H

@H

@�1

�
@Hz1
@z1

@T

@�1
� @Hz1

@�1

@T

@z1

���

3. �¥â®¤ à áé¥¯«¥¨ï ¯® ä¨§¨ç¥áª¨¬ ¯à®æ¥áá ¬ { ¢ë¤¥«¥¨¥
í«¥¬¥â àëå ¯®¤á¨áâ¥¬

�¤¨¬ ¨§ íää¥ªâ¨¢ëå ¬¥â®¤®¢ à¥è¥¨ï á«®¦ëå á¨áâ¥¬ ãà ¢¥¨© ï¢«ï-
¥âáï ¬¥â®¤ à áé¥¯«¥¨ï ¯® ä¨§¨ç¥áª¨¬ ¯à®æ¥áá ¬ [6], [7]. �£® ¨á¯®«ì§®¢ ¨¥
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á®áâ®¨â ¢ á¢¥¤¥¨¨ à¥è¥¨ï á«®¦®© ¨áå®¤®© § ¤ ç¨ ª à¥è¥¨î àï¤  í«¥¬¥-
â àëå ¯®¤á¨áâ¥¬, ª ¦¤ ï ¨§ ª®â®àëå ®¯¨áë¢ ¥â ¥ª®â®àë© ¯à®áâ®© ä¨§¨ç¥á-
ª¨© ¯à®æ¥áá. �à¨¬¥ïï ¬¥â®¤ ª à¥è¥¨î ãà ¢¥¨© (24) { (30), ¬®¦® ¢ë¤¥«¨âì
¥áª®«ìª® í«¥¬¥â àëå ¯®¤á¨áâ¥¬, í¥à£¥â¨ç¥áª¨ á®£« á®¢ ëå á â®çª¨ §à¥-
¨ï § ª®  á®åà ¥¨ï (23).

3.1. �¥à¥®á{¤¨ääã§¨ï ª®«¨ç¥áâ¢  ¤¢¨¦¥¨ï
� ª ç¥áâ¢¥ ¯¥à¢®© ¯®¤á¨áâ¥¬ë ¢ë¤¥«ïîâáï ãà ¢¥¨ï ¯¥à¥®á {¤¨ääã§¨¨

ª®«¨ç¥áâ¢  ¤¢¨¦¥¨ï á ãç¥â®¬ á« £ ¥¬ëå, ®¯¨áë¢ îé¨å íää¥ªâ "áä¥à¨ç¥áª®£®
¢à é¥¨ï". �¬¥¥¬, ®¯ãáª ï §¤¥áì ¨ ¤ «¥¥ ¯®¤áâà®çë¥ ¨¤¥ªáë ã ¯¥à¥¬¥ëå
�; �:

H

m

@u

@t
+
1
2

�
Hu

@u

@�
+

@

@�
(Huu) +

n

m
Hv

@u

@�
+

@

@�
(
n

m
Hvu) + w1

@u

@z1
+

@

@z1
(w1u)

�
(33)

+Hcos�uv = F u1 ;

H

m

@v

@t
+
1
2

�
Hu

@v

@�
+

@

@�
(Huv) +

n

m
Hv

@v

@�
+

@

@�
(
n

m
Hvv) + w1

@v

@z1
+

@

@z1
(w1v)

�
(34)

�Hcos�uu = F v1 ;

�¥£ª® ¢¨¤¥âì, çâ® ®¯¥à â®à ¯¥à¥®á  ª®«¨ç¥áâ¢  ¤¢¨¦¥¨ï { ª®á®á¨¬¬¥â-
à¨ç¥áª¨©. �®«ã¤¨¢¥à£¥â ï ä®à¬  § ¯¨á¨ á« £ ¥¬ëå ¯¥à¥®á  ¢ (33){(34)
ã¤®¡ , â ª ª ª ¯®§¢®«ï¥â ¯à®¢¥áâ¨ ¤ «ì¥©è¥¥ à áé¥¯«¥¨¥. �¯¥à â®à 3-
¬¥à®© § ¤ ç¨ ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥ ¢ ¢¨¤¥ áã¬¬ë 4-å ®¯¥à â®à®¢: ¯¥à¥®á {
¤¨ääã§¨¨ ¯® ª ¦¤®© ª®®à¤¨ â¥ �; �; z1 ¨ "áä¥à¨ç¥áª®£® ¢à é¥¨ï" á á®åà -
¥¨¥¬ á¢®©áâ¢  ª®á®á¨¬¬¥âà¨ç®áâ¨ á« £ ¥¬ëå, ®¯¨áë¢ îé¨å ¯¥à¥®á ª®«¨-
ç¥áâ¢  ¤¢¨¦¥¨ï.

3.2. � à®âà®¯ ï æ¨àªã«ïæ¨ï
� ª ç¥áâ¢¥ ¢â®à®© ¯®¤á¨áâ¥¬ë ¢ë¤¥«ïîâáï ãà ¢¥¨ï, ®¯¨áë¢ îé¨¥ ¯à®æ¥áá

¡ à®âà®¯®© æ¨àªã«ïæ¨¨ ¨«¨  ¤ ¯â æ¨¨ ¯®«¥© â¥ç¥¨© ¨ ¤ ¢«¥¨ï á ãç¥â®¬
íª¬ ®¢áª®£® ¢¥âà®¢®£® ¢®§¤¥©áâ¢¨ï. �¬¥¥¬:

H
@u

@t
�Hlv = �Hm

�0

@p0
@�

+
@

@z1

�u
H

@u

@z1
; (35)

H
@v

@t
+Hlu = �Hn

�0

@p0
@�

+
@

@z1

�v
H

@v

@z1
; (36)

@(Hu)
@�

+ n
@

@�
(
Hv

m
) = 0: (37)
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�¤¥áì p0 { äãªæ¨ï ¤ ¢«¥¨ï   ãà®¢¥ z1 = 0, ¥ § ¢¨áïé ï ®â ¢¥àâ¨-
ª «ì®© ª®®à¤¨ âë.

3.3. � à®ª«¨ ï  ¤ ¯â æ¨ï ¯®«¥© ¬ áá ¨ â¥ç¥¨©
�à¥âìï ¯®¤á¨áâ¥¬  ®¯¨áë¢ ¥â ¡ à®ª«¨ãî  ¤ ¯â æ¨î £¨¤à®«®£¨ç¥áª¨å ¯®-

«¥©:

H
@u

@t
= �Hm

�0

@�p
@�
; (38)

H
@v

@t
= �Hn

�0

@�p
@�
; (39)

@�p
@z1

= �g
2
[(Hz1)

@�

@z1
� @(Hz1)

@z1
�]; (40)

m[
@Hu

@�
+ n

@

@�
(
Hv

m
)] +

@w1
@z1

= 0; (41)

H
@T

@t
+
1
2
[w1

@T

@z1
+
@w1T

@z1
] = 0; (42)

H
@S

@t
+
1
2
[w1

@S

@z1
+
@w1S

@z1
] = 0; (43)

� = f(T; S); ¢ D1(�; �; z1); (44)

£¤¥ �p = p� 1
2gHz1�.

3.4. �¥«¨¥©ë© ¯¥à¥®á ¢¤®«ì ®á¥© �; �
�¥â¢¥àâ ï ¯®¤á¨áâ¥¬  ®¯¨áë¢ ¥â ¥«¨¥©ë© ¯¥à¥®á ¬®¬¥â , â¥¬¯¥à âãàë

¨ á®«¥®áâ¨ ¢¤®«ì ®á¥© �; �. �¤®«ì ®á¨ � ¨¬¥¥¬:

H
@u

@t
= �Hmg

2�0
[(Hz1)

@�

@�
� @(Hz1)

@�
�]; (45)

H
@T

@t
+
m

2
[Hu

@T

@�
+
@HuT

@�
] = 0; (46)
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H
@S

@t
+
m

2
[Hu

@S

@�
+
@HuS

@�
] = 0: (47)

�¤®«ì ®á¨ �:

H
@v

@t
= �Hng

2�0
[(Hz1)

@�

@�
� @(Hz1)

@�
�]; (48)

H
@T

@t
+
n

2
[Hv

@T

@�
+
@HvT

@�
] = 0; (49)

H
@S

@t
+
n

2
[Hv

@S

@�
+
@HvS

@�
] = 0: (50)

3.5. �¨ääã§¨ï â¥¬¯¥à âãàë ¨ á®«¥®áâ¨ ¢ ¯«®áª®áâ¨ (�; z1)
�ïâ ï ¯®¤á¨áâ¥¬  ®¯¨áë¢ ¥â ¯«®áªãî ¤¨ääã§¨î â¥¬¯¥à âãàë ¨ á®«¥®áâ¨

¢ �-á¨áâ¥¬¥ ª®®à¤¨ â. � ¯«®áª®áâ¨ (�; z1) ¨¬¥¥¬:

H

m2

@T

@t
=
�
@

@�
�

�
@Hz1
@z1

@T

@�
� @Hz1

@�

@T

@z1

�
� @

@z1

�
�
z1
H

@H

@�

�
@Hz1
@z1

@T

@�
� @Hz1

@�

@T

@z1

���
;

H

m2

@S

@t
=
�
@

@�
�

�
@Hz1
@z1

@S

@�
� @Hz1

@�

@S

@z1

�
(51)

� @

@z1

�
�
z1
H

@H

@�

�
@Hz1
@z1

@S

@�
� @Hz1

@�

@S

@z1

���
:

3.6. �¨ääã§¨ï â¥¬¯¥à âãàë ¨ á®«¥®áâ¨ ¢ ¯«®áª®áâ¨ (�; z1)
� ¯«®áª®áâ¨ (�; z1) ¨¬¥¥¬:

H

mn

@T

@t
=
�
@

@�
�q

�
@Hz1
@z1

@T

@�
� @Hz1

@�

@T

@z1

�
� @

@z1

�
�q
z1
H

@H

@�

�
@Hz1
@z1

@T

@�
� @Hz1

@�

@T

@z1

���
;

H

mn

@S

@t
=
�
@

@�
�q

�
@Hz1
@z1

@S

@�
� @Hz1

@�

@S

@z1

�
(52)

� @

@z1

�
�q
z1
H

@H

@�

�
@Hz1
@z1

@S

@�
� @Hz1

@�

@S

@z1

���
:
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3.7. �¥àâ¨ª «ì ï ¤¨ääã§¨ï â¥¬¯¥à âãàë ¨ á®«¥®áâ¨
�¥¤ì¬ ï ¯®¤á¨áâ¥¬  ®¯¨áë¢ ¥â ¢¥àâ¨ª «ìãî ¤¨ääã§¨î â¥¬¯¥à âãàë ¨ á®-

«¥®áâ¨ á ä®®¢ë¬ ª®íää¨æ¨¥â®¬ �0:

H
@T

@t
=

@

@z1

�0
H

@T

@z1
; (53)

H
@S

@t
=

@

@z1

�0
H

@S

@z1
: (54)

3.8. �®¢¥ªâ¨¢®¥ ¯¥à¥¬¥è¨¢ ¨¥
�®áì¬ ï ¯®¤á¨áâ¥¬  ®¯¨áë¢ ¥â ¯à®æ¥áá ¢¥àâ¨ª «ì®© ª®¢¥ªæ¨¨ ¯à¨ £¨¤à®-

áâ â¨ç¥áª®© ¥ãáâ®©ç¨¢®áâ¨ ¯® ¯«®â®áâ¨. �â®â ¯à®æ¥áá ¯ à ¬¥âà¨§ã¥âáï á ¯®-
¬®éìî ¥«¨¥©®© § ¢¨á¨¬®áâ¨ ª®íää¨æ¨¥â  ¢¥àâ¨ª «ì®£® ¯¥à¥¬¥è¨¢ ¨ï
®â £à ¤¨¥â  ¯«®â®áâ¨ ¢¨¤  (18). �¬¥¥¬   ¤ ®¬ íâ ¯¥:

H
@T

@t
=

@

@z1

�T � �0
H

@T

@z1
; (55)

H
@S

@t
=

@

@z1

�S � �0
H

@S

@z1
: (56)

3.9. �¥ «¨§ æ¨ï ç¨á«¥®£®  «£®à¨â¬ 
�à®æ¥¤ãà  ç¨á«¥®£® à¥è¥¨ï § ¤ ç¨ ®á®¢     ª®¬¡¨ æ¨¨ ¬¥â®¤®¢ à á-

é¥¯«¥¨ï ¯® ä¨§¨ç¥áª¨¬ ¯à®æ¥áá ¬ ¨ ®â¤¥«ìë¬ ª®®à¤¨ â ¬. � ¬®¤¥«¨ ¬®£ãâ
¨á¯®«ì§®¢ âìáï á¤¢¨ãâë¥ á¥âª¨ à §«¨ç®© ¯à®áâà áâ¢¥®© áâàãªâãàë [16]:
B, C, ¨ ª®¬¡¨¨à®¢  ï á¥âª  A{C [1]. �à¥¤áâ ¢¨¬ ®¤¨ ¨§ ¢®§¬®¦ëå ¢ à¨-
 â®¢ ç¨á«¥®© à¥ «¨§ æ¨¨ ¬®¤¥«¨ ¬®àáª®© æ¨àªã«ïæ¨¨.

� 1. �¥à¥®á{¤¨ääã§¨ï ª®«¨ç¥áâ¢  ¤¢¨¦¥¨ï

� 1.1. �¥è¥¨¥ «®ª «ì®-®¤®¬¥àëå ãà ¢¥¨© ¯¥à¥®á {¤¨ääã§¨¨ ¯® ª ¦-
¤®© ª®®à¤¨ â¥ �; �; z1. �á¯®«ì§ã¥âáï ¥ï¢ ï áå¥¬  à áé¥¯«¥¨ï ¨ ª®¥ç®-
à §®áâ ï  ¯¯à®ªá¨¬ æ¨ï ¯® ¯à®áâà áâ¢ã. �¯¯à®ªá¨¬ æ¨ï ¯à®¨§¢®-
¤¨âáï   á¥âª å A, B, C.

� 1.2. �¥è¥¨¥ ãà ¢¥¨©, ®¯¨áë¢ îé¨å "áä¥à¨ç¥áª®¥ ¢à é¥¨¥"

� 2. �¤ ¯â æ¨ï ¯®«¥© â¥ç¥¨©, â¥¬¯¥à âãàë ¨ á®«¥®áâ¨
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� 2.1. �¥è¥¨¥ «®ª «ì®{®¤®¬¥àëå ãà ¢¥¨© ¯¥à¥®á {¤¨ääã§¨¨ â¥¬¯¥-
à âãàë ¨ á®«¥®áâ¨ ¯® ª ¦¤®© ª®®à¤¨ â¥ �; �; z1. �á¯®«ì§ã¥âáï ¥ï¢ ï
áå¥¬  à áé¥¯«¥¨ï ¨ ª®¥ç®-à §®áâ ï  ¯¯à®ªá¨¬ æ¨ï ¯® ¯à®áâà áâ¢ã.
�¯¯à®ªá¨¬ æ¨ï ¯à®¨§¢®¤¨âáï   á¥âª å B, C.

� 2.2. �ëç¨á«¥¨¥ ¯«®â®áâ¨ ¯® ãà ¢¥¨î á®áâ®ï¨ï.

� 2.3. �ëç¨á«¥¨¥ £®à¨§®â «ìëå ¡ à®ª«¨ëå á®áâ ¢«ïîé¨å áª®à®áâ¨
u; v. �á¯®«ì§ã¥âáï ¥ï¢ ï  ¯¯à®ªá¨¬ æ¨ï ª®à¨®«¨á®¢ëå á« £ ¥¬ëå,  ¯-
¯à®ªá¨¬ æ¨ï ¯® ¯à®áâà áâ¢ã { ª®¥ç®-à §®áâ ï. �¯¯à®ªá¨¬ æ¨ï ¯à®-
¨§¢®¤¨âáï   á¥âª å A, C. �à¨  ¯¯à®ªá¨¬ æ¨¨   á¥âª¥ C ¯à¨¬¥ï¥âáï
¯à®æ¥¤ãà  ¤¨ £® «¨§ æ¨¨ ª®à¨®«¨á®¢ëå á« £ ¥¬ëå [1].

� 2.4. � áç¥â ¡ à®âà®¯®© æ¨àªã«ïæ¨¨. � ¤ ç  á¢®¤¨âáï ª à¥è¥¨î ãà ¢-
¥¨ï ¤«ï äãªæ¨¨ â®ª  (¢ á«ãç ¥ ®¤®á¢ï§®©  ª¢ â®à¨¨) ¨«¨ ãà®¢¥-
®© ¯®¢¥àå®áâ¨. �á¯®«ì§ã¥âáï ¥ï¢ ï áå¥¬ , ª®¥ç®-à §®áâ ï ¨«¨
ª®¥ç®-í«¥¬¥â ï  ¯¯à®ªá¨¬ æ¨ï ¯® ¯à®áâà áâ¢ã, ¨â¥à æ¨®ë© ¬¥â®¤
¯®á«¥¤®¢ â¥«ì®© ¡«®ç®© à¥« ªá æ¨¨. �¯¯à®ªá¨¬ æ¨ï ¯à®¨§¢®¤¨âáï  
á¥âª¥ C.

4. � «¨§ à¥è¥¨ï   ®á®¢¥ ¬¥â®¤  á®¯àï¦¥ëå ãà ¢¥¨©
�ãáâì  àï¤ã á à¥è¥¨¥¬ § ¤ ç¨ ¬®¤¥«¨à®¢ ¨ï £¨¤à®«®£¨ç¥áª¨å ¯®«¥© à á-

á¬ âà¨¢ ¥âáï § ¤ ç  ®æ¥ª¨ § £àï§¥¨ï ¥ª®â®à®© ¯®¤®¡« áâ¨ ¬®àï ¨«¨ ®ª¥  
¯ áá¨¢®© ¯à¨¬¥áìî. �à¨¬¥ïï ¬¥â®¤ á®¯àï¦¥ëå ãà ¢¥¨© [8], íâ  § ¤ ç 
¬®¦¥â ¡ëâì á¢¥¤¥  ª ¢ëç¨á«¥¨î äãªæ¨¨ çã¢áâ¢¨â¥«ì®áâ¨ ¤«ï âà¥å¬¥à®£®
ãà ¢¥¨ï ¯¥à¥®á {¤¨ääã§¨¨ ¯ áá¨¢®© ¯à¨¬¥á¨. �à¥¤¯®«®¦¨¬, çâ® § ¤ ç 
à áç¥â  âà¥å¬¥à®£® ¯®«ï ¬®àáª¨å â¥ç¥¨© à¥è¥ . �à¥¤¯®«®¦¨¬ â ª¦¥, çâ®
¯ áá¨¢ë© § £àï§¨â¥«ì, ¨áâ®ç¨ª ª®â®à®£®  å®¤¨âáï   ¯®¢¥àå®áâ¨ ¬®àáª®£®
¡ áá¥© , à á¯à®áâà ï¥âáï ¢ ¢ëç¨á«¥®¬ ¡¥§¤¨¢¥à£¥â®¬ ¯®«¥ â¥ç¥¨©. �
íâ®¬ á«ãç ¥ ¯à®æ¥áá § £àï§¥¨ï ¬®àáª®£® ¡ áá¥©  D ¬®¦¥â ¡ëâì ®¯¨á  ãà ¢-
¥¨¥¬ ¯¥à¥®á  { ¤¨ääã§¨¨ ¤«ï ¯ áá¨¢®© ¯à¨¬¥á¨ ':8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

H @'
@t +

1
2

h
Hmu@'@� +

@
@� (Hmu') +Hnv @'@� +

@
@� (Hnv')

+w1
@'
@z1

+ @
@z1

(w1')
i
= F'1

�
H

@'
@z1

= Q ¯à¨ z1 = 0;
@'
@n1

= 0 ¯à¨ z1 = 1;

@'
@n = 0   �;

' = '0 ¯à¨ t = 0;

(57)

£¤¥ n1 ¨ n { ¢¥ªâ®àë ª®®à¬ «¨ ¨ ®à¬ «¨ á®®â¢¥âáâ¢¥®.
�ãáâì âà¥¡ã¥âáï ¨§ãç¨âì çã¢áâ¢¨â¥«ì®áâì á«¥¤ãîé¥£® äãªæ¨® « :



122 �. �. � «¥áë©, �. �. � ¬á «ã

J =

t̂Z
0

Z
D�

' � � � dDdt; (58)

£¤¥ � { ¢¥á®¢ ï äãªæ¨ï, ¢ë¤¥«ïîé ï ¯à®áâà áâ¢¥®{¢à¥¬¥ãî ¯®¤®¡« áâì,

¢ ª®â®à®© ¨§ãç ¥âáï ¨§¬¥¥¨¥ äãªæ¨® «  J. �æ¥ªã äãªæ¨® «  J ã¤®¡®
¯à®¢¥áâ¨ á ¯®¬®éìî ¬¥â®¤  á®¯àï¦¥ëå ãà ¢¥¨© [8]. � íâ®¬ á«ãç ¥ ¨¬¥¥¬:

J =

t̂Z
0

Z
D0

'� �Q � dD0dt+
Z
D1

H � '0 � '�0 � dD; (59)

£¤¥ D0 { ¯à®¥ªæ¨ï D1   ¯®¢¥àå®áâì z1 = 0,   '� { à¥è¥¨¥ á®®â¢¥âáâ¢ãî-

é¥© á®¯àï¦¥®© § ¤ ç¨ (á ¯à ¢®© ç áâìî, à ¢®© �, ¨ ã«¥¢ë¬¨ £à ¨çë¬¨
ãá«®¢¨ï¬¨): 8>>>>>>>>>>>><>>>>>>>>>>>>:

�H @'�

@t � 1
2

h
Hmu@'

�

@� + @
@� (Hmu'

�) +Hnv @'
�

@� +

@
@� (Hnv'

�) + w1
@'�

@z1
+ @

@z1
(w1'�)

i
= �

�
H
@'�

@z1
= 0 ¯à¨ z1 = 0; z1 = 1;

@'�

@n = 0   �;

'� = 0 ¯à¨ t = t̂:

(60)

�á«¨ ¯à¥¤¯®«®¦¨âì, çâ® ¢  ç «ìë© ¬®¬¥â ¢à¥¬¥¨ § £àï§¥¨¥ ®âáãâáâ-
¢ã¥â, â.¥. '0 = 0, ¯®«ãç¨¬

�J =

t̂Z
0

Z
D0

'� � �Q � dD0dt: (61)

�à¥¤¯®« £ ï, çâ®

Q = Q0 ¯à¨ t 2 (0; t1]; (62)

Q = 0 ¯à¨ t 2 (t1; t̂]; (63)

¨¬¥¥¬

�J =
Z
D0

�Q0(

t1Z
0

'�dt)dD: (64)
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�á¯®«ì§ãï (64), ¬®¦® ¢¢¥áâ¨ äãªæ¨î çã¢áâ¢¨â¥«ì®áâ¨

�(�; �; z1) =

t1Z
0

'�(�; �; z1)dt; (65)

ª®â®à ï å à ªâ¥à¨§ã¥â ¢ª« ¤ ª ¦¤®© â®çª¨ ¢ ®¡é¥¥ § £àï§¥¨¥ à áá¬ âà¨¢ -
¥¬®© ¯®¤®¡« áâ¨. �à¨ íâ®¬ äãªæ¨ï çã¢áâ¢¨â¥«ì®áâ¨ § ¢¨á¨â â®«ìª® ®â
å à ªâ¥à¨áâ¨ª "®åà ï¥¬®©  ª¢ â®à¨¨" (äãªæ¨¨ �) ¨ ¬®àáª®© ¤¨ ¬¨ª¨ ¨ ¥
§ ¢¨á¨â ®â à á¯®«®¦¥¨ï ¨áâ®ç¨ª  § £àï§¥¨ï.

� ¬¥â¨¬, çâ® � ¬®¦¥â à áá¬ âà¨¢ âìáï ¢ ª ç¥áâ¢¥ ¬¥àë à §«¨ç¨ï
¬¥¦¤ã ¤¢ã¬ï à §ë¬¨ ¯®«ï¬¨ â¥ç¥¨©, ¢ëç¨á«¥ë¬¨ ¯à¨ à §ëå ¢å®¤ëå
¢¥è¨å ¨ ¢ãâà¥¨å ¯ à ¬¥âà å ¬®¤¥«¨.

�¨â¥à âãà 
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�¨á«¥ë¥ íªá¯¥à¨¬¥âë
¯® ¬®¤¥«¨ ¤¨ ¬¨ª¨ �¥à®£® ¬®àï,

ãç¨âë¢ îé¥© ¯®£«®é¥¨¥ á®«¥ç®© à ¤¨ æ¨¨

�. �. �®à¤§ ¤§¥, �. �. �¥¬¥âà è¢¨«¨

�áâ¨âãâ £¥®ä¨§¨ª¨ �� �àã§¨¨

� ¯®¬®éìî ¥áâ æ¨® à®© ¡ à®ª«¨®© ¬®¤¥«¨ ¤¨ ¬¨ª¨ ¬®àï, ãç¨-
âë¢ îé¥© ¯®£«®é¥¨¥ á®«¥ç®© à ¤¨ æ¨¨ ¢®¤®©, ¢®á¯à®¨§¢®¤ïâáï áà¥¤¥-
£®¤®¢®© £¨¤à®«®£¨ç¥áª¨© à¥¦¨¬ �¥à®£® ¬®àï ¨ ¥£® á¥§®ë¥ ¨§¬¥¥¨ï.
�æ¥¨¢ ¥âáï à®«ì à ¤¨ æ¨¨ ¢ ä®à¬¨à®¢ ¨¨ £¨¤à®ä¨§¨ç¥áª®£® à¥¦¨¬ .

The mean annual hydrological regimen of the Black Sea and its seasonal
changes are reproduced on the basis of nonstationary baroclinic sea dynamic
model taking into account absorption of short-wave solar radiation by water.
The contribution of radiation to the formation of hydrophysical regimen is esti-
mated.

�®àà¥ªâ®¥ ®¯¨á ¨¥ ¨ ¨§ãç¥¨¥ â¥à¬¨ç¥áª®£® à¥¦¨¬  ¢¥àå¥£® á«®ï �¥à-
®£® ¬®àï ¯à¥¤áâ ¢«ï¥â § ç¨â¥«ìë© ¨â¥à¥á, ¢ ¯¥à¢ãî ®ç¥à¥¤ì, ¨§-§  ¥£®  ª-
â¨¢®© à®«¨ ¢® ¢§ ¨¬®¤¥©áâ¢¨¨ ¬®àï ¨  â¬®áä¥àë. �¬¥® íâ®â á«®© ï¢«ï¥âáï
á¢ï§ãîé¨¬ §¢¥®¬ ¬¥¦¤ã  â¬®áä¥à®© ¨ £«ã¡¨ë¬¨ á«®ï¬¨ �¥à®£® ¬®àï, ¨
¥£® á®áâ®ï¨¥ ¢® ¬®£®¬ ®¯à¥¤¥«ï¥â â¥¬¯¥à âãàë© à¥¦¨¬ ¨¦¨å á«®¥¢  â-
¬®áä¥àë. �  ç áâì á®«¥ç®© à ¤¨ æ¨¨, ª®â®à ï ¯à®¨ª ¥â ¢ ¢®¤ãî â®«éã
¤® ®¯à¥¤¥«¥®© £«ã¡¨ë ¢ § ¢¨á¨¬®áâ¨ ®â ®¯â¨ç¥áª¨å á¢®©áâ¢ ¬®àáª®© áà¥¤ë
(¬ãâ®áâì ¢®¤ë, ¡¨®¬ ááë ä¨â®- ¨ §®®¯« ªâ® ), ¯®£«®é ïáì ¨ à áá¥¨¢ ïáì
¢®¤®©, ¬®¦¥â ¨£à âì ®¯à¥¤¥«¥ãî à®«ì ¢ ä®à¬¨à®¢ ¨¨ áâàãªâãàë â¥¬¯¥à -
âãà®£® ¯®«ï ¨ ¢¥áâ¨ § ç¨â¥«ìë© ¢ª« ¤ ¢  ªªã¬ã«ïæ¨î ¤®¯®«¨â¥«ìëå
§ ¯ á®¢ â¥¯«  ¬®à¥¬.

�  áâ®ïé¥© áâ âì¥ ¯à¥¤¯à¨ïâ  ¯®¯ëâª  ãç¥áâì ¢ ¬®¤¥«¨ ¤¨ ¬¨ª¨ ¬®àï [1{
5] ¯®£«®é¥¨¥ ¬®àáª®© ¢®¤®© ª®à®âª®¢®«®¢®© à ¤¨ æ¨¨ ¨ ®æ¥¨âì ¢ª« ¤ íâ®£®
ä ªâ®à  ¢ ä®à¬¨à®¢ ¨¥ £¨¤à®ä¨§¨ç¥áª®£® à¥¦¨¬ .
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� ®á®¢¥ ¬®¤¥«¨ «¥¦ â á«¥¤ãîé¨¥ ãà ¢¥¨ï £¨¤à®â¥à¬®¤¨ ¬¨ª¨ ®ª¥  :

@u

@t
+ div ~uu� `v +

1
�0

@P 0

@x
= r�ru+ @

@z
�
@u

@z
;

@v

@t
+ div ~uv + `u+

1
�0

@P 0

@y
= r�rv + @

@z
�
@v

@z
;

@P 0

@z
= g�0; div ~u = 0;

@T 0

@t
+ div ~uT 0 + Tw = r�TrT 0 + @

@z
�T

@T 0

@z
+
@�T T
@z

� 1
c�0

@I

@z
� @T

@t
; (1)

@S0

@t
+ div~uS0 + Sw = r�SrS0 + @

@z
�S

@S0

@z
+
@�SS
@z

� @S

@t
;

�0 = �TT
0 + �SS

0; T =
@T

@z
; S =

@S

@z
;

�T = �10�3�0:0035+ 0:00938T + 0:0025S
�
;

T = T (z; t) + T 0; S = S(z; t) + S0; � = �(z; t) + �0; P = P (z; t) + P 0;

r�r =
@

@x
�
@

@x
+

@

@y
�
@

@y

á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨

@u

@z
= � �zx

�0�
;

@v

@z
= � �zy

�0�
; w = 0;

T 0 = T � � T (0; t); S0 = S� � S(0; t) ¯à¨ z = 0;

u = 0; v = 0;
@T 0

@n
= 0;

@S0

@n
= 0   �;

u = 0; v = 0; w = 0;
@T 0

@z
= �T ; @S0

@z
= �S ; ¯à¨ z = H; (2)

u = u0; v = v0; T 0 = T
00; S0 = S

00 ¯à¨ t = 0: (3)

�¤¥áì: u; v; w { ª®¬¯®¥âë ¢¥ªâ®à  áª®à®áâ¨ â¥ç¥¨ï ~u ¢¤®«ì ®á¥© x; y; z á®-
®â¢¥âáâ¢¥® (®áì x  ¯à ¢«¥    ¢®áâ®ª, ®áì y   á¥¢¥à, ®áì z { á ¯®¢¥àå®áâ¨
¬®àï ¢¥àâ¨ª «ì® ¢¨§); T 0, S0, P 0, �0 { ®âª«®¥¨ï â¥¬¯¥à âãàë, á®«¥®áâ¨,
¤ ¢«¥¨ï ¨ ¯«®â®áâ¨ ®â ®áà¥¤¥ëå ¯® £®à¨§®â «¨ ¯à®ä¨«¥© á®®â¢¥âáâ¢ãî-
é¨å ¢¥«¨ç¨ T , S, P , �; ` = `0 + �y { ¯ à ¬¥âà �®à¨®«¨á ; H , g, �0, c { £«ã¡¨ 
¡ áá¥© , ãáª®à¥¨¥ á¨«ë âï¦¥áâ¨, áà¥¤ïï ¯«®â®áâì ¨ ã¤¥«ì ï â¥¯«®¥¬ª®áâì
¬®àáª®© ¢®¤ë á®®â¢¥âáâ¢¥®; �, �T;S , �, �T;S { £®à¨§®â «ìë© ¨ ¢¥àâ¨ª «ìë©
ª®íää¨æ¨¥âë âãà¡ã«¥â®áâ¨ ¤«ï ¨¬¯ã«ìá , â¥¯«  ¨ á®«¥© á®®â¢¥âáâ¢¥®; n
{ ¢¥èïï ®à¬ «ì ª ¡®ª®¢®© ¯®¢¥àå®áâ¨ �; �zx, �zy, T �, S� { ª®¬¯®¥âë â -
£¥æ¨ «ì®£®  ¯àï¦¥¨ï ¢¥âà  ¢¤®«ì ®á¥© x ¨ y, â¥¬¯¥à âãà  ¨ á®«¥®áâì  
¯®¢¥àå®áâ¨ ¬®àï á®®â¢¥âáâ¢¥®.

�à¥¤¯®á«¥¤¥¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ ãà ¢¥¨ï ¯à¨â®ª  â¥¯«  ¢ëà ¦ ¥â
¯®£«®é¥¨¥ ¬®àáª®© ¢®¤®© áã¬¬ à®© á®«¥ç®© à ¤¨ æ¨¨, £¤¥ ¯®â®ª à ¤¨ æ¨¨
ï¢«ï¥âáï íªá¯®¥æ¨ «ì® § âãå îé¥© äãªæ¨¥© á £«ã¡¨®©
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I = �(1�A)I0e��z;

I0 = a sinh� � b
p
sinh�; (4)

sinh� = sin' sin + cos' cos cos
�

12
� t:

�¤¥áì: I0 { ¯®áâã¯ îé¨©   ¯®¢¥àå®áâì ¬®àï ¯®â®ª áã¬¬ à®© à ¤¨ æ¨¨,
®¯à¥¤¥«¥ë© ä®à¬ã«®© �«ì¡à¥åâ  [6]; � { ¯®ª § â¥«ì ¯®£«®é¥¨ï ª®à®âª®¢®«-
®¢®© à ¤¨ æ¨¨ ¬®àáª®© ¢®¤®©; A {  «ì¡¥¤® ¬®àáª®© ¯®¢¥àå®áâ¨; h� { §¥¨âë©
ã£®« �®«æ ; ' { £¥®£à ä¨ç¥áª ï è¨à®â ;  { áª«®¥¨¥ �®«æ ; � { ª®íää¨æ¨-
¥â, ãç¨âë¢ îé¨© ¢«¨ï¨¥ ®¡« ç®áâ¨   à ¤¨ æ¨î ¨ ®¯à¥¤¥«¥ë© ä®à¬ã«®©
[7]

� = 1� ( eA+eben) � en: (5)

�å®¤ïé¨¥ ¢ ä®à¬ã«ë (4) ¨ (5) a, b, ea, eb { í¬¯¨à¨ç¥áª¨¥ ª®íää¨æ¨¥âë,   en {
¡ «« ®¡é¥© ®¡« ç®áâ¨ ¢ ¥¤¨¨æ å.

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯®á«¥ ¯à¨á®¥¤¨¥¨ï  â¬®áä¥à®£® ¡«®ª  ¨ ãà ¢¥-
¨ï â¥¯«®¢®£® ¡ « á  ¯®¢¥àå®áâ¨ ¬®àï ª ¬®¤¥«¨ ®ª ¦¥âáï ¢®§¬®¦ë¬ à á-
áç¨â âì áãâ®çë© å®¤ â¥¬¯¥à âãà®£® ¯®«ï ¯à¨ z = 0 ¨«¨ ¯®â®ª®¢ â¥¯«  ã
¬®àáª®© ¯®¢¥àå®áâ¨. �®«ãç¥ë¥ § ç¥¨ï ¯®¢¥àå®áâ®© â¥¬¯¥à âãàë ¨«¨
¯®â®ª®¢ â¥¯«  ¡ã¤ãâ ¨á¯®«ì§®¢ ë ¢ § ¤ ç¥ ¤¨ ¬¨ª¨ ¬®àï ¢ ª ç¥áâ¢¥ ¢¥àå¥£®
£à ¨ç®£® ãá«®¢¨ï.

� à ¡®â¥ [8] ãáâ ®¢«¥®, çâ® § ¤ ç  (1){(3) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥.
�«ï ç¨á«¥®£® à¥è¥¨ï § ¤ ç¨ (1){(3) ¨á¯®«ì§®¢  ¯à¥¤«®¦¥ë© �.�. � à-
çãª®¬ [1] ¤¢ãæ¨ª«¨ç¥áª¨© ¬¥â®¤ à áé¥¯«¥¨ï ®á®¢®© § ¤ ç¨ ª ª ¯® ä¨§¨-
ç¥áª¨¬ ¯à®æ¥áá ¬, â ª ¨ ¯® ¯à®áâà áâ¢¥ë¬ ª®®à¤¨ â ¬ ¨ ¢¥àâ¨ª «ìë¬ á¥-
ç¥¨ï¬, ¯®§¢®«ïîé¨© áãé¥áâ¢¥® ã¯à®é âì à¥ «¨§ æ¨î á«®¦ëå ä¨§¨ç¥áª¨å
¬®¤¥«¥©. � ª ¨ ¢ [4], ª®íää¨æ¨¥âë £®à¨§®â «ì®© ¨ ¢¥àâ¨ª «ì®© âãà¡ã«¥â-
®áâ¨ à ááç¨âë¢ «¨áì ¢ ¯à®æ¥áá¥ à¥è¥¨ï § ¤ ç¨.

�®¤¥«ì à¥ «¨§®¢   ¤«ï ¡ áá¥©  �¥à®£® ¬®àï á ãç¥â®¬ ª¢ §¨à¥ «ì®©
â®¯®£à ä¨¨ ¤ . �®¢¥àå®áâì ¬®àï ¯®ªàë¢ « áì à¥£ã«ïà®© á¥âª®© á ¯®áâ®ï-
ë¬¨ è £ ¬¨ �x ¨ �y, à ¢ë¬¨ 37 ª¬. �®«¨ç¥áâ¢® â®ç¥ª ¯® £®à¨§®â «ìë¬
ª®®à¤¨ â ¬ x ¨ y { 30 ¨ 16 á®®â¢¥âáâ¢¥®. �® ¢¥àâ¨ª «¨ ¡ë«® 34 ãà®¢ï, ¨§
¨å 32 à áç¥âëå (1, 3, 5, 7, 11, 15, 25, 35, 55, 85, 135, 205, 305, : : : , 2205 ¬).

� ¯®¬®éìî ¬®¤¥«¨ ¡ë«¨ ¢®á¯à®¨§¢¥¤¥ë áà¥¤¥£®¤®¢®© £¨¤à®«®£¨ç¥áª¨© à¥-
¦¨¬ �¥à®£® ¬®àï ¨ ¥£® á¥§®ë¥ ¨§¬¥¥¨ï. � ¯¥à¢®¬ ç¨á«¥®¬ íªá¯¥à¨-
¬¥â¥ ¤«ï ¯®«ãç¥¨ï áà¥¤¥£®¤®¢ëå £¨¤à®ä¨§¨ç¥áª¨å ¯®«¥© ¨á¯®«ì§®¢ «¨áì â¥
¦¥ áà¥¤¥£®¤®¢ë¥ ª«¨¬ â¨ç¥áª¨¥ ¢å®¤ë¥ ¤ ë¥ ® äãªæ¨ïå �zx, �zy, T �, S�,
T ¨ S, ª ª ¨ ¢ [4]. �®£« á® [9] áà¥¤¥£®¤®¢ë¥ § ç¥¨ï  «ì¡¥¤®, ®¡é¥© ®¡-
« ç®áâ¨ ¨ ¯®â®ª  áã¬¬ à®© à ¤¨ æ¨¨ ¯à¨ z = 0 ¡ë«¨ � = 0:15, en = 0; 55,
I0 = 0; 252 ��â

¬2 . � ª®¥ § ç¥¨¥ I0 á®®â¢¥âáâ¢ã¥â ãá«®¢¨ï¬ ¡¥§®¡« ç®£® ¥¡ 
¤«ï 40o á. è. �®£« á® [7] í¬¯¨à¨ç¥áª¨¥ ª®íää¨æ¨¥âë ea = eb = 0; 38. � ç¨á«¥-
®¬ íªá¯¥à¨¬¥â¥ ¯® ¬®¤¥«¨à®¢ ¨î á¥§®®© ¨§¬¥ç¨¢®áâ¨ £¨¤à®ä¨§¨ç¥áª¨å
¯®«¥© ¯à¨¬¥ï« áì â  ¦¥ ¨â¥à¯®«ïæ¨ï ¤«ï ¢®á¯à®¨§¢¥¤¥¨ï á¥§®®£® å®¤ 
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�zx, �zy, T �, S�, T ¨ S, ª ª ¨ ¢ [10]. �ãâ®çë© å®¤ ¯®áâã¯ îé¥© ª ¯®¢¥àå®áâ¨
à ¤¨ æ¨¨ à ááç¨âë¢ «áï ¯® ä®à¬ã«¥ (4), £¤¥ a = 1; 54 ��â

¬2 , b = 0; 22 ��â
¬2 . � ¢¨-

á¨¬®áâì  «ì¡¥¤® ®â §¥¨â®£® ã£«  ¢ ®á®¢®¬ ¨¬¥«  â ª®© ¦¥ å à ªâ¥à, ª ª®©
ãª §  ¢ â ¡«¨æ¥, ¯à¨¢¥¤¥®© ¢ [11], ¯à¨ ¢®«¥¨¨ ¬®àáª®© ¯®¢¥àå®áâ¨ 1{3
¡ ««  ¨ ¨¦¥© ®¡« ç®áâ¨ 0.2 ¡ «« . �®£« á® íâ®© â ¡«¨æ¥ A(h�) ¯à¥â¥à¯¥-
¢ ¥â § ç¨â¥«ìë¥ áãâ®çë¥ ¨§¬¥¥¨ï. � ¯à¨¬¥à, ¯à¨ h� = 60� A = 0; 039,
  ¯à¨ h� = 5� A = 0; 26. �¥§®ë© å®¤ ®¡é¥© ®¡« ç®áâ¨  ¤ ¡ áá¥©®¬ �¥à-
®£® ¬®àï ¢®á¯à®¨§¢®¤¨«¨ ¨â¥à¯®«ïæ¨¥© ¯® áà¥¤¥á¥§®ë¬ ¢¥«¨ç¨ ¬ ¡ «« 
®¡« ç®áâ¨, ¯à¨¢¥¤¥ë¬ ¢ [9]. �®ª § â¥«ì ¯®£«®é¥¨ï à ¤¨ æ¨¨ � ¢ ®¡®¨å
íªá¯¥à¨¬¥â å ¯à¨¨¬ «¨ à ¢ë¬ 0:0023¬�1. � ª®¥ § ç¥¨¥ � á®®â¢¥âáâ¢ã¥â
®¡ëç®© ®ª¥ áª®© ¢®¤¥, ¢ ª®â®à®© ®ª®«® 10% ¯®áâã¯¨¢è¥© à ¤¨ æ¨¨ ¤®áâ¨£ ¥â
£«ã¡¨ë 10 ¬ [12]. �¤¥«ì ï â¥¯«®¥¬ª®áâì c = 4; 09�¦.�£�1 � ��1, ª®â®à ï á®-
®â¢¥âáâ¢ã¥â ¬®àáª®© ¢®¤¥ á á®«¥®áâìî ¯à¨¬¥à® 18%o. �áâ «ìë¥ ¯ à ¬¥âàë,
¨á¯®«ì§ã¥¬ë¥ ¢ ®¡®¨å íªá¯¥à¨¬¥â å, ¨¬¥«¨ á«¥¤ãîé¨¥ § ç¥¨ï:

�0 = 1 £:á¬�3; ` = 0; 95 � 10�4c�1; � = 10�13á¬�1 � c�1; �t = 1ç:

� ç¨á«¥®¬ íªá¯¥à¨¬¥â¥ ¯® ¬®¤¥«¨à®¢ ¨î áà¥¤¥£®¤®¢ëå ¯®«¥© ¨â¥£à¨-
à®¢ ¨¥ á¨áâ¥¬ë ãà ¢¥¨¨ (1)  ç¨ «®áì á ã«¥¢ëå  ç «ìëå ãá«®¢¨© ¨ ¯à®-
¤®«¦ «®áì ¤® ãáâ ®¢«¥¨ï ª¢ §¨áâ æ¨® à®£® á®áâ®ï¨ï. �®áâ¨¦¥¨¥ â ª®£®
á®áâ®ï¨ï ª®âà®«¨à®¢ «®áì ¯® ¯®¢¥¤¥¨î ¢® ¢à¥¬¥¨ ª¨¥â¨ç¥áª®© ¨ ¯®â¥æ¨-
 «ì®© í¥à£¨©. � ç¨á«¥®¬ íªá¯¥à¨¬¥â¥ á¥§®®£® å®¤   ç «ìë© ¬®¬¥â
¨â¥£à¨à®¢ ¨ï á®®â¢¥âáâ¢®¢ « § ç¥¨î ¯®â®ª  à ¤¨ æ¨¨ I0 ª ¬®¬¥âã 12 ç
áà¥¤¥¯®ïá®£® ¢à¥¬¥¨ 15 ï¢ àï, ¢ëç¨á«¥®£® ¯® ä®à¬ã«¥ (4),   ¢ ª ç¥áâ¢¥
 ç «ì®£® á®áâ®ï¨ï ¯à¨¨¬ «¨áì áà¥¤¥£®¤®¢ë¥ ª«¨¬ â¨ç¥áª¨¥ ¯®«ï u, v, T 0,
S0, ¯®«ãç¥ë¥ ¢ ¯¥à¢®¬ íªá¯¥à¨¬¥â¥. �¥§ã«ìâ âë à áç¥â®¢   «¨§¨à®¢ «¨áì
  ç¥â¢¥àâ®¬ £®¤ã ¬®¤¥«ì®£® ¢à¥¬¥¨ ¯®á«¥  ç «  ¨â¥£à¨à®¢ ¨ï.

�  à¨á.1 ¨ 2 ¯®ª § ë ®áà¥¤¥ë¥ ¯® £®à¨§®â ¬ ¯à®ä¨«¨ â¥¬¯¥à âãà, á®-
®â¢¥âáâ¢ãîé¨å 15-¬ ç¨á« ¬ ï¢ àï,  ¯à¥«ï, ¨î«ï ¨ ®ªâï¡àï,   â ª¦¥ áà¥¤¥-
£®¤®¢ë¬ ãá«®¢¨ï¬ ¢ £«ã¡®ª®¢®¤®© (H > 2000 ¬) ¨ ¢®áâ®ç®© ç áâïå  ª¢ â®à¨¨.
�®áâ®çë© à ©® ¬®àï ¡ë« à á¯®«®¦¥ ¬¥¦¤ã 39o030 ¢. ¤. ¨ ¡¥à¥£®¢®© «¨¨¥©.
� «¨§ íâ¨å ¯à®ä¨«¥© ¯®ª §ë¢ ¥â ¨å ®¯à¥¤¥«¥ãî ¨§¬¥ç¨¢®áâì ¢ § ¢¨á¨-
¬®áâ¨ ®â á¥§®  ¨ à ©® . �¥§ã«ìâ âë ¬®¤¥«¨ ¯®¤â¢¥à¦¤ îâ ¨§¢¥áâë¥ ¨§  -
¡«î¤¥¨© ®á®¢ë¥ ®á®¡¥®áâ¨ ¢¥àâ¨ª «ì®© â¥à¬¨ç¥áª®© áâàãªâãàë �¥à®£®
¬®àï [13-15]. � ¢¥àå¥¬ á«®¥, ¢ £«ã¡®ª®¢®¤®© ®¡« áâ¨ ¬®àï ¯à¨ áà¥¤¥£®¤®¢ëå
ª«¨¬ â¨ç¥áª¨å ãá«®¢¨ïå ¨ ¯® ¢á¥¬ á¥§® ¬ £®¤  ªà®¬¥ §¨¬ë, ç¥âª® ¢ë¤¥«ïîâáï
¢¥àå¨© ª¢ §¨®¤®à®¤ë© á«®©, á¥§®ë© â¥à¬®ª«¨ ¨ å®«®¤ë© ¯à®¬¥¦ãâ®ç-
ë© á«®© (���). �¡á®«îâë© ¬¨¨¬ã¬ â¥¬¯¥à âãàë ¢ íâ®¬ á«®¥  å®¤¨âáï
  £«ã¡¨¥ 55 ¬. �¨¦¥ íâ®£® á«®ï â¥¬¯à âãà  ¥§ ç¨â¥«ì® ¢®§à áâ ¥â ¯à¨-
¬¥à® ¤® 9oC. �§ à¨á. 1. ¢¨¤®, çâ® â¥à¬®ª«¨ ®á®¡¥® á¨«ì® ¢ëà ¦¥ «¥â®¬
¢ ®¡¥¨å ç áâïå  ª¢ â®à¨¨. �®¨¦¥¨¥ â¥¬¯¥à âãàë ¢ íâ®¬ á«®¥ á®áâ ¢«ï¥â
¯à¨¬¥à® 14��15oC, çâ® å®à®è® á®£« áã¥âáï á íªá¯¥à¨¬¥â «ìë¬¨ ¤ ë¬¨
[15]. �¨¬®© ¢¥àâ¨ª «ì®¥ à á¯à¥¤¥«¥¨¥ â¥¬¯¥à âãàë ¨¬¥¥â á®¢¥àè¥® ¨®©
¢¨¤. �å« ¦¤¥¨¥ ¯®¢¥àå®áâ¨ ¬®àï ¨§-§  ®â¤ ç¨ â¥¯«   â¬®áä¥à¥ ¯à¨¢®¤¨â ª
¨â¥á¨¢®¬ã à §¢¨â¨î ¯à®æ¥áá®¢ ª®¢¥ªâ¨¢®£® ¯¥à¥¬¥è¨¢ ¨ï, á¯®á®¡áâ¢ã-
îé¨å ¢ëà ¢¨¢ ¨î â¥¬¯¥à âãà. �¨¬®© ®å« ¦¤¥¨¥ áãè¨ ®ª §ë¢ ¥â § ¬¥â®¥
¢«¨ï¨¥   â¥¬¯¥à âãàã ¯à¨¡à¥¦ëå ¢®¤. �®íâ®¬ã ¢ £«ã¡®ª®¢®¤®© ç áâ¨ ¬®àï
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§¨¬®© â¥¬¯¥à âãà  ¢ ¢¥àå¨å á«®ïå ¢ëè¥, ç¥¬ ¢ ¯à¨¡à¥¦®© ¢®áâ®ç®© §®¥.
� ª ¢¨¤® ¨§ à¨á.1¡, ¢ ¢®áâ®ç®¬ à ©®¥ ¬®àï, ¢ ®â«¨ç¨¥ ®â £«ã¡®ª®¢®¤®©
ç áâ¨, ��� ®âáãâáâ¢ã¥â «¥â®¬ ¨ ¯à¨ áà¥¤¥£®¤®¢ëå ª«¨¬ â¨ç¥áª¨å ãá«®¢¨ïå.
�  à¨á. 3 ¯à¥¤áâ ¢«¥ë ¢¥àâ¨ª «ìë¥ á¥ç¥¨ï â¥¬¯¥à âãàë ¢¤®«ì ¯ à ««¥«¨
43o180 á. è., á®®â¢¥âáâ¢ãîé¨¥ 15 ¨î«ï ¨ 15 ®ªâï¡àï.

�¥§®ë¥ ¨§¬¥¥¨ï ¯à®ï¢«ïîâáï ¡®«ìè¥ ¢á¥£® ¢ â¥¬¯¥à âãà®¬ ¯®«¥. � 
à¨á.4 ¯®ª § ë á¥§®ë¥ ¨§¬¥¥¨ï ®áà¥¤¥®© ¯® £«ã¡®ª®¢®¤®©  ª¢ â®à¨¨
â¥¬¯¥à âãàë   à §ëå £«ã¡¨ å. �¬¯«¨âã¤ë á¥§®ëå ª®«¥¡ ¨© á £«ã¡¨®©
ã¬¥ìè îâáï ¨ ¨¦¥ 85 ¬ ¯à ªâ¨ç¥áª¨ ®âáãâáâ¢ãîâ. �®£«®é¥¨¥ ¬®àáª®© ¢®-
¤®© á®«¥ç®© à ¤¨ æ¨¨ ¯à¨¢®¤¨â ª ¯à®£à¥¢ã ¢®¤ë ¯à¨¬¥à®   0:1 � �0:3oC
¨ ª ¬ «ë¬ áãâ®çë¬ ª®«¥¡ ¨ï¬ â¥¬¯¥à âãàë ¢¥àå¥£® á«®ï ¬®àï. �  à¨á. 5
¯®ª § ë áãâ®çë¥ ª®«¥¡ ¨ï ®áà¥¤¥®© ¯® £«ã¡®ª®¢®¤®¬ã à ©®ã ¡ áá¥© 
â¥¬¯¥à âãàë 15 ¨ 16 ¨î«ï   £«ã¡¨ å 3 ¨ 11 ¬. �à®¢¥¤¥ë¥  ¬¨ ®æ¥ª¨
¯®ª § «¨, çâ® ¥á¬®âàï   ¬ «®áâì ¨§¬¥¥¨ï â¥¬¯¥à âãàë ¢®¤ë ¯®¤ ¢«¨ï¨¥¬
¯®£«®é¥¨ï à ¤¨ æ¨¨ ¨§-§  ¥¥ ¡®«ìè®© â¥¯«®¥¬ª®áâ¨, ¯®¢¥àå®áâë¥ á«®¨ �¥à-
®£® ¬®àï ¬®£ãâ  ªªã¬ã«¨à®¢ âì § ç¨â¥«ìë¥ § ¯ áë â¥¯« ,   íâ®â ä ªâ®à
¡ã¤¥â ¨£à âì ¥ ¢â®à®áâ¥¯¥ãî à®«ì ¢ ¯à®æ¥áá¥ ¢§ ¨¬®¤¥©áâ¢¨ï ¬®àï ¨  â¬®-
áä¥àë. � ¬¨ ¢ëç¨á«ï«®áì â¥¯«®á®¤¥à¦ ¨¥

Q = c

Z Z Z
�Tdxdydz

¯®¢¥àå®áâ®£® á«®ï â®«é¨®© 55 ¬ ª ª á ãç¥â®¬, â ª ¨ ¡¥§ ãç¥â  ¯®£«®è¥¨ï
ª®à®âª®¢®«®¢®© à ¤¨ æ¨¨. �  à¨á. 6 ¯®ª § ® ¨§¬¥¥¨¥ à §®áâ¨Q0 = Q1�Q2

¯® ¬¥áïæ ¬, £¤¥ Q1 ¨ Q2 { § ç¥¨ï â¥¯«®á®¤¥à¦ ¨ï ¯®¢¥àå®áâ®£® á«®ï, à á-
áç¨â ë¥  ¬¨ á ãç¥â®¬ ¨ ¡¥§ ãç¥â  à ¤¨ æ¨¨ á®®â¢¥âáâ¢¥®. �§ à¨áãª 
¢¨¤®, çâ® í¥à£¥â¨ç¥áª®¥ ¢«¨ï¨¥ à ¤¨ æ¨¨ ¡®«ìè¥ ¢á¥£® ¯à®ï¢«ï¥âáï ¢  ¢-
£ãáâ¥, ¨ §  íâ®â ¯¥à¨®¤ ¢¥àå¨© á«®© ¬®àï, ¢á«¥¤áâ¢¨¥ ¯®£«®é¥¨ï á®«¥ç®©
à ¤¨ æ¨¨, ¬®¦¥â  ª®¯¨âì § ç¨â¥«ì®¥ ª®«¨ç¥áâ¢® â¥¯«®¢®© í¥à£¨¨. �«¥¬¥-
â àë¥ ®æ¥ª¨ ¯®ª §ë¢ îâ, çâ® ¥á«¨ ¡ë íâã í¥à£¨î ¬®à¥ ®â¤ «®  â¬®áä¥à¥, â®
íâ® ¡ë«® ¡ë ¤®áâ â®ç® ¤«ï ¯®£à¥¢    10oC á«®ï ¢®§¤ãå  â®«é¨®© ¯à¨¬¥à®
600 ¬, «¥¦ é¥£®  ¤  ª¢ â®à¨¥© �¥à®£® ¬®àï.

� «¨§ à¥§ã«ìâ â®¢ ¬®¤¥«ìëå à áç¥â®¢ ¯®ª § «, çâ® ¯®£«®é¥¨¥ à ¤¨ æ¨¨
¢ë§ë¢ ¥â ¥§ ç¨â¥«ìë¥ ¨§¬¥¥¨ï ¢ æ¨àªã«ïæ¨¨ ¨ à á¯à¥¤¥«¥¨¨ ¯«®â®áâ¨
¨ á®«¥®áâ¨.

�  à¨á. 7 ¯®ª § ë à ááç¨â ë¥ â¥ç¥¨ï   £«ã¡¨¥ 25 ¬, á®®â¢¥âáâ¢ãîé¨¥
15 ®ªâï¡àï ¨ 15 ï¢ àï,     à¨á. 8 { à ááç¨â ®¥ ¯®«¥ ãá«®¢®© ¯«®â®áâ¨
  â®© ¦¥ £«ã¡¨¥ ¨ ¢ â¥ ¦¥ ¬®¬¥âë ¢à¥¬¥¨. �®£« á® íªá¯¥à¨¬¥â «ìë¬
¤ ë¬ ® ¯®¢¥àå®áâ®© æ¨àªã«ïæ¨¨ ¢áï  ª¢ â®à¨ï �¥à®£® ¬®àï ®å¢ ç¥  æ¨ª-
«®¨ç¥áª¨¬ ªàã£®¢®à®â®¬ á ¤¢ã¬ï ®á®¢ë¬¨ æ¨ª«®¨ç¥áª¨¬¨ ªàã£®¢®à®â ¬¨
¢ § ¯ ¤®© ¨ ¢®áâ®ç®© ç áâïå  ª¢ â®à¨¨ [13{16]. �à®¬¥ â®£®, íªá¯¥à¨¬¥â «ì-
ë¥ ¤ ë¥ £®¢®àïâ ®¡ ¨â¥á¨ä¨ª æ¨¨ æ¨ª«®¨ç¥áª®© æ¨àªã«ïæ¨¨ ¢ §¨¬¨©
¯¥à¨®¤ [15]. � è¨ à áç¥âë ¯®¤â¢¥à¦¤ îâ íâ¨ ¢ë¢®¤ë. � ¨å, ª ª ¢¨¤® ¨§
à¨á. 7, ¢ î£®-¢®áâ®ç®© ç áâ¨ ¡ áá¥©  ¨¬¥¥â ¬¥áâ®  â¨æ¨ª«®¨ç¥áª ï æ¨àªã-
«ïæ¨ï, ª®â®à ï ¡®«¥¥ ®âç¥â«¨¢® ¢ëà ¦¥  ®á¥ìî. � ª ï æ¨àªã«ïæ¨ï ¢ íâ®©
ç áâ¨ ¬®àï áãé¥áâ¢®¢ «  ¢ â¥ç¥¨¥ ¢á¥£® £®¤  á ¥ª®â®àë¬¨ ¢ãâà¨£®¤®¢ë¬¨
¨§¬¥¥¨ï¬¨ ¥¥ áâàãªâãàë, ¨â¥á¨¢®áâ¨ ¨ ¬¥áâ®¯®«®¦¥¨ï. �«¥¤ã¥â ®â¬¥-
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â¨âì, çâ® íâ®â à¥§ã«ìâ â  å®¤¨âáï ¢ å®à®è¥¬ á®£« á¨¨ á à¥§ã«ìâ â®¬, ¯®«ã-
ç¥ë¬ ¯® ç¨á«¥®© ¬®¤¥«¨ [17]. �à®¬¥ â®£®, íªá¯¥à¨¬¥â «ìë¥ ¨áá«¥¤®¢ -
¨ï ãª §ë¢ îâ   áãé¥áâ¢®¢ ¨¥  â¨æ¨ª«®¨ç¥áª®£® ¢¨åàï ¢ íâ®© ç áâ¨ ¬®àï
[14, 15]. � «¨§ à ááç¨â ëå ¯®«¥© á®«¥®áâ¨ ¨ ¯«®â®áâ¨ ¯®ª §ë¢ ¥â, çâ®
®¨ å®à®è® ª®àà¥«¨àãîâ ¬¥¦¤ã á®¡®©,   íâ® ¯®¤â¢¥à¦¤ ¥â ¢ë¢®¤, á¤¥« ë©
¢ [3, 5] ® â®¬, çâ® ¯«®â®áâì ®¯à¥¤¥«ï¥âáï ¢ ®á®¢®¬ á®«¥®áâìî. �§ à¨á. 8
¢¨¤®, çâ® ¯®«¥ ¯«®â®áâ¨  å®¤¨âáï ¢ å®à®è¥© ª®àà¥«ïæ¨¨ á æ¨àªã«ïæ¨¥©.
�¨¬®©, ª®£¤  æ¨ª«®¨ç¥áª ï æ¨àªã«ïæ¨ï ¨â¥á¨¢ , ¨§®¯¨ª¨ç¥áª¨¥ ¯®¢¥àå-
®áâ¨ ¨¬¥îâ ç¥âª® ¢ëà ¦¥ãî ªã¯®«®®¡à §ãî ä®à¬ã á ¤¢ã¬ï ¢ë¯ãª«®áâï¬¨
¢ § ¯ ¤®© ¨ ¢®áâ®ç®© ç áâïå ¡ áá¥© , æ¥âàë ª®â®àëå ¯à¨¬¥à® á®¢¯ ¤ îâ
á æ¥âà ¬¨ æ¨ª«®¨ç¥áª¨å ªàã£®¢®à®â®¢. � «®£¨ç®© ®á®¡¥®áâìî å à ªâ¥-
à¨§ã¥âáï ¯®«¥ á®«¥®áâ¨. �®«ãç¥ë¥ ®á®¢ë¥ ®á®¡¥®áâ¨ ¯®«¥© ¯«®â®áâ¨ ¨
á®«¥®áâ¨  å®¤ïâáï ¢ å®à®è¥¬ á®£« á¨¨ á ¤ ë¬¨  ¡«î¤¥¨© [13{16].

�¨á. 1. �áà¥¤¥ë¥ ¯à®ä¨«¨ â¥¬¯¥à âãàë (oC):   { ¢ £«ã¡®ª®¢®¤®© ç áâ¨
¬®àï; ¡ { ¢ ¢®áâ®ç®© ç áâ¨ ¬®àï; 1 { 15 ¨î«ï, 2 { áà¥¤¥£®¤®¢®©, 3 { 15

 ¯à¥«ï, 4 { 15 ®ªâï¡àï

�¨á. 2. �áà¥¤¥ë¥ ¯à®ä¨«¨ â¥¬¯¥à âãàë (15 ï¢ àï): 1 { ¢ £«ã¡®ª®¢®¤®©
ç áâ¨ ¬®àï; 2 { ¢ ¢®áâ®ç®© ç áâ¨ ¬®àï
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�¨á. 3. � á¯à¥¤¥«¥¨¥ â¥¬¯¥à âãàë ¢ ¢¥àâ¨ª «ì®¬ á¥ç¥¨¨ ¯® ¯ à ««¥«¨
43o180 á. è.:   { 15 ¨î«ï, ¡ { 15 ®ªâï¡àï

�¨á. 4. �®¤®¢®© å®¤ ®áà¥¤¥®© ¢ £«ã¡®ª®¢®¤®© ç áâ¨ â¥¬¯¥à âãàë
  £«ã¡¨ å: 1 { 1 ¬; 2 { 11 ¬; 3 { 35 ¬; 4 { 85 ¬

�¨á. 5. �ãâ®çë© å®¤ ®áà¥¤¥®© ¢ £«ã¡®ª®¢®¤®© ç áâ¨ ¬®àï â¥¬¯¥à âãàë
15 ¨ 16 ¨î«ï   £«ã¡¨ å: 1 { 3 ¬; 2 { 11 ¬
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�¨á. 6. �®¤®¢®© å®¤ ¯à¨à®áâ  â¥¯«®á®¤¥à¦ ¨ï ¢¥àå¥£® 55-¬¥âà®¢®£® á«®ï,
®¡ãá«®¢«¥®£® ¯®£«®é¥¨¥¬ á®«¥ç®© à ¤¨ æ¨¨ (¢ ¥¤¨¨æ å 107 ��¦)

�¨á. 7. �®«¥ â¥ç¥¨ï   £«ã¡¨¥ 25 ¬:   { 15 ®ªâï¡àï; ¡ { 15 ï¢ àï
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�¨á. 8. � á¯à¥¤¥«¥¨¥ ãá«®¢®© ¯«®â®áâ¨   £«ã¡¨¥ 25 ¬:   { 15 ®ªâï¡àï; ¡ {
15 ï¢ àï
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¯®£®¤ë, â¥®à¨¨ ª«¨¬ â  ¨ ®åà ë ®ªàã¦ é¥© áà¥¤ë [1{8].

� áâ®ïé ï áâ âìï ¯®á¢ïé¥  ¨§«®¦¥¨î ¥ª®â®àëå  á¯¥ªâ®¢ ¬¥â®¤®«®£¨¨
¬®¤¥«¨à®¢ ¨ï,   ¨¬¥® à §à ¡®âª¥ ¢ à¨ æ¨®ëå ¯à¨æ¨¯®¢ ¨ ¬¥â®¤®¢ ®¯â¨-
¬¨§ æ¨¨ ¤«ï á®¢¬¥áâ®£® ¨á¯®«ì§®¢ ¨ï ç¨á«¥ëå ¬®¤¥«¥© ¨ ¤ ëå ¬®¨â®-
à¨£ . �® á®¤¥à¦ ¨î ®  ¯à¥¤áâ ¢«ï¥â à §¢¨â¨¥ à ¡®â ¯® ¬¥â®¤ ¬ ¯àï¬®£®
¨ ®¡à â®£® ¬®¤¥«¨à®¢ ¨ï ¤«ï à¥è¥¨ï ¢§ ¨¬®á¢ï§ ëå § ¤ ç íª®«®£¨¨ ¨
ª«¨¬ â  [7{18].

� ª®¯«¥ë© ¢ ¬¨à¥ ®¯ëâ à¥è¥¨ï  ãçëå ¨ ¯à ªâ¨ç¥áª¨å § ¤ ç ¯à¨à®-
¤®®åà ®£®  ¯à ¢«¥¨ï ¯®ª §ë¢ ¥â, çâ® ¬ â¥¬ â¨ç¥áª¨¥ ¬®¤¥«¨ ¨ ¤ ë¥  -
âãàëå ¨ááá«¥¤®¢ ¨© ¨  ¡«î¤ â¥«ìëå íªá¯¥à¨¬¥â®¢ ï¢«ïîâáï à ¢®¯à ¢-
ë¬¨ ¨ ¤®¯®«ïîé¨¬¨ ¤àã£ ¤àã£  ¨áâàã¬¥â ¬¨ ¤«ï ¨§ãç¥¨ï ¯à¨à®¤ëå

1� ¡®â  ¢ë¯®«ï¥âáï ¯à¨ ¯®¤¤¥à¦ª¥ ���� (£à âë ¿98{05{65318, ¿99{07{90422)
¨ �à®£à ¬¬ë ¯¥àá¯¥ªâ¨¢ëå ¨ä®à¬ æ¨®ëå â¥å®«®£¨© �¨ ãª¨ �®áá¨¨ (£à â
0201.06.269/349).
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¯à®æ¥áá®¢. � ¯®á«¥¤¨¥ £®¤ë ¢ íâ¨å ¨áá«¥¤®¢ ¨ïå ®¡®§ ç¨« áì â¥¤¥æ¨ï ª
à áè¨à¥¨î  ¡®à  á¯¥æ¨ «ìëå ¯à¨¡®à®¢, á ¯®¬®éìî ª®â®àëå ¯à®¨§¢®¤ïâáï
 ¡«î¤¥¨ï. � ¨¡®«¥¥ ®âç¥â«¨¢® ®  ¯à®ï¢«ï¥âáï ¯à¨ ¨§ãç¥¨¨ íª®«®£¨ç¥áª¨
í ç¨¬ëå ¯®á«¥¤áâ¢¨©  âà®¯®£¥ëå ¢®§¤¥©áâ¢¨©. �à¨ íâ®¬  ªâ¨¢® ¨á¯®«ì§ã-
îâáï ¬¥â®¤ë ¤¨áâ æ¨®®£® §®¤¨à®¢ ¨ï [4, 19{22] ¢ á®ç¥â ¨¨ á à §«¨çë¬¨
¬¥â®¤ ¬¨ ª®â ªâëå ¨§¬¥à¥¨©. � à¥§ã«ìâ â¥ á¡®à  ¤ ëå ª ¨áá«¥¤®¢ â¥-
«ï¬ ¯®¯ ¤ ¥â à §®à®¤ ï ¨ä®à¬ æ¨ï, á à §ëå áâ®à® å à ªâ¥à¨§ãîé ï  -
¡«î¤ ¥¬ë¥ ï¢«¥¨ï. � íâ®¬ á«ãç ¥ ¥áâ¥áâ¢¥® ¢®§¨ª ¥â § ¤ ç  á®¢¬¥áâ®£®
¨á¯®«ì§®¢ ¨ï íâ®© ¨ä®à¬ æ¨¨ ¨ ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«¥© á æ¥«ìî ãá¢®¥¨ï
¤ ëå, ¢®ááâ ®¢«¥¨ï ¯à®áâà áâ¢¥®-¢à¥¬¥®© áâàãªâãàë ¯®«¥© äãªæ¨©
á®áâ®ï¨ï, ®æ¥ª¨ ¯ à ¬¥âà®¢ ¬®¤¥«¥© ¨ ¨áâ®ç¨ª®¢ ¢¥è¨å ¢®§¤¥©áâ¢¨©, ¤¨-
 £®áâ¨ª¨ ª ç¥áâ¢  ¬®¤¥«¥© ¨ ¯« ¨à®¢ ¨ï  ¡«î¤¥¨©. �¥å®«®£¨î à¥è¥¨ï
¯®¤®¡ëå § ¤ ç ¤ ¥â à §à ¡ âë¢ ¥¬ ï  ¬¨ ¬¥â®¤¨ª  ®¡à â®£® ¬®¤¥«¨à®¢ ¨ï
[10, 12, 16, 18].

1. �®áâ ®¢ª  § ¤ ç¨
�ã¤¥¬ à áá¬ âà¨¢ âì § ¤ ç¨ ç¥âëà¥å â¨¯®¢: ¤¨ £®áâ¨ª¨, ¬®¨â®à¨£ , ¯à®-

¥ªâ¨à®¢ ¨ï ¨ ¯à®£®§¨à®¢ ¨ï. � § ¤ ç å ¯¥à¢ëå âà¥å â¨¯®¢ ¯à¥¤¯®« £ ¥âáï
 «¨ç¨¥ ä ªâ¨ç¥áª®© ¨ä®à¬ æ¨¨, à á¯à¥¤¥«¥®© ¢ ¯à®áâà áâ¢¥®-¢à¥¬¥-
®© ®¡« áâ¨, â ª çâ® ¬®¤¥«¨ ¢ ¥© ¬®£ãâ ¢á¥ ¢à¥¬ï à ¡®â âì á®¢¬¥áâ® á ¤ -
ë¬¨. �«ï ¨å à¥è¥¨ï áâà®¨âáï ª®¬¡¨ æ¨ï ¬¥â®¤®¢ ¯àï¬®£® ¨ ®¡à â®£® ¬®-
¤¥«¨à®¢ ¨ï. � § ¤ ç å ç¥â¢¥àâ®£® â¨¯  ®¡ëç® § ¤ ¥âáï ¥ª®â®àë© ¬®¬¥â
¢à¥¬¥¨, ª®£¤  ¯®áâã¯«¥¨¥ ä ªâ¨ç¥áª®© ¨ä®à¬ æ¨¨ ®¡ ¨§ãç ¥¬ëå ¯à®æ¥áá å
"®âá¥ª ¥âáï" ¨ ¬®¤¥«ì  ç¨ ¥â à ¡®â âì ¯® ¢à¥¬¥¨ á ¬®áâ®ïâ¥«ì® ¢ à¥¦¨¬¥
¯àï¬®£® ¬®¤¥«¨à®¢ ¨ï. �® ¯à¨  «¨ç¨¨ æ¥«¥¢ëå äãªæ¨® «®¢ ¨ ®£à ¨ç¥-
¨© ¨ ¢ ¯à®£®áâ¨ç¥áª¨å § ¤ ç å ¥®¡å®¤¨¬® ¢ª«îç âì ª®¬¡¨ æ¨î ¯àï¬®£® ¨
®¡à â®£® ¬®¤¥«¨à®¢ ¨ï, çâ®¡ë ®¡¥á¯¥ç¨¢ âì ¢§ ¨¬®¤¥©áâ¢¨¥ ¬¥¦¤ã äãªæ¨-
® « ¬¨ ¨ ¬®¤¥«ï¬¨,  ¯à¨¬¥à ç¥à¥§ äãªæ¨¨ çã¢áâ¢¨â¥«ì®áâ¨ ª ¢ à¨ æ¨ï¬
¯ à ¬¥âà®¢ ¨ ¨áâ®ç¨ª®¢.

�«ï ®¯à¥¤¥«¥®áâ¨ ¯à¥¤áâ ¢¨¬ § ¤ ç¨, á¢ï§ ë¥ á ®æ¥ª ¬¨ å à ªâ¥à¨á-
â¨ª  â¬®áä¥àë á ¨á¯®«ì§®¢ ¨¥¬ ¤ ëå ¤¨áâ æ¨®®£® §®¤¨à®¢ ¨ï ¨ ª®-
â ªâëå  ¡«î¤¥¨© §  ª®¬¯®¥â ¬¨ äãªæ¨© á®áâ®ï¨ï. � ¤ ®¬ á«ãç ¥
â¨¯¨ç®© ï¢«ï¥âáï § ¤ ç  ®  å®¦¤¥¨¨ à á¯à¥¤¥«¥¨ï â¥¬¯¥à âãàë ¨ ª®-
æ¥âà æ¨© ®¯â¨ç¥áª¨  ªâ¨¢ëå áã¡áâ æ¨© ¢  â¬®áä¥à¥. �¯¥æ¨ä¨ª  ¬¥â®¤®¢
¤¨áâ æ¨®®£® §®¤¨à®¢ ¨ï á®áâ®¨â ¢ â®¬, çâ® ¨å à¥§ã«ìâ âë ¢ ®¡é¥¬ á«ãç ¥
¯à¥¤áâ ¢«ïîâ á®¡®© § ç¥¨ï ¥ª®â®àëå äãªæ¨® «®¢   ¬®¦¥áâ¢¥ äãª-
æ¨© á®áâ®ï¨ï. �¨, ª ª ¯à ¢¨«®, ¥¤®®¯à¥¤¥«¥ë ¯® ®â®è¥¨î ª ®æ¥¨¢ -
¥¬ë¬ äãªæ¨ï¬, â.¥. ç¨á«®  ¡«î¤¥¨© ¬¥ìè¥ ç¨á«  ¢ãâà¥¨å áâ¥¯¥¥©
á¢®¡®¤ë ¬®¤¥«¥©  ¡«î¤¥¨© ¢ ¤¨áªà¥â®¬ ¯à¥¤áâ ¢«¥¨¨. �®¤ ¬®¤¥«ìî  -
¡«î¤¥¨© ¬ë ¯®¨¬ ¥¬ ¬ â¥¬ â¨ç¥áª®¥ ®¯¨á ¨¥ ¯à¥®¡à §®¢ ¨ï, áâ ¢ïé¥£® ¢
á®®â¢¥âáâ¢¨¥ äãªæ¨¨ á®áâ®ï¨ï ®¡à § â®© ¢¥«¨ç¨ë, ª®â®à ï ¨§¬¥àï¥âáï  -
¡«î¤ â¥«ìë¬ ¯à¨¡®à®¬. �®§¨ª ¥â ¢®¯à®á, ª ª ¢¢¥áâ¨ ¤®¯®«¨â¥«ìë¥ á¢ï§¨,
çâ®¡ë ã¬¥ìè¨âì ç¨á«® ¢ãâà¥¨å áâ¥¯¥¥© á¢®¡®¤ë, ¨ â¥¬ á ¬ë¬ á¤¥« âì ¯à®-
æ¥áá à¥è¥¨ï ®¡à âëå § ¤ ç ¤«ï ¬®¤¥«¥©  ¡«î¤¥¨© ¡®«¥¥ ª®àà¥ªâë¬. �«ï
íâ¨å æ¥«¥© ¬ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¢ ª ç¥áâ¢¥ á¢ï§¥© ¬ â¥¬ â¨ç¥áª¨¥ ¬®¤¥«¨
¨áá«¥¤ã¥¬ëå ¯à®æ¥áá®¢ ¨  ¯à¨®àë¥ á¢¥¤¥¨ï ®¡ ¨áª®¬ëå äãªæ¨ïå ¨ ®æ¥¨-



� à¨ æ¨®ë¥ ¯à¨æ¨¯ë ¢ § ¤ ç å íª®«®£¨¨ ¨ ª«¨¬ â  137

¢ ¥¬ëå ¯ à ¬¥âà å. �áâ¥áâ¢¥®, ¤¥«¥¨¥   ¬®¤¥«¨ ¯à®æ¥áá®¢ ¨ ¬®¤¥«¨  -
¡«î¤¥¨© ç¨áâ® ãá«®¢®¥. � ¯à¨¬¥à, ¬®¤¥«ì £¨¤à®â¥à¬®¤¨ ¬¨ª¨ ¢ ¤¨ £®á-
â¨ç¥áª¨å ¨ ¯à®£®áâ¨ç¥áª¨å § ¤ ç å ¨á¯®«ì§ã¥âáï ¤«ï ®¯¨á ¨ï ä®à¬¨à®¢ -
¨ï á®®â¢¥âáâ¢ãîé¨å ¯à®æ¥áá®¢ ¢  â¬®áä¥à¥. � ¢ ®¡à âëå § ¤ ç å ãá¢®¥¨ï
¤ ëå  ¡«î¤¥¨© íâ  ¦¥ ¬®¤¥«ì ¯®¬¨¬® á¢®¥© ®á®¢®© à®«¨ ¢ëáâã¯ ¥â ¢
ª ç¥áâ¢¥ ¯à®áâà áâ¢¥®-¢à¥¬¥®£® ¨â¥à¯®«ïâ , â.¥. áâ ®¢¨âáï í«¥¬¥â®¬
¬®¤¥«¨  ¡«î¤¥¨©. �®¤¥«¨ ¤¨áâ æ¨®ëå  ¡«î¤¥¨© â ª¦¥ ¬®¦® ¨á¯®«ì-
§®¢ âì ¤«ï ®¯¨á ¨ï ¯à®æ¥áá®¢ à á¯à®áâà ¥¨ï ¨§«ãç¥¨ï ¢  â¬®áä¥à¥. �®-
¤¥«ì  ¡«î¤¥¨© ¬®¦® áç¨â âì ª¢ §¨áâ æ¨® à®©, ¯ à ¬¥âà¨ç¥áª¨ ãç¨âë¢ -
îé¥© ¢à¥¬ï, ¥á«¨ ¯à®¤®«¦¨â¥«ì®áâì ª ¦¤®£® ¨§¬¥à¥¨ï ¬ «  ¯® áà ¢¥¨î
á è £®¬ ¤¨áªà¥â¨§ æ¨¨, ¯à¨ïâë¬ ¢ ¬®¤¥«ïå ¯à®æ¥áá®¢. � íâ®¬ á«ãç ¥ ®âáç¥â
¢à¥¬¥¨ ¢¥¤¥âáï ¯® ¬®¤¥«¨ ¯à®æ¥áá ,   à¥§ã«ìâ âë  ¡«î¤¥¨© ¯à¨¯¨áë¢ îâáï
ª á®®â¢¥âáâ¢ãîé¥¬ã ¨â¥à¢ «ã "¬®¤¥«ì®£®" ¢à¥¬¥¨.

�¯à¥¤¥«¨¬ ®á®¢ë¥ í«¥¬¥âë ¯®áâ ®¢ª¨ § ¤ ç¨: ¬®¤¥«¨ ¯à®æ¥áá®¢, ¬®-
¤¥«¨ ¨§¬¥à¥¨© ¨ äãªæ¨® «ë ¤«ï ®à£ ¨§ æ¨¨ ¬¥â®¤®¢ ¬®¤¥«¨à®¢ ¨ï ¨
ãá¢®¥¨ï ¤ ëå  ¡«î¤¥¨©. �«ï ®¯¨á ¨ï ¯à®æ¥áá®¢ ¨ ¨å ¬ â¥¬ â¨ç¥áª¨å
¬®¤¥«¥© ¢¢¥¤¥¬ âà¨ â¨¯  ®¡ê¥ªâ®¢:

� äãªæ¨¨ á®áâ®ï¨ï ~' = f'i; i = 1; n'g 2 Q(Dt; Dt�),

� ¯ à ¬¥âàë ¬®¤¥«¥© ~Y = fYi; i = 1; npg 2 R(Dt; Dt�),

� á®¯àï¦¥ë¥ äãªæ¨¨ ~'� = f'�i ; i = 1; n'g 2 Q�(Dt; Dt�).

�ãªæ¨® «ì®¥ ¯à®áâà áâ¢® Q�(Dt; Dt�) á®¯àï¦¥® ¯® ®â®è¥¨î ª ¯à®áâ-
à áâ¢ã äãªæ¨© á®áâ®ï¨ï Q(Dt; Dt�) , R(Dt; Dt�) { ®¡« áâì ¤®¯ãáâ¨¬ëå § -
ç¥¨© ¯ à ¬¥âà®¢, Dt; Dt� { ®¡« áâ¨ ¨§¬¥¥¨ï ¯à®áâà áâ¢¥®-¢à¥¬¥ëå ª®-
®à¤¨ â ~x; t ¨ ç áâ®â �. � ¯à¨¬¥à,Dt = D� [0; �t]; D { ®¡« áâì ¨§¬¥¥¨ï ¯à®áâ-
à áâ¢¥ëå ª®®à¤¨ â ~x,   [0; �t] { ¨â¥à¢ « ¨§¬¥¥¨ï ¢à¥¬¥¨; Q(Dt) { ¯à®áâ-
à áâ¢® äãªæ¨© á®áâ®ï¨ï, ã¤®¢«¥â¢®àïîé¨å ªà ¥¢ë¬ ãá«®¢¨ï¬   £à ¨æ¥
®¡« áâ¨ Dt. �¡« áâì D à áá¬ âà¨¢ ¥âáï ¢ âà¥å ¢ à¨ â å: áä¥à , ¯®«ãáä¥à  ¨
®£à ¨ç¥ ï â¥àà¨â®à¨ï   áä¥à¥. �âàãªâãà  ®¡« áâ¥©, ¢ë¡®à á¨áâ¥¬ë ª®®à-
¤¨ â, ®á®¢ë¥ ®¡®§ ç¥¨ï ¨ ¨å á¬ëá«, ¯®áâ ®¢ª¨ § ¤ ç, ªà ¥¢ëå ¨  ç «ì-
ëå ãá«®¢¨©, ®¯¨á ¨¥ äãªæ¨© á®áâ®ï¨ï ¨ ¯ à ¬¥âà®¢, áâàãªâãà  äãªæ¨® -
«®¢, ¢ § ¢¨á¨¬®áâ¨ ®â æ¥«¥© ¨áá«¥¤®¢ ¨©, ¨ á¯®á®¡ë ¯®áâà®¥¨ï ¨â¥£à «ì®£®
â®¦¤¥áâ¢  ¤«ï ¢ à¨ æ¨®ëå ä®à¬ã«¨à®¢®ª ¬®¤¥«¥© ®¯¨á ë ¢ [7, 8, 11, 15].

�«ï § ¤ ¨ï ¢¥àâ¨ª «ì®© áâàãªâãàë ¬®¤¥«¥© ¨á¯®«ì§ã¥âáï ¯à¨æ¨¯ ¤¥ª®¬-
¯®§¨æ¨¨ ¯® ®¡« áâï¬ [15]. �¡« áâì D ãá«®¢® à §¡¨¢ ¥âáï   ¤¢  á«®ï: "á¢®-
¡®¤ ï"  â¬®áä¥à  D1(pT � p � pB) ¨ ¨¦¨© á«®©, ¢ª«îç ï ¯®£à ¨çë©,
D2(pB � p � pS(~x; t)), £¤¥ p { ¤ ¢«¥¨¥, pS ; pB ; pT { ¤ ¢«¥¨¥   ¯®¢¥àå®áâ¨
�¥¬«¨,   £à ¨æ¥ à §¤¥«  á«®¥¢ ¨   ¢¥àå¥© £à ¨æ¥  â¬®áä¥àë. �¢¥¤¥¬ £¨¡-
à¨¤ãî á¨áâ¥¬ã ª®®à¤¨ â, ¯®§¢®«ïîéãî ®¡ê¥¤¨¨âì ¯à¥¨¬ãé¥áâ¢  à¥ «¨§ -
æ¨¨ ¬®¤¥«¥© ¢ ¨§®¡ à¨ç¥áª¨å ª®®à¤¨ â å ¢ á¢®¡®¤®©  â¬®áä¥à¥ (¢ á«ãç ¥ ¯®-
áâ®ïëå pB ; pT ) á ã¤®¡áâ¢ ¬¨ á¨£¬ -ª®®à¤¨ â ¤«ï ãç¥â  à¥«ì¥ä  ¯®¢¥àå®áâ¨
�¥¬«¨: � = (p� pT )=�; � = (pB � pT )=" ¢D1;

� = (p� pS)=� + "; � = (pS � pB)=(1� ") ¢D2;
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� à ¬¥âà " (0 � " � 1) ¢¢®¤¨âáï â ª, çâ®¡ë ¯®¢¥àå®áâì p = pB ¡ë«  ¢ëè¥
ãà®¢ï "¬®¤¥«ì®£®" à¥«ì¥ä  ¯®¢¥àå®áâ¨ �¥¬«¨. �á«¨ ¢ ¬®¤¥«¨ ¯à¥¤¯®« £ -
¥âáï  «¨ç¨¥ ®è¨¡®ª, â® ®¯¨áë¢ îé¨¥ ¨å ¢ëà ¦¥¨ï ä®à¬ «ì® ¢ª«îç îâáï
¢ á®áâ ¢ äãªæ¨© ¨áâ®ç¨ª  ª ª ¤®¯®«¨â¥«ìë¥ á« £ ¥¬ë¥ [10, 12].

�âàãªâãàë äãªæ¨© ~' ¨ ~'� ¨¤¥â¨çë, å®âï ¨ä®à¬ æ¨®®¥ á®¤¥à¦ ¨¥ ¨å
à §«¨ç ¥âáï. �  è¨å ¯®áâà®¥¨ïå á®¯àï¦¥ë¥ äãªæ¨¨ ï¢«ïîâáï ®¡®¡é¥-
ë¬¨ ¬®¦¨â¥«ï¬¨ � £à ¦ . �¨ ¢¢®¤ïâáï ¤«ï ¯®áâà®¥¨ï ¢ à¨ æ¨®®£®
¯à¨æ¨¯ , çâ®¡ë ¨áá«¥¤®¢ âì ¯®¢¥¤¥¨¥ æ¥«¥¢ëå äãªæ¨® «®¢ ¢ ¯à®áâà áâ-
¢ å äãªæ¨© á®áâ®ï¨ï ¨ ¯ à ¬¥âà®¢. � ¨å ãç áâ¨¥¬ à¥ «¨§ãîâáï ®¡à âë¥
á¢ï§¨ ®â äãªæ¨® «®¢ ¨ ¤ ëå  ¡«î¤¥¨© ª ¬®¤¥«ï¬ ¨ ¨å ¢å®¤ë¬ ¯ à -
¬¥âà ¬.

� ¯®§¨æ¨© ¢ à¨ æ¨®®£® ¯à¨æ¨¯  ç¨á«¥ë¥ ¬®¤¥«¨ ï¢«ïîâáï ®£à ¨ç¥-
¨ï¬¨   ª« áá äãªæ¨© ¨ á¢ï§ï¬¨ ¬¥¦¤ã ¯ à ¬¥âà ¬¨ ¨ äãªæ¨ï¬¨ á®áâ®ï-
¨ï. � áâì ¯ à ¬¥âà®¢ § ¤ ¥âáï ¯® ¯à¨æ¨¯ã ¢¥è¥£® ¤®¯®«¥¨ï ¨ à áá¬ â-
à¨¢ ¥âáï ª ª ¢å®¤ ï ¨ä®à¬ æ¨ï. �  ®¯à¥¤¥«ï¥â ç¨á«® ¢¥è¨å áâ¥¯¥¥©
á¢®¡®¤ë. � ®¡à âëå § ¤ ç å ¥ª®â®àë¥ ¯ à ¬¥âàë ï¢«ïîâáï ¨áª®¬ë¬¨ ¨  -
å®¤ïâáï ¯® ¨§¬¥à¥ë¬ ¤ ë¬ ® äãªæ¨¨ á®áâ®ï¨ï. � ª ª ª ®¨ ¥ ã¢¥-
«¨ç¨¢ îâ ç¨á«® ¢ãâà¥¨å áâ¥¯¥¥© á¢®¡®¤ë ¢ ¯à®æ¥áá¥ ¬®¤¥«¨à®¢ ¨ï, ¨å
¬®¦® à áá¬ âà¨¢ âì ª ª ¢ãâà¥¨¥ ¯ à ¬¥âàë ¬®¤¥«¨. � ª ç¥áâ¢¥ ¯¥à¢®£®
¯à¨¡«¨¦¥¨ï ¤«ï ¨å § ¤ îâáï ¨å  ¯à¨®àë¥ ®æ¥ª¨ ¯® ¤®áâã¯®© ä ªâ¨ç¥á-
ª®© ¨ä®à¬ æ¨¨.

2. �®¤¥«¨ ¯à®æ¥áá®¢
�ë ¡ã¤¥¬ à ¡®â âì á ¬®¤¥«ï¬¨ £¨¤à®â¥à¬®¤¨ ¬¨ª¨ ¢ ª«¨¬ â¨ç¥áª®© á¨á-

â¥¬¥, ¬®¤¥«ï¬¨ ¯¥à¥®á  ¨ âà áä®à¬ æ¨¨ ¢« £¨, å¨¬¨ç¥áª¨ ¨ ®¯â¨ç¥áª¨  ª-
â¨¢ëå § £àï§ïîé¨å ¯à¨¬¥á¥© ¢ £ §®¢®¬ ¨  íà®§®«ì®¬ á®áâ®ï¨ïå. �ãª-
æ¨¨ ¨áâ®ç¨ª®¢ ¢ ¬®¤¥«ïå ¯ à ¬¥âà¨ç¥áª¨ ãç¨âë¢ îâ ¤¥©áâ¢¨ï ¥áâ¥áâ¢¥ëå
¨  âà®¯®£¥ëå ä ªâ®à®¢. �â®¡ë à áá¬ âà¨¢ âì á®¢¬¥áâ® ¬®¤¥«¨ ¯à®æ¥á-
á®¢ ¨ á¨áâ¥¬ã ¬®¨â®à¨£  á æ¥«ìî ®à£ ¨§ æ¨¨ ¬¥¦¤ã ¨¬¨ ¢§ ¨¬®¤¥©áâ¢¨ï
¢ à¥¦¨¬¥ ¯àï¬ëå ¨ ®¡à âëå á¢ï§¥©, ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¢á¥ í«¥¬¥âë
ª®¬¯«¥ªá  (â.¥. ¬®¤¥«¨ ¨  ¡«î¤¥¨ï) ¬®£ãâ á®¤¥à¦ âì ®è¨¡ª¨. � íâ®¬ á«ã-
ç ¥ ¥áâ¥áâ¢¥® áâ ¢¨âì ¢®¯à®á ® ª®áâàã¨à®¢ ¨¨  «£®à¨â¬®¢ ¤«ï à¥ «¨§ æ¨¨
â ª¨å á¢ï§¥©, ¨áå®¤ï ¨§ ãá«®¢¨© ¬¨¨¬¨§ æ¨¨ ®è¨¡®ª.

�¡éãî áâàãªâãàã ¬®¤¥«¥© ¤«ï ¤ ®£® ª« áá  § ¤ ç ¬®¦® § ¯¨á âì ¢ á«¥-
¤ãîé¥© ®¯¥à â®à®© ä®à¬¥:

L0(~') � B
@~'

@t
+G(~'; ~Y )� ~f � ~" = 0; (1)

£¤¥ B{ ¤¨ £® «ì ï ¬ âà¨æ , G(~'; ~Y ) { ¥«¨¥©ë© ¬ âà¨çë© ¤¨ää¥à¥æ¨-
 «ìë© ®¯¥à â®à, ®á®¢®© í«¥¬¥â ¢ ¥¬ {  ¤¢¥ªâ¨¢®-¤¨ääã§¨®ë© ®¯¥à -
â®à, ¤¥©áâ¢ãîé¨©   à §«¨çë¥ ª®¬¯®¥âë äãªæ¨¨ á®áâ®ï¨ï; ~f { äãªæ¨¨
¨áâ®ç¨ª®¢, ~" { ®è¨¡ª¨ ¬®¤¥«¥©. �¯¥à â®àë ¯¥à¥®á  ¢ ¬®¤¥«ïå ¯à®æ¥áá®¢ á¨¬-
¬¥âà¨§ãîâáï á ¯®¬®éìî ãà ¢¥¨ï ¥à §àë¢®áâ¨ [7].

�ë ¥ ¡ã¤¥¬ ¢ ¤¥â «ïå ®¯¨áë¢ âì ¢á¥ í«¥¬¥âë ª®¬¯«¥ªá  ¨ ¯®áâà®¥¨ï
 «£®à¨â¬¨ç¥áª¨å ª®áâàãªæ¨©. �å à §«¨çë¥  á¯¥ªâë ¯à¥¤áâ ¢«¥ë ¢ à ¡®â å
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[7{18]. �¤¥áì à áá¬®âà¨¬ â®«ìª® â¥ ¬®¤¥«¨, ¨§ ¢å®¤ïé¨å ¢ á®áâ ¢ ª®¬¯«¥ªá  ¬®-
¤¥«¥© ª«¨¬ â¨ç¥áª®© á¨áâ¥¬ë, ª®â®àë¥ ¥¯®áà¥¤áâ¢¥® á¢ï§ ë á ¯à®æ¥áá ¬¨
à á¯à®áâà ¥¨ï â¥¯« , ¨§«ãç¥¨ï ¨ ¯¥à¥®á  ®¯â¨ç¥áª¨ ¨ å¨¬¨ç¥áª¨  ªâ¨¢ëå
áã¡áâ æ¨© ¢  â¬®áä¥à¥.

1. �®¤¥«ì â¥à¬®¤¨ ¬¨ª¨  â¬®áä¥àë

L1(~') � @��

@t
+ div(�(�~u� ��grad�))� �Q� � "� = 0: (2)

2. �®¤¥«¨ ¯¥à¥®á  ¨ âà áä®à¬ æ¨¨ ¢« £¨ ¨ ®¯â¨ç¥áª¨ ¨ å¨¬¨ç¥áª¨  ªâ¨¢-
ëå ¯à¨¬¥á¥© ¢ £ §®¢®¬ ¨  íà®§®«ì®¬ á®áâ®ï¨ïå

L2(~') � @�'i
@t

+ div(�('i~u� �'igrad'i))� �(Rt(~'))i � �Q'i � "'i = 0; (3)

i = 1; na:

�¤¥áì � { ¯®â¥æ¨ «ì ï â¥¬¯¥à âãà , ~u { ¢¥ªâ®à áª®à®áâ¨, ��; �'i { ª®íää¨-
æ¨¥âë âãà¡ã«¥â®£® ®¡¬¥ , � { äãªæ¨ï, § ¢¨áïé ï ®â ¤ ¢«¥¨ï, 'i { ®â®-
è¥¨ï á¬¥á¨ ¤«ï å à ªâ¥à¨áâ¨ª  â¬®áä¥à®© ¢« £¨ ¨ ª®æ¥âà æ¨¨ ¯à¨¬¥á¥©
¢  â¬®áä¥à¥, na { ®¡é¥¥ ç¨á«® áã¡áâ æ¨©,Q�; Q'i { ¨áâ®ç¨ª¨ â¥¯« , ¢« £¨ ¨
¯à¨¬¥á¥©,(Rt(~'))i { ®¯¥à â®àë, ®¯¨áë¢ îé¨¥ ¯à®æ¥ááë âà áä®à¬ æ¨¨, "�; "'i {
äãªæ¨¨, ãç¨âë¢ îé¨¥ ®è¨¡ª¨ ¨ ¬¥àã ¥®¯à¥¤¥«¥®áâ¥© ¬®¤¥«¥© ¯à®æ¥áá®¢.
�ãªæ¨¨ � ¨ 'i; i = 1; na ¢ª«îç îâáï ¢ ç¨á«® ª®¬¯®¥â®¢ äãªæ¨¨ á®áâ®ï-
¨ï ~',   ��; �'i, Q�; Q'i ¨ ¢å®¤ë¥ ¤ ë¥  ç «ìëå ¨ ªà ¥¢ëå ãá«®¢¨© { ¢
ª®¬¯®¥âë ¢¥ªâ®à  ¯ à ¬¥âà®¢ ~Y .

�á«¨ ¢ ¬®¤¥«¨ ãç¨âë¢ ¥âáï  íà®§®«¥®¡à §®¢ ¨¥, â® ¢ íâ®¬ á«ãç ¥ ¤®¡ ¢-
«ï¥âáï ¥é¥ ®¤  ¥§ ¢¨á¨¬ ï ¯¥à¥¬¥ ï { à §¬¥à ç áâ¨æ, ¨ ¯® íâ®© ¯¥à¥¬¥-
®© ®¯¥à â®à âà áä®à¬ æ¨¨ áâ ®¢¨âáï ¨â¥£à®-¤¨ää¥à¥æ¨ «ìë¬. �®¤¥à-
¦ â¥«ì®¥ ¨ ª®áâàãªâ¨¢®¥ ®¯¨á ¨¥ ®¯¥à â®à®¢ âà áä®à¬ æ¨¨ ¯à¨¬¥á¥© ®áã-
é¥áâ¢«ï¥âáï á ¯®¬®éìî  ¢â®¬ â¨§¨à®¢ ®© á¨áâ¥¬ë ¯®áâà®¥¨ï ª¨¥â¨ç¥áª¨å
¬®¤¥«¥©  â¬®áä¥à®© å¨¬¨¨ [13].

3. �®¤¥«¨ ¤¨áâ æ¨®ëå  ¡«î¤¥¨©
1. �®¤¥«ì à áç¥â  á¯¥ªâà «ì®© ¨â¥á¨¢®áâ¨ I1� , ¨§¬¥àï¥¬®© á® á¯ãâ¨ª 

[19]:

M1(~') � I1� �B�(T (1))�(�; 1)�
Z 1

0
B�(T (�))

@�(�; �)
@�

d� � "I1 = 0; (4)

£¤¥ B�(T ) = a�3[exp(b�=T ) � 1]�1 { äãªæ¨ï �« ª , § ¢¨áïé ï ®â ç áâ®âë �
¨ â¥¬¯¥à âãàë T (�), a ¨ b { § ¤ ë¥ ¯®áâ®ïë¥, � { ¢¥àâ¨ª «ì ï ª®®à¤¨-
 â , �(�; �) { äãªæ¨ï ¯à®¯ãáª ¨ï á«®ï  â¬®áä¥àë ®â íää¥ªâ¨¢®© ¢¥àå¥©
£à ¨æë ¤® ãà®¢ï � .

2. �®¤¥«ì ¤¨áâ æ¨®®£® §®¤¨à®¢ ¨ï ¤«¨®¢®«®¢®£® ¨§«ãç¥¨ï á®
á¯ãâ¨ª®¢ [4,20]:

M2(~') � I2� �
Z h

0
dz

Z 1

0
d�

Z 1

�1
��(~x; t)�d�� "I2 = 0; (5)
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£¤¥ äãªæ¨ï � ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨

�
@�

@z
+ ��� � 0; 5

Z 1

�1
��S��(�; �

0

)d�
0 � f� � "� = 0: (6)

�¤¥áì � = cos �, � { ¢ëá®âë© ã£®«, � { ¨â¥á¨¢®áâì ¨§«ãç¥¨ï á ç áâ®â®© �, z {
¢¥àâ¨ª «ì ï ª®®à¤¨ â , ®âáç¨âë¢ ¥¬ ï ®â ¯®¢¥àå®áâ¨ �¥¬«¨, h{ íää¥ªâ¨¢-
 ï ¢¥àåïï £à ¨æ   â¬®áä¥àë, �(�; �

0

) { ¨¤¨ª âà¨áá  à áá¥ï¨ï, ��(~x; t) {
§ ¤  ï äãªæ¨ï, å à ªâ¥à¨§ãîé ï ãá«®¢¨ï ¨§¬¥à¥¨ï ¨§«ãç¥¨ï I2� ; äãª-
æ¨ï ¨áâ®ç¨ª 

f� = S��(�� ��)�(z � h)�� + 0; 5�c�B�(T ); (7)

S� { á¯¥ªâà á®«¥ç®£® ¨§«ãç¥¨ï; �� = �S� + �c� , �S� , �c� { ª®íää¨æ¨¥âë
à áá¥ï¨ï ¨ ¯®£«®é¥¨ï; �� = cos ��, �� { ¢ëá®â  �®«æ .

�«ï § ¬ëª ¨ï íâ®© ¬®¤¥«¨ § ¤ îâáï ªà ¥¢ë¥ ãá«®¢¨ï. �  ¢¥àå¥© £à ¨æ¥
¯à¥¤¯®« £ ¥âáï, á ãç¥â®¬ ¢¨¤  äãªæ¨¨ ¨áâ®ç¨ª®¢ (7), ®âáãâáâ¢¨¥ ¯à¨å®¤ïé¥£®
¨§¢¥ ¨§«ãç¥¨ï. �  ¨¦¥© £à ¨æ¥ ¯à¨¨¬ ¥âáï ãá«®¢¨¥ ¤¨ääã§®£® ®âà -
¦¥¨ï ¨§«ãç¥¨ï ®â §¥¬®© ¯o¢¥àå®áâ¨ á ãç¥â®¬ ¥¥ á®¡áâ¢¥®£® ¨§«ãç¥¨ï.

�«ï ¢ëç¨á«¥¨ï äãªæ¨® «  I2� ¨á¯®«ì§ã¥âáï ¢ à¨ æ¨®ë© ¯à¨æ¨¯ á
¬®¦¨â¥«ï¬¨ � £à ¦ , ¯®§¢®«ïîé¨© ¯®áâà®¨âì ¤«ï ¥£® á®®â®è¥¨ï çã¢áâ-
¢¨â¥«ì®áâ¨ ¨ ¢ «¨¥©®¬ á«ãç ¥ ¨áª«îç¨âì ¥¯®áà¥¤áâ¢¥®¥ ¢ëç¨á«¥¨¥ äãª-
æ¨¨ � ¨§ à¥è¥¨ï ãà ¢¥¨ï (6) ¯à¨ á®®â¢¥âáâ¢ãîé¨å ªà ¥¢ëå ãá«®¢¨ïå.

3. �®¤¥«ì à áç¥â  ïàª®áâëå â¥¬¯¥à âãà. �«ï á«ãç ï  §¥¬®£® ¤¨áâ -
æ¨®®£® §®¤¨à®¢ ¨ï  â¬®áä¥à®£® à ¤¨®¨§«ãç¥¨ï ¢ ¬¨ªà®¢®«®¢ëå ®ª å
¯à®§à ç®áâ¨ íâã ¬®¤¥«ì ¬®¦® ¨á¯®«ì§®¢ âì ¢ ¢¨¤¥ [22]

M3(~') � Tb� �
Z H

0
T (l)��(l) expf�

Z 1

0
�(l

0

dl
0gdl � "b = 0; (8)

£¤¥ Tb� { ïàª®áâ ï â¥¬¯¥à âãà , ��(l) { ª®íää¨æ¨¥â ¯®£«®é¥¨ï ¬¨ªà®¢®«-
®¢®£® ¨§«ãç¥¨ï   ç áâ®â¥ �, T { â¥¬¯¥à âãà   â¬®áä¥àë, l { ®¡®¡é¥ ï
¢¥àâ¨ª «ì ï ª®®à¤¨ â , § ¢¨áïé ï ®â ¢ëá®âë  ¤ ¯®¢¥àå®áâìî �¥¬«¨, ª®íä-
ä¨æ¨¥â  ¯à¥«®¬«¥¨ï ¨ §¥¨â®£® ã£«  §®¤¨à®¢ ¨ï, H { ¢ëá®â   â¬®áä¥àë.

4. �®¤¥«ì « §¥à®£® §®¤¨à®¢ ¨ï  â¬®áä¥àë. �«ï ¯à¨¬¥à  ¢®§ì¬¥¬ ãà ¢-
¥¨ï « §¥à®£® §®¤¨à®¢ ¨ï ¢ ä®à¬¥ [21]

M4(~') � S(r)� Cb(r)�(r) expf�2
Z r

0
�(r

0

)dr
0g � "S = 0; (9)

£¤¥ C { ª®áâ â  ª «¨¡à®¢ª¨ « §¥à , S(r) { «¨¤ à ï S-äãªæ¨ï, ¯à¥¤áâ ¢-
«ïîé ï á®¡®© ¢¥«¨ç¨ã ¨§¬¥à¥®£® á¨£ « , áª®àà¥ªâ¨à®¢ ®£®   ª¢ ¤-
à â à ááâ®ï¨ï ¨ £¥®¬¥âà¨ç¥áªãî äãªæ¨î «¨¤ à , b(r) { «¨¤ à ï äãªæ¨ï,
�(r) { ª®íää¨æ¨¥â  íà®§®«ì®£® ®á« ¡«¥¨ï á¨£ «  ¢  â¬®áä¥à¥. �¡®§ ç¨¬
S(r) + "S = ~S(r) . �à ¢¥¨¥ (9) ¬®¦® ¯à¥®¡à §®¢ âì ª ¢¨¤ã

�(r) =
~S(r)
Cb(r)

[1� 2
Z r

0

~S(r
0

)
cb(r0

dr
0

]�1: (10)
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�á«¨ ¯à¥¤¯®«®¦¨âì, çâ® áâàãªâãà  äãªæ¨© C; S(r); b(r) ¨§¢¥áâ , â® ¢ § -
¢¨á¨¬®áâ¨ ®â æ¥«¥© ¨áá«¥¤®¢ ¨ï ¨  «¨ç¨ï ¨ä®à¬ æ¨¨ ¬®¦® ¨á¯®«ì§®¢ âì
®¡¥ ä®à¬ë ãà ¢¥¨© { «¨¡® á®¢¬¥áâ®, «¨¡® ¯® ®â¤¥«ì®áâ¨. �â¬¥â¨¬, çâ®
¯à¨ á®¢¬¥áâ®¬ ¨á¯®«ì§®¢ ¨¨ á®¢®ªã¯®áâì ãà ¢¥¨© (9){(10) á®áâ ¢«ï¥â  «-
£®à¨â¬¨ç¥áªãî ®á®¢ã « §¥à®© â®¬®£à ä¨¨  â¬®áä¥àëå  íà®§®«¥©. �ãªæ¨¨
I1� ; I2� ; Tb� ; S(r) ¢ (4){(10) ¬®¦® à áá¬ âà¨¢ âì ª ª ¤®¯®«¨â¥«ìë¥ ª®¬¯®-
¥âë äãªæ¨¨ á®áâ®ï¨ï  â¬®áä¥àë ~' . �ãªæ¨¨ B�(T ); �(�; �); �(r); �l(l) ¢
¬®¤¥«ïå  ¡«î¤¥¨© § ¢¨áïâ ®â äãªæ¨¨ á®áâ®ï¨ï ¬®¤¥«¥© ¯à®æ¥áá®¢, ª®â®-
àë¥ ¨ ¤®«¦ë ®æ¥¨¢ âìáï á ¯®¬®éìî à¥è¥¨ï ®¡à âëå § ¤ ç. �¨¬¢®«®¬ "
á á®®â¢¥âáâ¢ãîé¨¬¨ ¨¤¥ªá ¬¨ ¬ë, ª ª ¨ à ¥¥, ®¡®§ ç ¥¬ ®è¨¡ª¨ ¬®¤¥«¥©.
�¨ ¯®¤«¥¦ â ®æ¥ª¥ ¯® à¥§ã«ìâ â ¬ ¨§¬¥à¥¨©. �å ª®«¨ç¥áâ¢¥ë¥ § ç¥¨ï
å à ªâ¥à¨§ãîâ ¬¥àã ª ç¥áâ¢  ¬®¤¥«¥©   ¬®¦¥áâ¢¥ ¤ ëå  ¡«î¤¥¨©.

4. �ãªæ¨® «ë ¤«ï ®à£ ¨§ æ¨¨ ¬®¤¥«¨à®¢ ¨ï ¨ ãá¢®¥¨ï
¤ ëå  ¡«î¤¥¨©

1. �¥«¥¢ë¥ äãªæ¨® «ë ¤«ï ®æ¥®ª ®¡®¡é¥ëå å à ªâ¥à¨áâ¨ª ¯à®æ¥áá®¢
¨ ¬®¤¥«¥©, ª ç¥áâ¢   â¬®áä¥àë ¨ ¨ä®à¬ â¨¢®áâ¨  ¡«î¤¥¨©. �¡é¨© ¢¨¤
íâ¨å äãªæ¨® «®¢:

�k(~') =
Z
Dt

Fk(~')�k(~x; t)dD dt; k = 1;K; ~' 2 Q(Dt); (11)

£¤¥ Fk(~') { äãªæ¨¨ § ¤ ®£® ¢¨¤ , ®£à ¨ç¥ë¥ ¨ ¤¨ää¥à¥æ¨àã¥¬ë¥ ®â®-
á¨â¥«ì® ~' ¢ Q(Dt).

2. "� ¡®ç¨¥" äãªæ¨® «ë ¤«ï ®à£ ¨§ æ¨¨  «£®à¨â¬®¢ ¬®¤¥«¨à®¢ ¨ï ¨
ãá¢®¥¨ï ¤ ëå .

2.1. �ãªæ¨® «ë ª ç¥áâ¢  ¤¨áâ æ¨®ëå  ¡«î¤¥¨©

	1�(~') =
Z
Dt

(I�� � I��m)T�1�(~x; t)(I�� � I��m)dD dt d�; � = 1; 4: (12)

�¤¥áì ¨á¯®«ì§ãîâáï ®¡®§ ç¥¨ï: ¨¤¥ªá � { ®¬¥à ¬®¤¥«¨  ¡«î¤¥¨ï, á®-
®â¢¥âáâ¢¥® á¤¥« ë ¯¥à¥®¡®§ ç¥¨ï ¨§¬¥àï¥¬ëå äãªæ¨©, I�� { à ááç¨â -
ë¥ á ¯®¬®éìî ¬®¤¥«¥©  ¡«î¤¥¨© (4){(9) ®¡à §ë  ¡«î¤ ¥¬ëå ¢¥«¨ç¨, I��m
{ ¤ ë¥  ¡«î¤¥¨©, ¨¤¥ªá T ®¡®§ ç ¥â ®¯¥à æ¨î âà á¯®¨à®¢ ¨ï.

2.2. �ãªæ¨® «ë ª ç¥áâ¢  ¤«ï ª®â ªâëå  ¡«î¤¥¨© §  äãªæ¨ï¬¨ á®-
áâ®ï¨ï ¬®¤¥«¥© ¯à®æ¥áá®¢ (1){(3)

	2i(~') =
Z
Dt

[([~']m � ~'m)T�1�(~x; t)([~']m � ~'m)]idD dt; i = 1; n'; (13)

£¤¥ ¨¤¥ªá®¬ m ®â¬¥ç¥ë ¤ ë¥  ¡«î¤¥¨©,   á¨¬¢®«®¬ [ ]m { ®¯¥à æ¨¨ á®á 
(¨â¥à¯®«ïæ¨¨) äãªæ¨¨ á®áâ®ï¨ï   ¬®¦¥áâ¢® â®ç¥ª (~x; t)m 2 Dm

t � Dt,
£¤¥ ¯à®¨§¢®¤ïâáï  ¡«î¤¥¨ï, n' { ç¨á«® äãªæ¨© á®áâ®ï¨ï, ãç¨âë¢ ¥¬ëå ¢
¬®¤¥«ïå ¯à®æ¥áá®¢ (1){(3).

2.3. �ãªæ¨® «ë ª ç¥áâ¢  ¬®¤¥«¥© ¨«¨ ¬¥àë ®è¨¡®ª ¬®¤¥«¥©

	3i(~') =
Z
Dt�

(~"T'�3'(~x; t)~"')idD dt; i = 1; npm; (14)
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£¤¥ npm { ®¡é¥¥ ç¨á«® ¬®¤¥«¥© ¯à®æ¥áá®¢ ¨ ¬®¤¥«¥©  ¡«î¤¥¨©, ãç áâ¢ãîé¨å
¢ à ¡®â¥.

2.4. "�¥£ã«ïà¨§¨àãîé¨¥" äãªæ¨® «ë ¤«ï ãç¥â   ¯à¨®à®© ¨ä®à¬ æ¨¨
®¡ ®æ¥¨¢ ¥¬ëå äãªæ¨ïå ¨ ¯ à ¬¥âà å

	4i(~') =
Z
Dt

(~'i � ~'ia)T�4i(~x; t)(~'i � ~'ia)dD dt; i = 1; n'; (15)

	5i(~') =
Z
Dt

jgrad'0i j2�5i(~x; t)dD dt; i = 1; n'; (16)

	6i(~') =
Z
Dt

(~Y � ~Ya)T�6i(~x; t)(~Y � ~Ya)dD dt; i = 1; n': (17)

�¤¥áì ¨¦¨¬ ¨¤¥ªá®¬ a ®â¬¥ç¥ë  ¯à¨®àë¥ ®æ¥ª¨,   ¢¥àå¨¬ ¨¤¥ªá®¬
(0) {  ç «ìë¥ § ç¥¨ï á®®â¢¥âáâ¢ãîé¨å ®¡ê¥ªâ®¢. �ãªæ¨® «ë íâ®£® â¨¯ 
¢¢®¤ïâáï ¤«ï ã¬¥ìè¥¨ï ç¨á«  áâ¥¯¥¥© á¢®¡®¤ë ¢ ®¡à âëå § ¤ ç å ¨ ¤«ï
à¥£ã«ïà¨§ æ¨¨ ¯à®æ¥áá  ¢ëç¨á«¥¨©. �à¨ à¥è¥¨¨ ®¡à âëå § ¤ ç ¢ äãªæ¨-
® «¥ (17) ãç¨âë¢ îâáï â®«ìª® â¥ ª®¬¯®¥âë ¢¥ªâ®à  ¯ à ¬¥âà®¢, ª®â®àë¥
¥®¡å®¤¨¬® ãâ®çïâì. �à¨ ®æ¥ª¥ çã¢áâ¢¨â¥«ì®áâ¨ æ¥«¥¢ëå äãªæ¨® «®¢
(11) ¢ ¢ à¨ æ¨®®¬ ¯à¨æ¨¯¥ ãç áâ¢ãîâ ¢á¥ ¯ à ¬¥âàë ¬®¤¥«¥© ¨ ¨áâ®ç¨ª®¢,
ª®â®àë¥ ¬®£ãâ ¢ àì¨à®¢ âìáï.

3. �ãªæ¨® «ë ®£à ¨ç¥¨©   äãªæ¨¨ á®áâ®ï¨ï ¢ § ¤ ç å ã¯à ¢«¥¨ï
�ãªæ¨® «ë íâ®£® â¨¯  ¢¢®¤ïâáï ¤«ï à¥è¥¨ï § ¤ ç ®¯â¨¬¨§ æ¨¨ ¯à¨à®-

¤®®åà ®© ¤¥ïâ¥«ì®áâ¨, ã¯à ¢«¥¨ï ª ç¥áâ¢®¬ ¯à¨à®¤®© áà¥¤ë ¨ íª®«®£¨-
ç¥áª®£® ¯à®¥ªâ¨à®¢ ¨ï [9]. � ¯¨è¥¬ ¨å ®¡éãî ä®à¬ã, ¨á¯®«ì§ãï ®¯à¥¤¥«¥¨¥
(11):

	8i(~') =
Z
Dt

F8i(~')�8i(~x; t)dDdt � 0; i = 1; n : (18)

£¤¥ äãªæ¨¨ F8i(~') ®¯à¥¤¥«ïîâáï â ª, çâ®¡ë á ¯®¬®éìî (18) ¬®¦® ¡ë«® ãç¥áâì
¢á¥ ¨â¥£à «ìë¥ ¨ «®ª «ìë¥ ®£à ¨ç¥¨ï   äãªæ¨¨ á®áâ®ï¨ï, n { ®¡é¥¥
ç¨á«® ®£à ¨ç¥¨©. �â¨ ®£à ¨ç¥¨ï ¢ëâ¥ª îâ ¨§ ãá«®¢¨© ãáâ®©ç¨¢®£® à §¢¨-
â¨ï ¨ íª®«®£¨ç¥áª®© ¡¥§®¯ á®áâ¨ ¨¤ãáâà¨ «ìëå à¥£¨®®¢. �âà®£®¥ à ¢¥áâ¢®
¢ (18) ¨¬¥¥â ¬¥áâ® â®£¤ , ª®£¤   ¤® ãç¨âë¢ âì à á¯à¥¤¥«¥ë¥ ¢ Dt ®£à ¨ç¥-
¨ï â¨¯  ¥à ¢¥áâ¢

 i(~'; ~x; t) � 0; i = 1; n : (19)

� íâ®¬ á«ãç ¥ äãªæ¨¨ F8i ®¯à¥¤¥«ï¥¬ á ¯®¬®éìî ¢ëà ¦¥¨©

F8i(~'; ~x; t) =
� j ~ i + j ~ ijj

( ~ i + j ~ ij)2; (20)

£¤¥ ~ i =  i + �i. �¤¥áì �i { ¬ «ë¥ ¯®«®¦¨â¥«ìë¥ ¯ à ¬¥âàë. �¨ ¢¢®¤ïâáï
¤«ï â®£®, çâ®¡ë ¯à¨ ç¨á«¥®¬ à¥è¥¨¨ § ¤ ç ®á« ¡¨âì ¢«¨ï¨¥ ¥®¯à¥¤¥«¥-
®áâ¥© ¢ ®ªà¥áâ®áâ¨ £à ¨æ ¥®âà¨æ â¥«ìëå § ç¥¨© äãªæ¨©  i á ãç¥â®¬ ¨å
¤¨áªà¥âëå  ¯¯à®ªá¨¬ æ¨©   Dh

t ; Q
h(Dh

t ). �à¨ ¯®áâà®¥¨¨  «£®à¨â¬®¢ â¥®à¨¨
çã¢áâ¢¨â¥«ì®áâ¨ ¤«ï äãªæ¨® «®¢ (18) á¯¥æ¨ «ìë¬ ®¡à §®¬ ®¯à¥¤¥«ïîâáï
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®¯¥à æ¨¨ ¤¨ää¥à¥æ¨à®¢ ¨ï äãªæ¨© F8i ®â®á¨â¥«ì® ª®¬¯®¥â äãªæ¨©
á®áâ®ï¨ï   á¥âª¥ Dh

t .
�«ï ã¤®¡áâ¢  ¯®áâà®¥¨ï  «£®à¨â¬¨ç¥áª¨å ª®áâàãªæ¨© ¢á¥ äãªæ¨® «ë

®¯à¥¤¥«ïîâáï ¯® ®¤®¬ã ¯à¨æ¨¯ã, â.¥. § ¯¨áë¢ îâáï ¢ ¢¨¤¥ ¨â¥£à «®¢ á ¥®â-
à¨æ â¥«ìë¬¨ ¯®¤ëâ¥£à «ìë¬¨ ¢ëà ¦¥¨ï¬¨ â¨¯  ¥¢ï§®ª ¨§ ¯à®áâà áâ¢ 
äãªæ¨© á®áâ®ï¨ï ¨ ¥®âà¨æ â¥«ìë¬¨ ¢¥á®¢ë¬¨ äãªæ¨ï¬¨ ¨§ á®®â¢¥âáâ¢ã-
îé¨å á®¯àï¦¥ëå ¯à®áâà áâ¢. �â¨ äãªæ¨¨ ¬ë ®¡®§ ç ¥¬ ç¥à¥§ �(~x; t),
�(�; ~x; t), ¨¦¨¥ ¨¤¥ªáë ¢ ¨å ®â¬¥ç îâ ¨å ¨ä®à¬ æ¨®ãî ¯à¨ ¤«¥¦®áâì
ª á®®â¢¥âáâ¢ãîé¨¬ ®¡ê¥ªâ ¬. �ëà ¦¥¨ï �(~x; t)dD dt; �(�; ~x; t)dDdtd� ®¡®§ -
ç îâ ¬¥àë � ¤®  ¨ �¨à ª  [23] ¢ ®¡« áâïå Dt,Dt� á®®â¢¥âáâ¢¥®. � ®¡é¥¬
á«ãç ¥ íâ® ¢¥ªâ®àë¥ ¢¥á®¢ë¥ äãªæ¨¨ ¨ ¬¥àë . �å áâàãªâãà  á®£« á®¢   á®
áâàãªâãà®© áª «ïàëå ¯à®¨§¢¥¤¥¨© ¢ äãªæ¨® « å (11){(18).

�¥¯¥àì, á«¥¤ãï [7,10,12], ¤«ï ®à£ ¨§ æ¨¨ ¬¥â®¤®¢ ¯àï¬®£® ¨ ®¡à â®£® ¬®-
¤¥«¨à®¢ ¨ï ®¯à¥¤¥«¨¬ ®á®¢®© äãªæ¨® «:

~�hk(~'; ~'
�; ~"; ~Y ) = f�k(~') + I(~'; ~'�; ~"; ~Y ) +

X
h�i

!�	�(~')gh; (21)

I(~'; ~'�; ~"; ~Y ) =
2X
q=0

Z
Dt

(Lq(~') � ~'�)qdDdt+
4X
q=1

Z
Dt�

(Mq(~') � ~'�)qd�dDdt (22)

!� � 0;
P

h�i !� = 1; k = 1;K:

� (21) ¯¥à¢®¥ á« £ ¥¬®¥ ¯à¥¤áâ ¢«ï¥â á®¡®© æ¥«¥¢®© äãªæ¨® « ¨§ (11), ¢â®-
à®¥ ãç¨âë¢ ¥â ¬®¤¥«¨ ¯à®æ¥áá®¢ (1){(3)¨ ¬®¤¥«¨ ¨§¬¥à¥¨© (4){(9),   ¢ âà¥âì¥¬
á®¡à ë ¢á¥ äãªæ¨® «ë (11){(18). �¤¥ªá � ¯à®¡¥£ ¥â ã¯®àï¤®ç¥®¥ ¬®-
¦¥áâ¢® íâ¨å äãªæ¨® «®¢, ¯¥à¥¨¬¥®¢ ëå ¯®¤àï¤, !� { ¢¥á®¢ë¥ ª®íää¨æ¨-
¥âë.

�®à¬ã«  (22)¯à¥¤áâ ¢«ï¥â á®¡®© ®¯à¥¤¥«¥¨¥ ¨â¥£à «ì®£® â®¦¤¥áâ¢  ¤«ï
¢ à¨ æ¨®®© ä®à¬ã«¨à®¢ª¨ á®¢®ªã¯®áâ¨ ¬®¤¥«¥©. �ª «ïàë¥ ¯à®¨§¢¥¤¥¨ï
¢ ¥¬ ¢ë¡¨à ¥¬ â ª, çâ®¡ë ¯à¨ ~'� = ~' ®® ¤ ¢ «® á®®â®è¥¨ï ¡ « á  í¥à-
£¨¨ á¨áâ¥¬ë ¢ æ¥«®¬. �¥àå¨© ¨¤¥ªá h ®¡®§ ç ¥â ¤¨áªà¥â¨§ æ¨î ¯® ¯à®áâ-
à áâ¢ã, ¢à¥¬¥¨ ¨ ç áâ®â¥ ¢ Dt; Dt� . �®®â®è¥¨ï (21),(22) á®áâ ¢«¥ë ¯® ¬ ª-
á¨¬ «ì®¬ã ç¨á«ã ¤¥©áâ¢ãîé¨å ¢ á¨áâ¥¬¥ í«¥¬¥â®¢. � à¥ «ìëå á¨âã æ¨ïå,
¢ § ¢¨á¨¬®áâ¨ ®â æ¥«¥© ¨áá«¥¤®¢ ¨© ¨ ¯®áâ ®¢®ª § ¤ ç, ¢®§¬®¦ë à §«¨ç-
ë¥ á®ç¥â ¨ï íâ¨å í«¥¬¥â®¢ { ®â ¬¨¨¬ «ì®£® á®áâ ¢  { ®¤  ¬®¤¥«ì + ®¤¨
äãªæ¨® «, ¤® ¬ ªá¨¬ «ì®£®.

�á¯®«ì§®¢ ¨¥ ¬¥à � ¤®  ¨ �¨à ª  ¯à¨ ä®à¬¨à®¢ ¨¨ áâàãªâãàë äãª-
æ¨® «®¢ ®¡ãá«®¢«¥® á¯¥æ¨ä¨ª®© ¯à¨¬¥¥¨ï ¢ à¨ æ¨®ëå ¯à¨æ¨¯®¢ ¤«ï
®à£ ¨§ æ¨¨ ç¨á«¥®£® ¬®¤¥«¨à®¢ ¨ï. �®-¯¥à¢ëå, â®ç¥çë¥ ¨ à á¯à¥¤¥«¥-
ë¥  ¡«î¤¥¨ï ¨ ®£à ¨ç¥¨ï ãç¨âë¢ îâáï ¥¤¨®®¡à §®, çâ® ã¨ä¨æ¨àã¥â
 «£®à¨â¬¨ç¥áª¨¥ ª®áâàãªæ¨¨. �®-¢â®àëå, ã¯à®é ¥âáï ä®à¬ «¨§¬ ¯®áâà®¥¨ï
á®¯àï¦¥ëå § ¤ ç, â ª ª ª ¨ á®¯àï¦¥ë¥ äãªæ¨¨, ãç¨âë¢ îé¨¥ ¬®¤¥«¨
¯à®æ¥áá®¢ ¨  ¡«î¤¥¨©, ¨ ¢¥á®¢ë¥ äãªæ¨¨ äãªæ¨® «®¢  å®¤ïâáï ¢ á®¯àï-
¦¥ëå ¯à®áâà áâ¢ å.
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�¨áªà¥â¨§ æ¨î äãªæ¨® «®¢ (21),(22) ®áãé¥áâ¢«ï¥¬ á ¨á¯®«ì§®¢ ¨¥¬ ¬¥-
â®¤®¢ á« ¡®©  ¯¯à®ªá¨¬ æ¨¨, à áé¥¯«¥¨ï ¨ ¤¥ª®¬¯®§¨æ¨¨. �á¥ ªã¡ âãàë¥
ä®à¬ã«ë ¤«ï ¨â¥£à «®¢ áâà®ïâáï   ®¤¨å ¨ â¥å ¦¥ á¥âª å. � à ¬ª å ¬¥-
â®¤  à áé¥¯«¥¨ï ®á®¢®© í«¥¬¥â ¤¨áªà¥â¨§ æ¨¨ ¬®¤¥«¥© ¯à®æ¥áá®¢ ¯® ¯à®áâ-
à áâ¢¥ë¬ ¯¥à¥¬¥ë¬ áâà®¨âáï   ¡ §¥ á®®â®è¥¨© ¢¨¤ Z x�

x��1

(�x'� f)'� dx =
Z x�

x��1

��x''dx� (Ax'; '�)jx�x��1 �
Z x�

x��1

f'� dx; (23)

£¤¥ ' { ®¤  ¨§ ª®¬¯®¥â äãªæ¨¨ á®áâ®ï¨ï,x { ®¤  ¨§ ¯à®áâà áâ¢¥ëå
¯¥à¥¬¥ëå,�x { ç áâì ®¯¥à â®à  � ¬®¤¥«¨ ¢ â¥à¬¨ å ¬¥â®¤  à áé¥¯«¥¨ï,
¤¥©áâ¢ãîé ï ¢  ¯à ¢«¥¨¨ x, [x��1; x�] { ïç¥©ª  á¥â®ç®© ®¡« áâ¨ ¯® x, ��x
{ ®¯¥à â®à, á®¯àï¦¥ë© ¯® ®â®è¥¨î ª �x, (Ax'; '�) { á®®â®è¥¨¥   £à -
¨æ å ïç¥¥ª ¯® x. �¨¤ ®¯¥à â®à  Ax ®¯à¥¤¥«ï¥âáï áâàãªâãà®© ®¯¥à â®à  �x
. �¯®á®¡ ¤¨áªà¥â¨§ æ¨¨ § ¢¨á¨â ®â á¯®á®¡  § ¤ ¨ï äãªæ¨© '� ¢ (23). �ë
¢ë¡¨à ¥¬ ¨å â ª, çâ®¡ë ®¨ ¡ë«¨ à¥è¥¨ï¬¨ «®ª «ìëå á®¯àï¦¥ëå § ¤ ç
[16]

��x'
� = 0; x��1 � x� � x; � = 1;M: (24)

� ª ï ¯à®æ¥¤ãà  ¯®áâà®¥¨ï ®¡¥á¯¥ç¨¢ ¥â á¢®©áâ¢® ¬®®â®®áâ¨ ¨ âà á¯®à-
â¨¢®áâ¨ ¤¨áªà¥âëå  ¯¯à®ªá¨¬ æ¨©  ¤¢¥ªâ¨¢®-¤¨ääã§¨®ëå ®¯¥à â®à®¢ ¯®
¯à®áâà áâ¢¥ë¬ ¯¥à¥¬¥ë¬.

�ª®ç â¥«ì® ¤¨áªà¥âë¥  ¯¯à®ªá¨¬ æ¨¨ ¬®¤¥«¥© ¨  «£®à¨â¬ë ¬®¤¥«¨à®-
¢ ¨ï ¯®«ãç îâáï ¨§ ãá«®¢¨© áâ æ¨® à®áâ¨ äãªæ¨® «®¢ ~�hk [7,12]:

1) ¤«ï ®á®¢ëå § ¤ ç ¨ ¬¥â®¤®¢ ¯àï¬®£® ¬®¤¥«¨à®¢ ¨ï { ¨§ ãá«®¢¨© áâ -
æ¨® à®áâ¨ ª ¢ à¨ æ¨ï¬ ª®¬¯®¥â®¢ á®¯àï¦¥®© äãªæ¨¨ ~'� ;

2) ¤«ï á®¯àï¦¥ëå § ¤ ç ¨ ¬¥â®¤®¢ ®¡à â®£® ¬®¤¥«¨à®¢ ¨ï { ¨§ ãá«®¢¨©
áâ æ¨® à®áâ¨ ª ¢ à¨ æ¨ï¬ ª®¬¯®¥â®¢ äãªæ¨¨ á®áâ®ï¨ï ~';

3) ¥á«¨ ¢ ¬®¤¥«ïå ãç¨âë¢ îâáï ®è¨¡ª¨, â® ãá«®¢¨ï áâ æ¨® à®áâ¨ ª ¢ à¨-
 æ¨ï¬ ª®¬¯®¥â®¢ äãªæ¨© ®è¨¡®ª ¤ îâ á¨áâ¥¬ã ãà ¢¥¨© ¤«ï à áç¥â  íâ¨å
®è¨¡®ª ¯® ä ªâ¨ç¥áª®© ¨ä®à¬ æ¨¨, § «®¦¥®© ¢ äãªæ¨® « å (11){(18) ç¥-
à¥§ á®®â¢¥âáâ¢ãîé¨¥ äãªæ¨¨ çã¢áâ¢¨â¥«ì®áâ¨;

4) ãá«®¢¨ï áâ æ¨® à®áâ¨ ª ¢ à¨ æ¨ï¬ ¯ à ¬¥âà®¢ ¬®¤¥«¨, ¢ª«îç ï ¨áâ®ç-
¨ª¨ ¢¥è¨å ¢®§¤¥©áâ¢¨©, ¯à¨¢®¤ïâ ª á¨áâ¥¬ ¬ ãà ¢¥¨© ¤«ï  å®¦¤¥¨ï
íâ¨å ¯ à ¬¥âà®¢ ¯® ä ªâ¨ç¥áª®© ¨ä®à¬ æ¨¨, ãç¨âë¢ ¥¬®© ¢ äãªæ¨® « å
(11){(18). �® áãé¥áâ¢ã, íâ®  «£®à¨â¬ë à¥ «¨§ æ¨¨ ®¡à âëå á¢ï§¥© ®â äãªæ¨-
® «®¢ ª ¯ à ¬¥âà ¬ ¬®¤¥«¥©.

�®áâàãªâ¨¢® íâ¨ ãá«®¢¨ï à¥ «¨§ãîâáï á ¯®¬®éìî ¯à®¨§¢®¤ëå � â®äãª-
æ¨® «®¢ (21), (22) ®â®á¨â¥«ì® ¢á¥å ¨å äãªæ¨® «ìëå  à£ã¬¥â®¢ ¢ ¤¨á-
ªà¥â®¬ ¯à¥¤áâ ¢«¥¨¨. �ë¡à ë© á¯®á®¡ ¤¨áªà¥â¨§ æ¨¨ íâ¨å äãªæ¨® «®¢
¯à¨¢®¤¨â ª â®¬ã, çâ® ¯®«ãç¥ë¥ á ¯®¬®éìî ¢ à¨ æ¨®®£® ¯à¨æ¨¯  ¤¨áªà¥â-
ë¥   «®£¨ ®á®¢ëå ¨ á®¯àï¦¥ëå § ¤ ç 1) ¨ 2) ¯à¥¤áâ ¢«ïîâ á®¡®© ¢§ ¨¬®-
á®£« á®¢ ë¥ áå¥¬ë à áé¥¯«¥¨ï.

� á®¯àï¦¥ëå § ¤ ç å £à ¤¨¥âë äãªæ¨® «®¢ (11){(13) ®â®á¨â¥«ì®
ª®¬¯®¥â®¢ äãªæ¨¨ á®áâ®ï¨ï ¢ ã§« å á¥â®ç®© ®¡« áâ¨ ¢ëáâã¯ îâ ¢ ª -
ç¥áâ¢¥ äãªæ¨© ¨áâ®ç¨ª®¢ ¯à¨ ®à£ ¨§ æ¨¨ ¯à®æ¥¤ãà ãá¢®¥¨ï ¤ ëå ¤¨áâ -
æ¨®ëå ¨ ª®â ªâëå  ¡«î¤¥¨©,   ¯à¨ ãç¥â¥ ®£à ¨ç¥¨© (18) { ¢ ®¯â¨¬¨-
§ æ¨®ëå § ¤ ç å ã¯à ¢«¥¨ï ¨ ¯à®¥ªâ¨à®¢ ¨ï. � ª ª ª äãªæ¨¨ á®áâ®ï¨ï



� à¨ æ¨®ë¥ ¯à¨æ¨¯ë ¢ § ¤ ç å íª®«®£¨¨ ¨ ª«¨¬ â  145

¢å®¤ïâ ¯à ªâ¨ç¥áª¨ ¢® ¢á¥ á« £ ¥¬ë¥ ¢ (21), (22), â® á®¯àï¦¥ë¥ § ¤ ç¨ ¯®
áâàãªâãà¥ ¨ äãªæ¨® «ì®¬ã á®¤¥à¦ ¨î § ¬ëª îâ   á¥¡ï ¢á¥ ¢ãâà¥¨¥
á¢ï§¨ ¬¥¦¤ã à §«¨çë¬¨ í«¥¬¥â ¬¨ á¨áâ¥¬ë ¬®¤¥«¨à®¢ ¨ï, ãç¨âë¢ ¥¬ë¬¨
¢ ®á®¢®¬ äãªæ¨® «¥. �à¨ íâ¨å ãá«®¢¨ïå ®æ¥ª¨ ¢ à¨ æ¨© æ¥«¥¢ëå äãª-
æ¨® «®¢ ¯®«ãç îâáï ®¯â¨¬ «ìë¬¨ ¢ â®¬ á¬ëá«¥, çâ® ®¨ ¨¬¥îâ â®ç®áâì
¢â®à®£® ¯®àï¤ª  ¬ «®áâ¨ ®â®á¨â¥«ì® ¢ à¨ æ¨© ~'�, ~'�,~".

�¢ï§¨ ¬¥¦¤ã ¢ à¨ æ¨ï¬¨ ��hk(~') ¨ ¢ à¨ æ¨ï¬¨ ¯ à ¬¥âà®¢ ¬®¤¥«¥© à¥ «¨-
§ãîâáï ¯®áà¥¤áâ¢®¬ äãªæ¨© çã¢áâ¢¨â¥«ì®áâ¨. �å ¢ëà ¦¥¨ï ®¯à¥¤¥«ïîâáï
ª®íää¨æ¨¥â ¬¨ ¯à¨ ¢ à¨ æ¨ïå á®®â¢¥âáâ¢ãîé¨å ¯ à ¬¥âà®¢ ¢ ®á®¢®¬ á®-
®â®è¥¨¨ çã¢áâ¢¨â¥«ì®áâ¨ ¤«ï ~�hk(~'), § ¯¨á ®¬ á ãç¥â®¬ ãª § ëå ¢ëè¥
âà¥å ãá«®¢¨© áâ æ¨® à®áâ¨ [7, 12]:

��hk(~') =
@

@�
Ih(~'; ~'�k; ~"; ~Y + �; �~Y )j�=0 � (

@Ih

@~Y
; �~Y ); (25)

£¤¥ � { ¢¥é¥áâ¢¥ë© ¯ à ¬¥âà, �~Y { ¢¥ªâ®à ¢ à¨ æ¨© ¯ à ¬¥âà®¢, ~'�k { à¥è¥-
¨¥ á®¯àï¦¥®© § ¤ ç¨ ¨§ 2), á®®â¢¥âáâ¢ãîé¥© äãªæ¨® «ã �hk . �«£®à¨â¬ë
¯®áâà®¥¨ï ®á®¢®£® á®®â®è¥¨ï ¨ äãªæ¨© çã¢áâ¢¨â¥«ì®áâ¨ ¢ § ¤ ç å à á-
á¬ âà¨¢ ¥¬®£® ª« áá  ®¯¨á ë ¢ à ¡®â å [11, 12, 14, 18].

� ¨¡®«¥¥ íää¥ªâ¨¢ë¥  «£®à¨â¬ë ¤«ï à¥è¥¨ï ®¡à âëå § ¤ ç ¯®«ãç îâáï
¢ â®¬ á«ãç ¥, ª®£¤   ¯à ¢«¥¨¥ §®¤¨à®¢ ¨ï ¢ ¬®¤¥«ïå  ¡«î¤¥¨© á®¢¯ ¤ ¥â
á ª®®à¤¨ âë¬¨ «¨¨ï¬¨ ¢ ¤¨áªà¥âëå   «®£ å ¬®¤¥«¥© ¯à®æ¥áá®¢,   ¯à®æ¥-
¤ãàë ãá¢®¥¨ï ¤ ëå ®à£ ¨§ãîâáï   ®â¤¥«ìëå íâ ¯ å à áé¥¯«¥¨ï. �â®
 £«ï¤® ¤¥¬®áâà¨àãîâ § ¤ ç¨ ¢¥àâ¨ª «ì®£® §®¤¨à®¢ ¨ï  â¬®áä¥àë.

� ª ç¥áâ¢¥ ¯à¨¬¥à  ¬®¦® ¯à¨¢¥áâ¨ ¬®¤¨ä¨ª æ¨î  «£®à¨â¬  ¤«ï ®¯à¥¤¥-
«¥¨ï ¢¥àâ¨ª «ìëå ¯à®ä¨«¥© â¥¬¯¥à âãàë. �à¥¤¯®«®¦¨¬, çâ® §®¤¨à®¢ ¨¥
¯à®¨§¢®¤¨âáï ¢  ¤¨à¥ ¨  ¯à ¢«¥¨¥ ¨§¬¥à¥¨© á®¢¯ ¤ ¥â á ª®®à¤¨ âë¬¨ «¨-
¨ï¬¨ á¥âª¨ ¯® ¢¥àâ¨ª «¨. �«£®à¨â¬ ¯®«ãç ¥âáï á ¯®¬®éìî ®¯¨á ®£® §¤¥áì
¢ à¨ æ¨®®£® ¯à¨æ¨¯  ¢ ª®¬¡¨ æ¨¨ á ¬¥â®¤®¬ à áé¥¯«¥¨ï. �ë¯¨è¥¬ ®¯à¥-
¤¥«ïîéãî á¨áâ¥¬ã ãà ¢¥¨©, ª®â®à ï á«¥¤ã¥â ¨§ ãá«®¢¨© ¬¨¨¬ã¬  äãªæ¨-
® «  ®è¨¡®ª ®â®á¨â¥«ì® â¥¬¯¥à âãàë   íâ ¯¥ à áé¥¯«¥¨ï ¢  ¯à ¢«¥¨¨
¢¥àâ¨ª «ì®© ª®®à¤¨ âë. � ª ®¡ëç®,   ª ¦¤®¬ è £¥ ¯® ¢à¥¬¥¨ à áá¬ â-
à¨¢ îâáï «¨¥ à¨§®¢ ë¥ § ¤ ç¨ ®â®á¨â¥«ì® ¨áª®¬ëå äãªæ¨© á®áâ®ï¨ï
¨«¨ ®â®á¨â¥«ì® ®âª«®¥¨© íâ¨å äãªæ¨© ®â ¨å á®®â¢¥âáâ¢ãîé¨å § ç¥¨© á
¯à¥¤ë¤ãé¥£® ¬®¬¥â  ¢à¥¬¥¨. �ª®ç â¥«ì® á¨áâ¥¬  ãà ¢¥¨© ¨¬¥¥â áâàãª-
âãàã

fL�1zL1z(T ) +
X
q

Z
h�i
(M�

qzMqz(T ))��qd� +
X
h�i

!�
@	�(~')
@T

ghim = 0: (26)

�¤¥áì ¨¤¥ªá®¬ z ®â¬¥ç¥ë ®¯¥à â®àë ¬®¤¥«¥© ¯à®æ¥áá®¢ ¨  ¡«î¤¥¨© ¯®
¢¥àâ¨ª «¨, ãç¨âë¢ ¥¬ëå ¢ (22) ¨ ï¢® á®¤¥à¦ é¨å â¥¬¯¥à âãàã, im { á®¢®-
ªã¯®áâì â®ç¥ª á¥â®ç®© ®¡« áâ¨ ¯® £®à¨§®â «ìë¬ ¯¥à¥¬¥ë¬, ¢ ª®â®àëå
¯à®¨§¢®¤¨âáï §®¤¨à®¢ ¨¥ ¯® ¢¥àâ¨ª «¨, §¢¥§¤®çª ¬¨ ®â¬¥ç¥ë á®®â¢¥âáâ¢ã-
îé¨¥ á®¯àï¦¥ë¥ ®¯¥à â®àë. �¨áâ¥¬  (26) ¯à¥¤áâ ¢«ï¥â á®¡®© á®¢®ªã¯®áâì
¥§ ¢¨á¨¬ëå ®¤®¬¥àëå § ¤ ç ¯® ¢¥àâ¨ª «¨ ®â®á¨â¥«ì® â¥¬¯¥à âãàë. �â¨
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§ ¤ ç¨ à¥è îâáï ¬¥â®¤®¬ ¯àï¬®£® ®¡à é¥¨ï. � «®£¨çë¬ ®¡à §®¬ áâà®ïâáï
 «£®à¨â¬ë ¨ ¤«ï  å®¦¤¥¨ï ¤àã£¨å ª®¬¯®¥â äãªæ¨¨ á®áâ®ï¨ï.

�¥à¢®¥ á« £ ¥¬®¥ ¢ (26) ¯®à®¦¤ ¥âáï  ¯¯à®ªá¨¬ æ¨¥©  ¤¢¥ªâ¨¢®-¤¨ääã§¨-
®®£® ®¯¥à â®à  ¢ ¬®¤¥«¨ ¯à®æ¥áá®¢. �® ¯®áâà®¥¨î ®  ®¡« ¤ ¥â á¢®©áâ¢ ¬¨
¬®®â®®áâ¨ ¨ âà á¯®àâ¨¢®áâ¨, ¯®íâ®¬ã ®á®¡ëå ¯à®¡«¥¬ á à¥è¥¨¥¬ á¨áâ¥¬ë
(26) ¥ ¢®§¨ª ¥â.

�ç¥â ®è¨¡®ª ¢ ¬®¤¥«ïå ¨ ¢¢¥¤¥¨¥ äãªæ¨® «®¢ ¬¥àë íâ¨å ®è¨¡®ª (14) ¢
äãªæ¨® « (21) à áè¨àï¥â ¢®§¬®¦®áâ¨ á®¢¬¥áâ®£® ¨á¯®«ì§®¢ ¨ï ¬®¤¥«¥©
¨ ¤ ëå  ¡«î¤¥¨©. � ç áâ®áâ¨, â ª®© ¯®¤å®¤ ¯®§¢®«ï¥â á ¥¤¨ëå ¯®§¨-
æ¨© ¢ à ¬ª å ®¤®£® ¨ â®£® ¦¥ ¢ à¨ æ¨®®£® ¯à¨æ¨¯  áâà®¨âì ª ª ¯à®æ¥-
¤ãàë ãá¢®¥¨ï ¤ ëå á ¨á¯®«ì§®¢ ¨¥¬ á®¯àï¦¥ëå § ¤ ç, â ª ¨ ¯à®æ¥¤ãàë
â¨¯  ª «¬ ®¢áª®© ä¨«ìâà æ¨¨. � ¬¥â¨¬, çâ® à áç¥â ï áå¥¬  ¯®á«¥¤¨å ¯®-
«ãç ¥âáï ä®à¬ «ìë¬ ¨áª«îç¥¨¥¬ ¨§ áå¥¬ë  «£®à¨â¬  1){4) á®¯àï¦¥ëå
äãªæ¨© [12]. �®, ¯®¦ «ã©, çâ® ¢ ¦¥¥ ¢á¥£®, â ª íâ® ¢®§¬®¦®áâì ¯®áâà®¥¨ï
ª®áâàãªâ¨¢®£®  «£®à¨â¬  ¤¨ £®áâ¨ª¨ ª ç¥áâ¢  ¬®¤¥«¥© ¯® ä ªâ¨ç¥áª®© ¨-
ä®à¬ æ¨¨. �â®â  «£®à¨â¬ ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ãá«®¢¨ï 3) ¨§ ®â¬¥ç¥ëå ¢ëè¥
ãá«®¢¨© áâ æ¨® à®áâ¨ äãªæ¨® «  (21).

� ¯®á«¥¤¥¥ ¢à¥¬ï  ¬¥â¨«®áì ®¢®¥  ¯à ¢«¥¨¥ ¯à¨¬¥¥¨© à §à ¡ âë-
¢ ¥¬®©  ¬¨ ¬¥â®¤¨ª¨ ¤«ï ®à£ ¨§ æ¨¨ áæ¥ à¨¥¢ ¬®¤¥«¨à®¢ ¨ï á ¨á¯®«ì§®-
¢ ¨¥¬ ¤ ëå Reanalysis NCEP/NCAR [24]. �â® § ¤ ç¨, á¢ï§ ë¥ á ®æ¥-
ª ¬¨ íª®«®£¨ç¥áª®© ¯¥àá¯¥ªâ¨¢ë ¯à¨ à §«¨çëå ¢ à¨ â å  âà®¯®£¥ëå ¢®§-
¤¥©áâ¢¨© ¨ ¬ áèâ ¡®¢ ¢§ ¨¬®¤¥©áâ¢¨© ¢ ª«¨¬ â¨ç¥áª®© á¨áâ¥¬¥ â¨¯  ¨áâ®ç¨ª-
¤¥â¥ªâ®à, ¤¥â¥ªâ®à-¨áâ®ç¨ª. �®§¤ ¢ ¥¬ ï  ¬¨ ¤«ï íâ¨å æ¥«¥© á¨áâ¥¬  ¬®¤¥-
«¨à®¢ ¨ï [17] ¯®§¢®«ï¥â ®¯¥à â¨¢® ¢®ááâ  ¢«¨¢ âì ¯à®áâà áâ¢¥®-¢à¥¬¥-
ãî áâàãªâãàã  â¬®áä¥à®© æ¨àªã«ïæ¨¨ á § ¤ ë¬ à §à¥è¥¨¥¬ ¢ à¥¦¨¬¥
ãá¢®¥¨ï ¤ ëå à¥  «¨§ . � íâ®¬ á«ãç ¥ ¡ §®¢ ï ¬®¤¥«ì £¨¤à®â¥à¬®¤¨ -
¬¨ª¨ à ¡®â ¥â ª ª ¨â¥à¯®«ïâ.

�®¯à®áë à¥ «¨§ æ¨¨ ®¯¨á ®© áå¥¬ë ¢ëç¨á«¥¨© ¢ à §ëå  á¯¥ªâ å ®¡áã¦-
¤ îâáï ¢ à ¡®â å [7{18]. � ¬ ¦¥ ¯à¨¢®¤ïâáï ¨ à¥§ã«ìâ âë áæ¥ à¨¥¢ ¬®¤¥«¨à®-
¢ ¨ï. �  íâ¨å ¯à¨æ¨¯ å á®§¤ ¥âáï ¬®£®äãªæ¨® «ìë© ª®¬¯«¥ªá ¬®¤¥«¥©.
� ¯à¥¤áâ ¢«ï¥â á®¡®© ®âªàëâãî ¨ à §¢¨¢ ¥¬ãî á¨áâ¥¬ã ¬®¤¥«¨à®¢ ¨ï.

�â¬¥â¨¬, ¤®¯®«¨â¥«ì®, â®«ìª® ¥ª®â®àë¥ á¯®á®¡ë ¯®¢ëè¥¨ï íää¥ªâ¨¢-
®áâ¨  «£®à¨â¬®¢ §  áç¥â à á¯ à ««¥«¨¢ ¨ï. �ãªæ¨® « (21) ¯®áâà®¥ â ª,
çâ® ¢á¥ ¬®¤¥«¨ ¨ ¢á¥ äãªæ¨® «ë ¢ ¥¬ ãç áâ¢ãîâ   ¯à¨æ¨¯ å  ¤¤¨â¨¢®áâ¨.
�ë¡à ë©  ¬¨ á¯®á®¡ ¤¨áªà¥â¨§ æ¨¨ á ¯®¬®éìî ¢ à¨ æ¨®®£® ¯à¨æ¨¯  ¨
¬¥â®¤  à áé¥¯«¥¨ï ®¡¥á¯¥ç¨¢ ¥â ª®áâàã¨à®¢ ¨¥ ç¨á«¥ëå ¬®¤¥«¥© ¤«ï ®á-
®¢ëå ¨ á®¯àï¦¥ëå § ¤ ç ¢ ¢¨¤¥ áå¥¬ à áé¥¯«¥¨ï, ¢§ ¨¬® á®£« á®¢ ëå
  ¢á¥å íâ ¯ å ¢ëç¨á«¥¨ï ç¥à¥§ äãªæ¨® «ë (21),(22). � ª á«¥¤áâ¢¨¥ íâ®£®
¢®§¬®¦  ¬®£®ãà®¢¥¢ ï áå¥¬  à á¯ à ««¥«¨¢ ¨ï  «£®à¨â¬®¢:  ) ¯® á®¢®-
ªã¯®áâ¨ æ¥«¥¢ëå äãªæ¨® «®¢ (11) ¨ äãªæ¨® «®¢ ®£à ¨ç¥¨© (18); ¡) ¯®
¢ãâà¥¥© áâàãªâãà¥ à áè¨à¥®£® äãªæ¨® «  (21). �  ¢¥àå¥¬ á¨áâ¥¬®¬
ãà®¢¥ ®æ¥ª¨ ¢á¥å æ¥«¥¢ëå äãªæ¨® «®¢ ¬®£ãâ ®áãé¥áâ¢«ïâìáï ¯ à ««¥«ì®.
�«¥¤ãîé¨© ãà®¢¥ì { à ¡®â  á à áè¨à¥ë¬¨ äãªæ¨® « ¬¨ (21) ¤«ï ª ¦¤®£®
æ¥«¥¢®£® äãªæ¨® « . � ¦¤ë© íâ ¯ â¥å®«®£¨¨ ¬®¤¥«¨à®¢ ¨ï, ¨¤ãæ¨à®¢ -
ë© ®â¤¥«ìë¬¨ í«¥¬¥â ¬¨ íâ®£® äãªæ¨® « ,   ¨¬¥® à¥è¥¨¥ ¯àï¬ëå ¨
á®¯àï¦¥ëå § ¤ ç ¤«ï ª ¦¤®© ¬®¤¥«¨, à áç¥â äãªæ¨© çã¢áâ¢¨â¥«ì®áâ¨ ¨
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â.¤., ¬®¦¥â à¥ «¨§®¢ âìáï ¯ à ««¥«ì®. �ª®ç â¥«ì®,   ¨¦¥¬ á¨áâ¥¬®¬
ãà®¢¥, ¯®ª®®à¤¨ â®¥ à áé¥¯«¥¨¥ ¯® ¯à®áâà áâ¢¥ë¬ ¯¥à¥¬¥ë¬ â ª¦¥
¬®¦¥â ¡ëâì ¢ëáâà®¥® ¢ ¯ à ««¥«ìãî áâàãªâãàã.

� ª«îç¥¨¥
� ª¨¬ ®¡à §®¬, ¨á¯®«ì§®¢ ¨¥ ¢ à¨ æ¨®ëå ¯à¨æ¨¯®¢ ¢ § ¤ ç å íª®«®£¨¨

¨ ª«¨¬ â  ®¡¥á¯¥ç¨¢ ¥â ¢ãâà¥¥¥ á®£« á®¢ ¨¥ ¢á¥å í«¥¬¥â®¢ á¨áâ¥¬ë ¬®¤¥-
«¨à®¢ ¨ï, ¯®§¢®«ï¥â áä®à¬ã«¨à®¢ âì íää¥ªâ¨¢ë¥ á¯®á®¡ë ®à£ ¨§ æ¨¨ ¢§ -
¨¬®¤¥©áâ¢¨© ¬¥¦¤ã ¬ â¥¬ â¨ç¥áª¨¬¨ ¬®¤¥«ï¬¨ ¨ ä ªâ¨ç¥áª®© ¨ä®à¬ æ¨¥© ¨
¯®áâà®¨âì § ¬ªãâãî á¨áâ¥¬ã  «£®à¨â¬®¢ ¯àï¬®£® ¨ ®¡à â®£® ¬®¤¥«¨à®¢ ¨ï.
�¥â®¤ë ®¡à â®£® ¬®¤¥«¨à®¢ ¨ï ¨¬¥îâ è¨à®ª¨© á¯¥ªâà ¯à¨¬¥¥¨© ¤«ï æ¥-
«¥© ¤¨ £®áâ¨ª¨, ¯à®¥ªâ¨à®¢ ¨ï, ¬®¨â®à¨£  ¨ ¯à®£®§¨à®¢ ¨ï. �¥âà «ì-
®¥ §¢¥® ¢ ¨å { à¥è¥¨¥ á®¯àï¦¥ëå § ¤ ç ¤«ï á®¢®ªã¯®áâ¨ äãªæ¨® -
«®¢ à §«¨ç®£® ¨ä®à¬ æ¨®®£® á®¤¥à¦ ¨ï ¨ æ¥«¥¢®£®  § ç¥¨ï ¨ à áç¥â
äãªæ¨© çã¢áâ¢¨â¥«ì®áâ¨ íâ¨å äãªæ¨® «®¢ ª ¢ à¨ æ¨ï¬ ¯ à ¬¥âà®¢ ¬®¤¥-
«¥©,  ç «ìëå ¨ £à ¨çëå ãá«®¢¨©, ¨áâ®ç¨ª®¢ ¢¥è¨å ¢®§¤¥©áâ¢¨© ¨ â.¤.
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� áá¬ âà¨¢ îâáï ¢®¯à®áë, á¢ï§ ë¥ á ¯à¨¬¥¥¨¥¬ ¬¥â®¤®¢ à áé¥¯-
«¥¨ï ¨ á®¯àï¦¥ëå ãà ¢¥¨© ª à¥è¥¨î § ¤ ç ¤¨ ¬¨ª¨ ®ª¥  . �á®-
¡®¥ ¢¨¬ ¨¥ ã¤¥«ï¥âáï ¢ë¡®àã ä®à¬ë § ¯¨á¨ ¨áå®¤®© ¤¨ää¥à¥æ¨ «ì-
®© § ¤ ç¨ { á¨¬¬¥âà¨§ æ¨¨ ãà ¢¥¨©.

�«ï § ¤ ç¨, áä®à¬ã«¨à®¢ ®© ¢ �-á¨áâ¥¬¥ ª®®à¤¨ â, ¢ ¤¢ãå¬¥à®¬
á«ãç ¥, áâà®¨âáï à áé¥¯«¥ ï á¨áâ¥¬  ãà ¢¥¨©. �áâ  ¢«¨¢ ¥âáï § -
ª® á®åà ¥¨ï ¯®«®© í¥à£¨¨; ¯à®¨§¢®¤¨âáï á¨¬¬¥âà¨§ æ¨ï ãà ¢¥¨©;
¢ë¤¥«ïîâáï ¯à®áâë¥ ¯®¤á¨áâ¥¬ë, ª ¦¤ ï ¨§ ª®â®àëå ã¤®¢«¥â¢®àï¥â § -
ª®ã á®åà ¥¨ï.

� áá¬ âà¨¢ ¥âáï ®¡®¡é¥ ï § ¤ ç  ® á®¢¬¥áâ®¬ íää¥ªâ¥ ¡ à®ª«¨-
®áâ¨ ¨ à¥«ì¥ä  ¤  (�����). �¡áã¦¤ ¥âáï ¢®¯à®á ® ¢ë¡®à¥ ä®à¬ë § -
¯¨á¨ ãà ¢¥¨© ¨ à¥£ã«ïà¨§ æ¨¨ § ¤ ç¨. �®à¬ã«¨àãîâáï ®áà¥¤¥ë¥ ¯®
¢¥àâ¨ª «¨ ãà ¢¥¨ï ¢ â¥à¬¨ å äãªæ¨ï â®ª  { ¯«®â®áâì. �«ï ®æ¥ª¨
çã¢áâ¢¨â¥«ì®áâ¨ à¥è¥¨ï, á«¥¤ãï �.�. � àçãªã, ¢¢®¤¨âáï ¢ à áá¬®âà¥-
¨¥ á®¯àï¦¥ ï á¨áâ¥¬  ãà ¢¥¨©. � â®çª¨ §à¥¨ï á®¯àï¦¥®© § ¤ ç¨
¤¥« ¥âáï ¢ë¢®¤ ® áãé¥áâ¢¥®© à®«¨ ����� ¢ ¬¥å ¨§¬¥ ä®à¬¨à®¢ ¨ï
¨§¬¥ç¨¢®áâ¨ à¥è¥¨ï.

�¢¥¤¥¨¥
�á®¢ë¬ ¬¥â®¤®¬ ¨§ãç¥¨ï ¯à®æ¥áá®¢ ä®à¬¨à®¢ ¨ï ¨ ¨§¬¥ç¨¢®áâ¨ ®ª¥-

 áª®© æ¨àªã«ïæ¨¨ ï¢«ï¥âáï ¬ â¥¬ â¨ç¥áª®¥ ¬®¤¥«¨à®¢ ¨¥. �®¢à¥¬¥ë¥ ¬®-
¤¥«¨ ¤¨ ¬¨ª¨ ®ª¥   ¨¬¥îâ ¥áª®«ìª® á¯¥æ¨ä¨ç¥áª¨å ®á®¡¥®áâ¥©. �¨ ®¯¨-
áë¢ îâáï á¨áâ¥¬ ¬¨ ¥áâ æ¨® àëå ¥«¨¥©ëå ãà ¢¥¨©, à¥è¥¨¥ ª®â®àëå
¨é¥âáï ¢ ¬®£®á¢ï§ëå ®¡« áâïå á«®¦®© ä®à¬ë. � ¤ ç¨ âà¥¡ãîâ ¢ëá®ª®£®
¯à®áâà áâ¢¥®£® à §à¥è¥¨ï,   ¥ª®â®àë¥ ¨§ ¨å { ¤«¨â¥«ì®£® ¨â¥£à¨à®¢ -
¨ï ¯® ¢à¥¬¥¨ ¤® ¤®áâ¨¦¥¨ï ãáâ ®¢¨¢è¥£®áï á®áâ®ï¨ï. �®¤¥«ì®¥ à¥è¥¨¥

1� ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à¦ª¥ ���� (¯à®¥ªâë ¿99{05{64920, 98{05{64451).
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¨¬¥¥â á«®¦ë© å à ªâ¥à ¨ è¨à®ª¨© ¤¨ ¯ §® ¨§¬¥ç¨¢®áâ¨ ¯® ¯à®áâà áâ¢ã ¨
¢à¥¬¥¨; ª®«¨ç¥áâ¢® ¤ ëå  ¡«î¤¥¨© ¤«ï ¢¥à¨ä¨ª æ¨¨ ¬®¤¥«¥© { ¬ «�®. �
íâ®© á¢ï§¨ ¯à¨®¡à¥â îâ ®á®¡®¥ § ç¥¨¥ ¤¢  ®á®¢ëå ¢®¯à®á :

� � ª ¯®áâà®¨âì íää¥ªâ¨¢ãî ç¨á«¥ãî ¬®¤¥«ì ¤¨ ¬¨ª¨ ®ª¥   { íª®®-
¬¨çãî ¢ à áç¥â å ¨ ãáâ®©ç¨¢ãî ¯à¨ t!1 ?

� � ª ®æ¥¨âì  ¤¥ª¢ â®áâì à¥è¥¨ï ¯® ®â®è¥¨î ª ¤ ë¬  ¡«î¤¥-
¨©? � ª  ©â¨ ¯à®áâë¥ å à ªâ¥à¨áâ¨ª¨, ®¯¨áë¢ îé¨¥ ¯®¢¥¤¥¨¥ à¥è¥-
¨ï á«®¦®© á¨áâ¥¬ë ¢ ãá«®¢¨ïå ¥â®ç®£® § ¤ ¨ï ¢¥è¨å á¨« ¨ ¬ «®£®
ª®«¨ç¥áâ¢  ¤ ëå  ¡«î¤¥¨©?

�à¥¤¨ äã¤ ¬¥â «ìëå ¬ â¥¬ â¨ç¥áª¨å ¬¥â®¤®¢, ¯®§¢®«ïîé¨å ¯à¥®¤®«¥âì
¬®£¨¥ âàã¤®áâ¨ ¯à¨ à¥è¥¨¨ ãª § ëå ¯à®¡«¥¬, ¢ë¤¥«¨¬ ¤¢ : ¬¥â®¤ à á-
é¥¯«¥¨ï ¨ ¬¥â®¤ á®¯àï¦¥ëå ãà ¢¥¨© ª ª ®á®¢ã   «¨§  á«®¦ëå
á¨áâ¥¬.

� ç¨â¥«ì ï à®«ì ¢ á®§¤ ¨¨ ¨ à §¢¨â¨¨ íâ¨å ¬¥â®¤®¢ ç¨á«¥®£®   «¨§ 
¨ ¬ â¥¬ â¨ç¥áª®£® ¬®¤¥«¨à®¢ ¨ï ¯à¨ ¤«¥¦¨â  ª ¤¥¬¨ªã �.�. � àçãªã ¨ ¥£®
ãç¥¨ª ¬. �¬¨ ®¯ã¡«¨ª®¢ ® ¥áª®«ìª® ®á®¢®¯®« £ îé¨å à ¡®â ¢ ¤ ®¬  -
¯à ¢«¥¨¨. �à¥¤¨ à ¡®â, á¢ï§ ëå á à¥è¥¨¥¬ § ¤ ç ¤¨ ¬¨ª¨  â¬®áä¥àë ¨
®ª¥  , ¬®¦® ®â¬¥â¨âì [5], [6], [11], [3], [9], [10], [7], [12], [8].

�  è¥© à ¡®â¥ ¬ë ®¡áã¤¨¬ ¥ª®â®àë¥ ¢®¯à®áë, á¢ï§ ë¥ á ¯à¨«®¦¥¨¥¬
¬¥â®¤®¢ à áé¥¯«¥¨ï ¨ á®¯àï¦¥ëå ãà ¢¥¨© ª à¥è¥¨î § ¤ ç ®¡é¥© æ¨à-
ªã«ïæ¨¨ ®ª¥  . �á®¡®¥ ¢¨¬ ¨¥ ¯à¨ íâ®¬ ¬ë ã¤¥«¨¬ ¢®¯à®áã, ¢®§¨ª îé¥¬ã
¯à¨ ç¨á«¥®¬ ¬®¤¥«¨à®¢ ¨¨ ¤¨ ¬¨ª¨ ®ª¥  . �â® { ¢®¯à®á ¢ë¡®à  ä®à¬ë
§ ¯¨á¨ ¬®¤¥«ìëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ¨«¨ á¨¬¬¥âà¨§ æ¨¨ ãà ¢¥-
¨©. � ¢ ¦¥ ª ª ¯à¨ ¯®áâà®¥¨¨ ¬®¤¥«¨   ®á®¢¥ ¬¥â®¤  à áé¥¯«¥¨ï, â ª
¨ ¯à¨ ä®à¬ã«¨à®¢ª¥ á®¯àï¦¥®© ¬®¤¥«¨.

1. �®¤¥«ì ®¡é¥© æ¨àªã«ïæ¨¨ ®ª¥  
  ®á®¢¥ ¬¥â®¤  à áé¥¯«¥¨ï

1.1. �¥â®¤ à áé¥¯«¥¨ï ª ª ¬¥â®¤®«®£¨ç¥áª ï ®á®¢ 
¯®áâà®¥¨ï ç¨á«¥®© ¬®¤¥«¨ á«®¦®£® ä¨§¨ç¥áª®£®
¯à®æ¥áá 

�¥â®¤ à áé¥¯«¥¨ï ¤«ï à¥è¥¨ï è¨à®ª®£® ªàã£  § ¤ ç ¬ â¥¬ â¨ç¥á-
ª®© ä¨§¨ª¨ ¡ë« à §à ¡®â  á®¢¥âáª¨¬¨ ¬ â¥¬ â¨ª ¬¨ �.�. �ìïª®®¢ë¬ [1],
�.�. � àçãª®¬ [5], [6], [7], �.�. �¥ª® [17], �.�. � ¬ àáª¨¬ [13] ¨ ¤à. �ãâì
¬¥â®¤  á®áâ®¨â ¢ á«¥¤ãîé¥¬.

�à¥¤¯®«®¦¨¬, çâ® ¨¬¥¥âáï á«¥¤ãîé ï ¥áâ æ¨® à ï § ¤ ç :"
@'

@t
+A' = f; t 2 (0; T ];

' = g; t = 0;
(1)
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£¤¥ A { ¯®«®¦¨â¥«ìë© ®¯¥à â®à, ª®â®àë© ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥ ¢ ¢¨¤¥ áã-
¯¥à¯®§¨æ¨¨ ¡®«¥¥ ¯à®áâëå ®¯¥à â®à®¢ Ai

A = A1 +A2 + : : :+AN ; Ai � 0; 8i: (2)

�«ï à¥è¥¨ï (1) ¯à¨¬¥¨¬ á«¥¤ãîé¨© ¬¥â®¤ [6]. �¢¥¤¥¬ à¥è¥¨¥ ¨áå®¤®©
§ ¤ ç¨ á® á«®¦ë¬ ®¯¥à â®à®¬ A ª à¥è¥¨î á¥à¨¨ § ¤ ç á ¡®«¥¥ ¯à®áâë¬¨ ®¯¥-
à â®à ¬¨ Ai. � ¯à¨¬¥à, ¥á«¨ A = A1+A2, â® ¤«ï â®£® çâ®¡ë à¥è¨âì ãà ¢¥¨¥
(1), ¬®¦® ¨á¯®«ì§®¢ âì á«¥¤ãîéãî á¨áâ¥¬ã ¤¢ãåæ¨ª«¨ç¥áª®£® à áé¥¯«¥¨ï
[5]:

(E +
�

2
A1)'j�1=2 = (E � �

2
A1)'j�1;

(E +
�

2
A2)('j � �f j) = (E � �

2
A2)'j�1=2;

(E +
�

2
A2)'j+1=2 = (E � �

2
A2)('j + �f j); j = 1; J � 1;

(E +
�

2
A1)'j+1 = (E � �

2
A1)'j+1=2; '0 = g; � = T=J:

(3)

�å¥¬  (3)  ¡á®«îâ® ãáâ®©ç¨¢  ¨  ¯¯à®ªá¨¬¨àã¥â § ¤ çã (1) á® 2-¬ ¯®àï¤ª®¬
â®ç®áâ¨ ¯à¨ ãá«®¢¨¨

�

2
kAik < 1.

�«ï à¥è¥¨ï (1) ¬®¦® â ª¦¥ ¨á¯®«ì§®¢ âì ¯à®áâãî ¥ï¢ãî áå¥¬ã à á-
é¥¯«¥¨ï:

(E + �A1)'j+1=2 = 'j ;

(E + �A2) �'j+1 = 'j+1=2;

'j+1 = �'j+1 + �f j

(4)

�å¥¬  (4)  ¡á®«îâ® ãáâ®©ç¨¢  ¨  ¯¯à®ªá¨¬¨àã¥â (1) á ¯¥à¢ë¬ ¯®àï¤ª®¬
â®ç®áâ¨ ¯® ¢à¥¬¥¨. �  ¡®«¥¥ íª®®¬¨ç , ç¥¬ (3), ® ¬¥¥¥ â®ç  ¯® ¢à¥¬¥¨.

�â¬¥â¨¬ á«¥¤ãîé¨¥ å à ªâ¥àë¥ ®á®¡¥®áâ¨ ¬¥â®¤  à áé¥¯«¥¨ï.
1. �à®æ¥áá à¥è¥¨ï ¨áå®¤®© § ¤ ç¨ á¢®¤¨âáï ª à¥è¥¨î á¥à¨¨ ®â¤¥«ì-

ëå § ¤ ç ¡®«¥¥ ¯à®áâ®© áâàãªâãàë. �¥ «¨§ æ¨¨ ¬¥â®¤  à áé¥¯«¥¨ï ¯à¨áãé
¬®¤ã«ìë© ¯à¨æ¨¯: ®â¤¥«ì ï § ¤ ç  { ®â¤¥«ìë© ¬®¤ã«ì. � ¦¤ë© ¬®¤ã«ì
¬®¦¥â ¨¬¥âì á¢®© "á®¯àï¦¥ë©   «®£".

2. �å¥¬ë à áé¥¯«¥¨ï, ®á®¢ ë¥   ¥ï¢®©  ¯¯à®ªá¨¬ æ¨¨,  ¯à¨¬¥à
â ª®©, ª ª (3), ¡¥§ãá«®¢® ãáâ®©ç¨¢ë. �â® ¤ ¥â ¢®§¬®¦®áâì ¯à®¢®¤¨âì ¨â¥£-
à¨à®¢ ¨¥ ¯àï¬®© ¨ á®¯àï¦¥®© § ¤ ç¨   ¡®«ìè¨å ¨â¥à¢ « å ¯® ¢à¥¬¥¨.

3. � ¦¤ë© ¬®¤ã«ì ¬®¦¥â ¨¬¥âì  ¯¯à®ªá¨¬ æ¨î à §®£® â¨¯  ¨ â®ç®áâ¨.
� ¯à¨¬¥à, ¬®¦® ª®¬¡¨¨à®¢ âì áå¥¬ë ª®¥çëå à §®áâ¥© ¨ ª®¥çëå í«¥-
¬¥â®¢;  ¯¯à®ªá¨¬¨à®¢ âì ®â¤¥«ìë¥ § ¤ ç¨ á ¯®¢ëè¥ë¬ ¯®àï¤ª®¬ â®ç®áâ¨
¨ â.¤.
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�â¬¥â¨¬, çâ® ¬¥â®¤ à áé¥¯«¥¨ï ®¯à¥¤¥«¥ ¤«ï à¥è¥¨ï á¨áâ¥¬ ãà ¢¥¨©
á ¯®«®¦¨â¥«ìë¬¨ ®¯¥à â®à ¬¨. � ®¥ á¢®©áâ¢® ¤®«¦® ¡ëâì  ¯à¨®à¨ ãáâ -
®¢«¥® ¤«ï áä®à¬ã«¨à®¢ ®© § ¤ ç¨. � áâ® íâ® ¢ëà ¦ ¥âáï ¢  å®¦¤¥¨¨
¥ª®â®à®£® ¨â¥£à «ì®£® ¨¢ à¨ â  ¨«¨ § ª®  á®åà ¥¨ï.

� ¦¥©è¨¬ ¬®¬¥â®¬ ä®à¬ã«¨à®¢ª¨  «£®à¨â¬  à áé¥¯«¥¨ï ï¢«ï¥âáï à §-
¡¨¥¨¥ ¨áå®¤®© § ¤ ç¨   áã¬¬ã ¯à®áâëå ¯®¤§ ¤ ç á ¯®«®¦¨â¥«ìë¬¨ ®¯¥à â®-
à ¬¨. � ¥ª®â®àëå á«ãç ïå ¢ë¡®à â ª®£® à §¡¨¥¨ï ï¢«ï¥âáï ¥âà¨¢¨ «ìë¬
¨ ¥¥¤¨áâ¢¥ë¬.

� ¬¥â®¤®«®£¨ç¥áª®© â®çª¨ §à¥¨ï ¬¥â®¤ à áé¥¯«¥¨ï ¬®¦® à áá¬ âà¨¢ âì
¡®«¥¥ è¨à®ª®, ä®à¬ã«¨àãï   ¥£® ®á®¢¥ ç¨á«¥ãî ¬®¤¥«ì á«®¦®£® ä¨§¨-
ç¥áª®£® ¯à®æ¥áá . �®¦® ®¡®£ â¨âì ¨áå®¤ãî ¬®¤¥«ì §  áç¥â ¢ª«îç¥¨ï ¤®-
¯®«¨â¥«ìëå íâ ¯®¢ à áé¥¯«¥¨ï ¢ æ¥¯®çªã (3). �®¦® ¨§¬¥¨âì ¨áå®¤ãî
¬®¤¥«ì. � ¯à¨¬¥à, ¯®á«¥ à áé¥¯«¥¨ï § ¤ ç¨   æ¥¯®çªã ¯®¤§ ¤ ç, ¬®¦® ¨§-
¬¥¨âì (ã¯à®áâ¨âì ¨«¨ à¥£ã«ïà¨§¨à®¢ âì) § ¤ çã   ®â¤¥«ì®¬ íâ ¯¥. � áá¬®â-
à¨¬ ¢®¯à®á ® ¯à¨¬¥¥¨¨ ¬¥â®¤  à áé¥¯«¥¨ï ¤«ï ¯®áâà®¥¨ï ¬®¤¥«¨ ¤¨ ¬¨ª¨
®ª¥  , § ¯¨á ®© ¢ �-á¨áâ¥¬¥ ª®®à¤¨ â.

1.2. �®¤¥«ì ®¡é¥© æ¨àªã«ïæ¨¨ ®ª¥   ¢ �-á¨áâ¥¬¥
ª®®à¤¨ â. � ª® á®åà ¥¨ï

�à¨ ä®à¬ã«¨à®¢ª¥ § ¤ ç¨ ¤¨ ¬¨ª¨ ®ª¥   ¢ á¨áâ¥¬¥ ª®®à¤¨ â, á«¥¤ãîé¥©
¨§®«¨¨ï¬ à¥«ì¥ä  ¤ , ç áâ® ¢®§¨ª îâ ¯à®¡«¥¬ë á ¯®áâà®¥¨¥¬ íää¥ªâ¨¢-
®£® ¢ëç¨á«¨â¥«ì®£®  «£®à¨â¬ . �â® á¢ï§ ® á ¯®ï¢«¥¨¥¬ ¤®¯®«¨â¥«ìëå
á« £ ¥¬ëå ¢ ãà ¢¥¨ïå, â.¥. ãá«®¦¥¨¥¬ ¢¨¤  ¤¨ää¥à¥æ¨ «ì®£® ®¯¥à â®à 
§ ¤ ç¨. �¤ ª® ¤  ï á¨áâ¥¬  ª®®à¤¨ â ¢® ¬®£¨å á«ãç ïå ¡®«¥¥ ã¤®¡  á
ä¨§¨ç¥áª®© â®çª¨ §à¥¨ï. �« ¢®¥ ¥¥ ¤®áâ®¨áâ¢® á®áâ®¨â ¢  ¤¥ª¢ â®¬ ¢®á¯à®-
¨§¢¥¤¥¨¨ ¤¨ ¬¨ª¨  ¤ á«®¦ë¬ à¥«ì¥ä®¬ ¤ . �  ¯®§¢®«ï¥â ¬®¤¥«¨à®¢ âì
à¥¦¨¬ë ¬ «®¢ï§ª®áâ®£® ®¡â¥ª ¨ï à¥«ì¥ä , ª®¢¥ªæ¨¨  ¤  ª«®ë¬ ¤®¬;
å®à®è® à §à¥è âì áâàãªâãàã ¯à¨¤®®£® á«®ï.

�à®¡«¥¬ã ¯®áâà®¥¨ï íää¥ªâ¨¢® à¥ «¨§ã¥¬®© ¬®¤¥«¨ ¤¨ ¬¨ª¨ ®ª¥   ¢
�-á¨áâ¥¬¥ ª®®à¤¨ â ¬®¦® à¥è¨âì ¢ à ¬ª å ¬¥â®¤  à áé¥¯«¥¨ï. �ãé¥áâ¢¥-
ë¬ í«¥¬¥â®¬ ¯®áâà®¥¨ï â ª®© ¬®¤¥«¨ ï¢«ï¥âáï ¢ë¡®à ä®à¬ë § ¯¨á¨ ¨áå®¤-
ëå ãà ¢¥¨©. �«ï ¯à®áâ®âë ®£à ¨ç¨¬áï ¤¢ã¬¥à®© ¯®áâ ®¢ª®© § ¤ ç¨ ¢
¯«®áª®áâ¨ (x; z). �¬¥¥¬

@u

@t
� lv +

1
�0

@p

@xr
=

@

@zr
�u

@u

@zr
;

@v

@t
+ lu =

@

@zr
�u

@v

@zr
;

@p

@zr
= g�;

@u

@xr
+
@wr
@zr

= 0;

d�

dt
=

@

@zr
�
@�

@zr
+

@

@xr
�
@�

@xr
; (5)
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d

dt
=

@

@t
+ u

@

@xr
+ wr

@

@zr
:

�¤¥áì u; v; wr; p; � { âà¨ ª®¬¯®¥âë áª®à®áâ¨, ¤ ¢«¥¨¥ ¨ ¯«®â®áâì ¬®àáª®©
¢®¤ë. �¥è¥¨¥ (5) { ¢¥ªâ®à-äãªæ¨ï á ª®¬¯®¥â ¬¨ u; v; wr, p, �, ®¯à¥¤¥«¥®
¢ § ¬ªãâ®© ®¡« áâ¨ D. �¡« áâì D ¨¬¥¥â ªãá®ç®-£« ¤ªãî £à ¨æã @D, á®áâ®-
ïéãî ¨§ ¥¢®§¬ãé¥®© ¯®¢¥àå®áâ¨ zr = 0, ¡®ª®¢ëå ®âà¥§ª®¢ xr = 0; xr = L ¨
à¥«ì¥ä  ¤  zr = H(xr) � H0 > 0. �à ¨çë¬¨ ãá«®¢¨ï¬¨ ¤«ï (5) ï¢«ïîâáï
á«¥¤ãîé¨¥:

u = 0; �
@�

@xr
= 0; ¯à¨ xr = 0 xr = L;

wr = 0; �u
@u

@zr
= ��1=�0; �v

@v

@zr
= ��2=�0; �

@�

@zr
= Q ¯à¨ zr = 0; (6)

wr = u
@H

@xr
�u

@u

@zr
= 0; �v

@v

@zr
= 0; �

@�

@n
= 0¯à¨ zr = H(xr);

n { ®à¬ «ì ª H(xr).
� ¤ ç  (5){(6) § ¯¨á   ¢ "à¥ «ì®©" á¨áâ¥¬¥ ª®®à¤¨ â (xr ; zr), ¢ ª®â®à®©

¢¥àâ¨ª «ì ï ª®®à¤¨ â  ¨§¬¥ï¥âáï ®â ¥¢®§¬ãé¥®© ¯®¢¥àå®áâ¨ ®ª¥   ¤®
¤ . �à¥®¡à §ã¥¬ á¨áâ¥¬ã ¯¥à¥¬¥ëå (xr; zr) ¨ ¢¢¥¤¥¬ ®¢ë¥ ª®®à¤¨ âë (x; z)
á«¥¤ãîé¨¬ ®¡à §®¬ [16]: x = xr ; z = zr=H(xr). �à¨ íâ®¬ ®¡« áâì D(xr) á
¨¦¥© ªà¨¢®«¨¥©®© £à ¨æ¥© ¯à¥®¡à §ã¥âáï ¢ ¯àï¬®ã£®«ìãî ®¡« áâìD(x).
� ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â § ¤ ç  (5){(6) ¯à¨¬¥â ¢¨¤:

H
@u

@t
�Hlv +

H

�0
(
@p

@x
� gHxz�) =

1
H

@

@z
�u
@u

@z
;

H
@v

@t
+Hlu =

1
H

@

@z
�u
@v

@z
;

@p

@z
= gH�;

@uH

@x
+
@w

@z
= 0;

H
@�

@t
+ uH

@�

@x
+ w

@�

@z
=

1
H

@

@z
�
@�

@z
+

+[
@

@x
�H

@�

@x
� @

@x
�Hxz

@�

@z
� @

@z
�Hxz

@�

@x
+

@

@z
�
(Hx)2

H
z2
@�

@z
]: (7)

�à ¨çë¥ ãá«®¢¨ï § ¯¨èãâáï ¢ ¢¨¤¥

u = 0; �
@�

@x
� Hx

H
z
@�

@z
= 0; ¯à¨ x = 0 x = L

w = 0;
�u
H

@u

@z
= ��1=�0; �u

H

@v

@z
= ��2=�0;
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�

H

@�

@z
= Q ¯à¨ z = 0

w = 0;
�u
H

@u

@z
= 0;

�u
H

@v

@z
= 0;

�

H

@�

@z
� �Hx

@�

@x
+ �

(Hx)2

H

@�

@z
= 0 ¯à¨ z = 1: (8)

�¤¥áì

w = wr +Hxzu
@

@xr
=

@

@x
� Hx

H
z
@

@z
;

@

@zr
=

1
H

@

@z
(9)

�®ª ¦¥¬, çâ® ¤«ï § ¤ ç¨ (7){(8) ¢ë¯®«ï¥âáï § ª® á®åà ¥¨ï ¯®«®©
í¥à£¨¨. �¬®¦¨¬ ãà ¢¥¨ï (7) á®®â¢¥âáâ¢¥®   �0u, �0v, w, p, �gzH ,
¯à®¨â¥£à¨àã¥¬ ¯® ¢á¥© ®¡« áâ¨ D ¨ á«®¦¨¬ ¢á¥ ãà ¢¥¨ï. �à¥¤¯®« £ ï, çâ®
¨áâ®ç¨ª¨ ®âáãâáâ¢ãîâ, â.¥. �1 = �2 = Q = 0, ¯®«ãç¨¬

@

@t

Z
D
[�0H

u2 + v2

2
� gzH2�]dD = �

Z
D

�0
H
[�u
�
(uz)2 + (vz)2

�� gH�
�z
�0
]dD: (10)

�®«ãç¥®¥ á®®â®è¥¨¥ ¬®¦® ¯¥à¥¯¨á âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

@

@t

Z
D
[�0H

u2 + v2

2
� gzH2�]dD = �

Z
D

�0
H
[(uz)2 + (vz)2]�

��u
�
�Ri

�
dD; (11)

£¤¥ Ri { ç¨á«® �¨ç à¤á®  ¢ �{á¨áâ¥¬¥ ª®®à¤¨ â:

Ri =
gH

�0

�z
(uz)2 + (vz)2

: (12)

�§ (11) á«¥¤ã¥â, çâ® ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï

Ri � �u
�
; (� � 0; �u � 0); (13)

¯®« ï í¥à£¨ï á¨áâ¥¬ë á â¥ç¥¨¥¬ ¢à¥¬¥¨ ¥ ¢®§à áâ ¥â.
�á«¨ ¯à¥¤¯®«®¦¨âì, çâ® ¤¨áá¨¯ æ¨ï ¨ ¤¨ääã§¨ï ¯® ¢¥àâ¨ª «¨ ®âáãâáâ¢ãîâ,

â.¥. ¯®«®¦¨âì �u = � = 0, â® ¨§ (10) á«¥¤ã¥â § ª® á®åà ¥¨ï

@

@t

Z
D
[�0H

u2 + v2

2
� gzH2�]dD = 0: (14)
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� ¬¥ç ¨¥ 1.1. �« £ ¥¬ë¥, ®¯¨áë¢ îé¨¥ £®à¨§®â «ìãî ¤¨ääã§¨î ¯«®â-
®áâ¨, { £àã¯¯  ¢ ª¢ ¤à âëå áª®¡ª å ¢ ¯®á«¥¤¥¬ ãà ¢¥¨¨ (7) { ¯à¨ ¢ë¢®¤¥
ä®à¬ã«ë (10) ¨áç¥§ îâ. �â® ®§ ç ¥â, çâ® ®¯¥à â®à £®à¨§®â «ì®© ¤¨ääã§¨¨
¯«®â®áâ¨ ï¢«ï¥âáï ¢ ¤ ®¬ á«ãç ¥ í¥à£¥â¨ç¥áª¨ ¥©âà «ìë¬. �â® á¢®©áâ¢®
¤®«¦® ¢ë¯®«ïâìáï ¨ ¯à¨ ç¨á«¥®©  ¯¯à®ªá¨¬ æ¨¨ § ¤ ç¨ (7){(8).

� ¬¥ç ¨¥ 1.2. � ¯à ¢®© á¨áâ¥¬¥ ª®®à¤¨ â (right-handed system) (x; �z);
�z = �z; § ª® á®åà ¥¨ï (14) ¯à¨¨¬ ¥â ¢¨¤

@

@t

Z
D
�0H [

u2 + v2

2
+ g�zH

(
p
�)2

�0
]dD = 0: (15)

� ¬¥ç ¨¥ 1.3. �®« ï í¥à£¨ï á¨áâ¥¬ë ¥ ¢®§à áâ ¥â, ¥á«¨ ¢ë¡à âì (¯à¨
Ri � 0) ª®íää¨æ¨¥â ¢¥àâ¨ª «ì®© âãà¡ã«¥â®© ¢ï§ª®áâ¨ ¢ ¢¨¤¥

�u = �Ri+ �; � � 0:

1.3. �¨¬¬¥âà¨§ æ¨ï § ¤ ç¨
�®âà¥¡ã¥¬, çâ®¡ë ¤«ï ¤¨áªà¥â®©  ¯¯à®ªá¨¬ æ¨¨ § ¤ ç¨ (7){(8) ¢ë¯®«ï-

«¨áì ¤¨áªà¥âë¥   «®£¨ ¨â¥£à «ìëå á®®â®è¥¨© (10), (14) ¨ á¢®©áâ¢® í¥à-
£¥â¨ç¥áª®© ¥©âà «ì®áâ¨ ®¯¥à â®à  £®à¨§®â «ì®© ¤¨ääã§¨¨. �ë¯®«¥¨¥
íâ¨å á¢®©áâ¢ ¯®âà¥¡ã¥¬ ¤«ï ª ¦¤®£® ®¯¥à â®à    ª ¦¤®¬ íâ ¯¥ à áé¥¯«¥-
¨ï.

� ¨¡®«¥¥ ¯à®áâ® ¤®¡¨âìáï ¢ë¯®«¥¨ï ãª § ëå á¢®©áâ¢, ¥á«¨ ¯¥à¥¤ â¥¬,
ª ª  ¯¯à®ªá¨¬¨à®¢ âì § ¤ çã ¯® ¯à®áâà áâ¢¥ë¬ ¯¥à¥¬¥ë¬, ¯à¥®¡à §®¢ âì
ãà ¢¥¨ï ª á¨¬¬¥âà¨§®¢ ®© ä®à¬¥. �¬ëá« ¯à¥®¡à §®¢ ¨ï á®áâ®¨â ¢
â®¬, çâ®¡ë  ©â¨ ã¤®¡ãî ä®à¬ã § ¯¨á¨ ãà ¢¥¨©, ã¤®¢«¥â¢®àïîéãî á«¥¤ã-
îé¨¬ ãá«®¢¨ï¬:

� ¨§ ä®à¬ë § ¯¨á¨ ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ á«¥¤ã¥â à §«®¦¥¨¥ ®¯¥à â®à  § -
¤ ç¨   áã¬¬ã ¯à®áâëå ¯®«®¦¨â¥«ìëå ®¯¥à â®à®¢;

� ¨§ ä®à¬ë § ¯¨á¨ ¯à®áâ® á«¥¤ã¥â à §®áâ ï  ¯¯à®ªá¨¬ æ¨ï, á®åà ïîé ï
®á®¢ë¥ á¢®©áâ¢ , ¯à¨áãé¨¥ ¨áå®¤ë¬ ¤¨ää¥à¥æ¨ «ìë¬ ®¯¥à â®à ¬
(á¨¬¬¥âà¨¨, ª®á®á¨¬¬¥âà¨¨, ¯®«®¦¨â¥«ì®áâ¨);

� á¨¬¬¥âà¨§®¢  ï ä®à¬  ¤ ¥â ¡«¨§ªãî ª ¨áå®¤®© ä®à¬ã á®¯àï¦¥®£®
®¯¥à â®à .

�à®áâ¥©è¨© ¯à¨¬¥à â ª®£® à®¤  á¨¬¬¥âà¨§ æ¨¨ ¬®¦® ¯à¨¢¥áâ¨ ¤«ï ãà ¢¥¨ï
¯¥à¥®á  áã¡áâ æ¨¨ ', ¢ ¡¥§¤¨¢¥à£¥â®¬ ¯®«¥ â¥ç¥¨© ¢ ¯«®áª®áâ¨ (x; y), â.¥.
¯à¨

@u

@x
+
@v

@y
= 0:
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�§¢¥áâë âà¨ ®á®¢ë¥ ä®à¬ë § ¯¨á¨ ãà ¢¥¨ï ¯¥à¥®á :

@'

@t
+ u

@'

@x
+ v

@'

@y
= 0; (16)

@'

@t
+
@u'

@x
+
@v'

@y
= 0; (17)

@'

@t
+
1
2
[u
@'

@x
+
@u'

@x
] +

1
2
[v
@'

@y
+
@v'

@y
] = 0: (18)

�ä®à¬ã«¨à®¢ ë¬ ¢ëè¥ âà¥¡®¢ ¨ï¬ ¢ ¤ ®¬ á«ãç ¥ ¡ã¤¥â ã¤®¢«¥â¢®-
àïâì âà¥âìï, ¯®á«¥¤ïï ä®à¬  § ¯¨á¨ { ¯®«ã¤¨¢¥à£¥â ï. �¥©áâ¢¨â¥«ì®:

� ¢ ª¢ ¤à âëå áª®¡ª å { à §«®¦¥¨¥ ®¯¥à â®à  § ¤ ç¨   áã¬¬ã ¤¢ãå ¯à®á-
âëå ¥®âà¨æ â¥«ìëå ®¯¥à â®à®¢ ¯¥à¥®á  ¯® ª®®à¤¨ â ¬ x; y;

� ä®à¬  ¤®¯ãáª ¥â ¯à®áâãî à §®áâãî  ¯¯à®ªá¨¬ æ¨î, ª®â®à ï á®åà ï¥â
á¢®©áâ¢  ª®á®á¨¬¬¥âà¨¨ ¤«ï ª ¦¤®£® ¨áå®¤®£® ¤¨ää¥à¥æ¨ «ì®£® ®¯¥-
à â®à  ¯¥à¥®á  ¯® ª®®à¤¨ â ¬ x ¨ y [6];

� ®¯¥à â®à á®¯àï¦¥®£® ãà ¢¥¨ï á®¢¯ ¤ ¥â á ¨áå®¤ë¬.

�«¥¤ãï íâ®¬ã ¯à®áâ®¬ã ¯à¨¬¥àã, ¯à¥®¡à §ã¥¬ § ¤ çã (7){(8) ¯® á«¥¤ãîé¥©
áå¥¬¥:

� ¢ë¡¥à¥¬ ¯®«ã¤¨¢¥à£¥âãî ä®à¬ã § ¯¨á¨ ãà ¢¥¨ï ¯¥à¥®á -¤¨ääã§¨¨
¯«®â®áâ¨;

� ¯à¥¤áâ ¢¨¬ ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à ¯¥à¥®á -¤¨ääã§¨¨ ¯«®â®áâ¨ ¢
¢¨¤¥ ¤¥ª®¬¯®§¨æ¨¨ ç¥âëà¥å ¯à®áâ¥©è¨å ®¯¥à â®à®¢: ¯¥à¥®á  ¯«®â®áâ¨
¢¤®«ì ®á¨ x, ¯¥à¥®á  ¯«®â®áâ¨ ¢¤®«ì ®á¨ z, ¤¨ääã§¨¨ ¯«®â®áâ¨ á ª®íä-
ä¨æ¨¥â®¬ � ¯® ®á¨ z, ¤¨ääã§¨¨ ¯«®â®áâ¨ á ª®íää¨æ¨¥â®¬ � ¯® ®á¨ ¢
¯«®áª®áâ¨ (x; z);

� ¯à¥®¡à §ã¥¬ ¯¥à¢ë¥ âà¨ ãà ¢¥¨ï (7) ¢ á®®â¢¥âáâ¢¨¨ á ¢ë¡®à®¬ ä®à¬ë § -
¯¨á¨ ãà ¢¥¨ï ¯¥à¥®á -¤¨ääã§¨¨ ¯«®â®áâ¨. �ë¤¥«¥ë¬ à ¥¥ ®¯¥à -
â®à ¬ ¯¥à¥®á  ¯«®â®áâ¨ ¯® ª®®à¤¨ â ¬ x ¨ z ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ¨å
ª®á®á¨¬¬¥âà¨ç¥áª¨¥   «®£¨ (¢ á¬ëá«¥ í¥à£¥â¨ç¥áª¨å á®®â®è¥¨© (10),
(14)).

�®á«¥ ¯à®áâëå ¯à¥®¡à §®¢ ¨©, á ãç¥â®¬ â®£® çâ® � � �0 > 0, á¨áâ¥¬  (7)
¯à¨¬¥â ¢¨¤
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H
@u

@t
�Hlv +

H

�0
[
@

@x
(p� 1

2
gHz�)] +

H

2�0
g[(Hz)�x � (Hz)x�] =

1
H

@

@z
�u
@u

@z
;

H
@v

@t
+Hlu =

1
H

@

@z
�u
@v

@z
;

@

@z
(p� 1

2
gHz�) +

1
2
g[(Hz)�z � (Hz)z�] = 0;

@uH

@x
+
@w

@z
= 0;

H
@
p
�

@t
+
1
2
[uH(

p
�)x +

1
2
p
�
(uH�)x] +

1
2
[w(

p
�)z +

1
2
p
�
(w�)z ] =

=
1

H
p
�

@

@z
�
p
�
@
p
�

@z
+

1p
�
[
@

@x
�H

p
�
@
p
�

@x
� @

@x
�(Hz)x

p
�
@
p
�

@z

� @

@z
�(Hz)x

p
�
@
p
�

@x
+

@

@z
�
((Hz)x)

2

H

p
�
@
p
�

@z
] (19)

� ¬¥ç ¨¥ 1.4. �à ¢¥¨¥ ¤«ï ¯«®â®áâ¨ (19) ¢ë¯¨á ® ¢ â¥à¬¨ å äãª-
æ¨¨

p
�. �«ï ¯®«ãç¥¨ï ¨â¥£à «ìëå á®®â®è¥¨© (10), (11), (14) ¢ ¤ ®¬

á«ãç ¥ ¯®á«¥¤¥¥ ãà ¢¥¨¥ (19) á«¥¤ã¥â ã¬®¦ âì   (�gHzp�). �â  ä®à¬ 
ãà ¢¥¨ï ¤«ï ¯«®â®áâ¨ ã¤®¡  ¯à¨ ¯®áâà®¥¨ï á®¯àï¦¥®£®   «®£  á¨áâ¥¬ë
(19).

1.4. � áé¥¯«¥¨¥ ãà ¢¥¨©   ¯à®áâë¥ ¯®¤á¨áâ¥¬ë
� á¨áâ¥¬¥ (19) ¬®¦® ¢ë¤¥«¨âì ¥áª®«ìª® ¯®¤á¨áâ¥¬ í¥à£¥â¨ç¥áª¨ á®£« -

á®¢ ëå á â®çª¨ §à¥¨ï (10). � ¦¤ ï ¯®¤á¨áâ¥¬  ¨¬¥¥â ïáë© ä¨§¨ç¥áª¨©
á¬ëá«, ®¯¨áë¢ ï ¯à®áâ®© ä¨§¨ç¥áª¨© ¯à®æ¥áá. � ¦¤ ï ¯®¤á¨áâ¥¬  ¬®¦¥â à á-
á¬ âà¨¢ âìáï ª ª ®â¤¥«ìë© íâ ¯ à áé¥¯«¥¨ï ¯®«®© § ¤ ç¨. � ª ç¥áâ¢¥ ¯¥à-
¢®© ¯®¤á¨áâ¥¬ë ¢ë¤¥«¨¬ ãà ¢¥¨ï, ®¯¨áë¢ îé¨¥ ¯à®æ¥áá ¨¥àæ¨®ëå ª®«¥-
¡ ¨©

H
@u

@t
�Hlv = 0;

H
@v

@t
+Hlu = 0: (20)

�â®à ï ¯®¤á¨áâ¥¬  ®¯¨áë¢ ¥â ¢¥àâ¨ª «ìãî âãà¡ã«¥âãî ¤¨áá¨¯ æ¨î ¨
¤¨ääã§¨î



158 �. �. � àª¨áï, �. �. � «¥áë©

H
@u

@t
=

1
H

@

@z
�u
@u

@z
;

H
@v

@t
=

1
H

@

@z
�u
@v

@z
;

H
@
p
�

@t
=

1
H
p
�

@

@z
�
p
�
@
p
�

@z
: (21)

�à¥âìï ¯®¤á¨áâ¥¬  ®¯¨áë¢ ¥â  ¤ ¯â æ¨î £¨¤à®«®£¨ç¥áª¨å ¯®«¥©

H
@u

@t
+
H

�0

@�p
@x

= 0;

@�p
@z

+
1
2
g[(Hz)�z � (Hz)z�] = 0;

@uH

@x
+
@w

@z
= 0;

H
@
p
�

@t
+
1
2
[w(

p
�)z +

1
2
p
�
(w�)z ] = 0; (22)

£¤¥ �p = p� 1
2gHz�.

�¥â¢¥àâ ï ¯®¤á¨áâ¥¬  ®¯¨áë¢ ¥â ¥«¨¥©ë© ¯¥à¥®á ¢¤®«ì ®á¨ x

H
@u

@t
+

H

2�0
g[(Hz)�x � (Hz)x�] = 0;

H
@
p
�

@t
+
1
2
[uH(

p
�)x +

1
2
p
�
(uH�)x] = 0: (23)

�ïâ ï ¯®¤á¨áâ¥¬  ®¯¨áë¢ ¥â £®à¨§®â «ìãî ¤¨ääã§¨î ¯«®â®áâ¨ ¢ �-
á¨áâ¥¬¥ ª®®à¤¨ â

H
@
p
�

@t
=

1p
�
[
@

@x
�H

p
�
@
p
�

@x
� @

@x
�(Hz)x

p
�
@
p
�

@z

� @

@z
�(Hz)x

p
�
@
p
�

@x
+

@

@z
�
((Hz)x)

2

H

p
�
@
p
�

@z
]: (24)

�®¢®ªã¯®áâì á¨áâ¥¬ (20){(24) ¬®¦¥â á«ã¦¨âì ®á®¢®© ¬¥â®¤  à áé¥¯«¥¨ï
¢¨¤  (3) ¤«ï ¯®«®© á¨áâ¥¬ë (19) ¯à¨ A = �5i=1Ai   ¨â¥à¢ «¥ tj�1 � t � tj+1,
¨«¨ (4) {   ¨â¥à¢ «¥ tj � t � tj+1. � íâ®¬ á«ãç ¥ á«¥¤ã¥â ¤®¡ ¢¨âì ãà ¢¥¨ï
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H
@u

@t
= 0; H

@v

@t
= 0; H

@
p
�

@t
= 0

ª â¥¬ ¯®¤á¨áâ¥¬ ¬, £¤¥ ®âáãâáâ¢ãîâ á®®â¢¥âáâ¢ãîé¨¥ í¢®«îæ¨®ë¥ ãà ¢¥¨ï.
� ¬¥ç ¨¥ 1.5. �¥à¢ë¥ ¤¢  íâ ¯  (20){(21) ¬®¦® ®¡ê¥¤¨¨âì ¢ ®¤¨.
� ¬¥ç ¨¥ 1.6. �¨áâ¥¬ã ãà ¢¥¨© (23) ¬®¦® à áé¥¯¨âì ¥é¥   ¤¢  íâ ¯ :

H
@u

@t
+

H

2�0
gHz�x = 0;

2H
@
p
�

@t
+ uH(

p
�)x = 0 (25)

¨

H
@u

@t
� H

2�0
g(Hz)x� = 0;

2H
@
p
�

@t
+

1
2
p
�
(uH�)x = 0: (26)

� ¬¥ç ¨¥ 1.7. �î¡®© ¨§ íâ ¯®¢ (25), (26) ¬®¦® ¨§ ¬®¤¥«¨ ¨áª«îç¨âì.
�â® ¡ã¤¥â ®§ ç âì, çâ® ª ¦¤ë© à § äãªæ¨ï �p ¨ á¨áâ¥¬  (22) ¡ã¤ãâ ¨¬¥âì à §-
ë© ¢¨¤. � á¨«ã ãà ¢¥¨ï ¥à §àë¢®áâ¨, ¤®¯ãáâ¨¬ë ç¥âëà¥ ¢ à¨ â  ¢ë¡®à 
¬®¤¥«¨. �®¤¥«ì ¬®¦¥â á®¤¥à¦ âì: ãà ¢¥¨ï (23); ãà ¢¥¨ï (25); ãà ¢¥¨ï
(26); ãà ¢¥¨ï (25){(26).

2. �à¥¤ïï ¯® £«ã¡¨¥ æ¨àªã«ïæ¨ï ®ª¥  .
�¡®¡é¥ ï § ¤ ç  �����

2.1. �®áâ ®¢ª  § ¤ ç¨
� áá¬®âà¨¬ § ¤ çã ® ¢§ ¨¬®¤¥©áâ¢¨¨ áà¥¤¨å ¯® £«ã¡¨¥ ¯®«¥© â¥ç¥¨© ¨

¯«®â®áâ¨. � ®â«¨ç¨¥ ®â ¯à¥¤ë¤ãé¥©, ¤  ï § ¤ ç  à áá¬ âà¨¢ ¥âáï ¢ ¯«®á-
ª®áâ¨ (x; y). �áà¥¤¥ë¥ ¯® £«ã¡¨¥ ãà ¢¥¨ï ¤¨ ¬¨ª¨ ®ª¥   ¨¬¥îâ ¢¨¤
[18]:

@�u
@t

� l�v +
1
�0

@�p
@x

= �R�u+ g

�0
��Hx + f1;

@�v
@t

+ l�u+
1
�0

@�p
@y

= �R�v + g

�0
��Hy + f2;

@�uH
@x

+
@�vH
@y

= 0; (27)

H
@��
@t

+ (�uH ��)x + (�vH ��)y = � �

H
(�H � �s): (28)
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�¤¥áì

�u =
Z 1

0
udz; �v =

Z 1

0
vdz; �� =

Z 1

0
z�dz; (29)

R { ª®íää¨æ¨¥â ¯à¨¤®®£® âà¥¨ï; f1; f2 { § ¤ ë¥ ¢¥è¨¥ á¨«ë, § ¢¨áï-
é¨¥ ®â ¢¥âà ; �H ; �s { § ¤ ë¥ § ç¥¨ï ¯«®â®áâ¨   ¤¥ ¨   ¯®¢¥àå®áâ¨.

� ¬¥ç ¨¥ 2.1. �¨áâ¥¬  (27){(28) ¬®¦¥â ¡ëâì ¯®«ãç¥  ¨§ âà¥å¬¥à®©
§ ¤ ç¨ â¨¯  (7), § ¯¨á ®© ¢ �-á¨áâ¥¬¥ ª®®à¤¨ â (x; y; z), x = xr , y = yr,
z = zr=H(xr; yr). �à¨ íâ®¬ ¯®«®¦¥® � = 0 ¨ ãçâ¥ íää¥ªâ âà¥¨ï ® ¤®.

�à ¢¥¨ï (27){(28) à áá¬ âà¨¢ îâáï ¢ ®¡« áâ¨D0, á £« ¤ª®© £à ¨æ¥© @D0.
�à ¨çë¥ ãá«®¢¨ï ¤«ï (27){(28) ¨¬¥îâ ¢¨¤

(��u; �) = 0; (30)

£¤¥ ��u { ¢¥ªâ®à á ª®¬¯®¥â ¬¨ �u; �v,   � { ®à¬ «ì ª @D0.
� ¤ ç  (27){(30) ¢ë¯¨á   ¢ ¨áå®¤ëå ¯¥à¥¬¥ëå { ¢ â¥à¬¨ å �u; �v; �p; ��.

�¥ ¬®¦® ¯à¥¤áâ ¢¨âì â ª¦¥ ¢ ¤àã£¨å ä®à¬ å,  ¯à¨¬¥à ¢ ¢¨¤¥ ¤ ¢«¥¨¥ {
¯«®â®áâì; äãªæ¨ï â®ª  { ¯«®â®áâì.

�¥£ª® ¢¨¤¥âì, çâ® ¥á«¨ ¢ (27){(28) ¯®«®¦¨âì H=const, «¨¡® � = const, â®
¥«¨¥© ï § ¤ ç  à á¯ ¤ ¥âáï   ¤¢¥ «¨¥©ë¥. �¥à¢®© § ¤ ç¥© ¡ã¤¥â § ¤ ç 
¡ à®âà®¯®© æ¨àªã«ïæ¨¨ ®ª¥  , ¢ª«îç îé ï ãà ¢¥¨ï ¤«ï �u, �v, �p. �â®à ï
§ ¤ ç  ¡ã¤¥â ®¯¨áë¢ âì ¯¥à¥®á ¯«®â®áâ¨ ¢¤®«ì § ¤ ëå âà ¥ªâ®à¨©. �à ¥ª-
â®à¨¨ ®¯à¥¤¥«ïîâáï ¨§ à¥è¥¨ï ¯¥à¢®© § ¤ ç¨ ¨ ¥ § ¢¨áïâ ®â ¯®«ï ¯«®â®áâ¨.

�¯¥à¢ë¥, ¢ ¥áª®«ìª® ¨®© ¯®áâ ®¢ª¥, ¯®¤®¡ ï § ¤ ç  ¡ë«  ¯®áâ ¢«¥  ¨
¨§ãç¥  ¢ à ¡®â å �.�. � àª¨áï  á á® ¢â®à ¬¨ (á¬.  ¯à¨¬¥à [16], [14], [15]).
�¢â®àë ®â¬¥â¨«¨ ¢ ¦®¥ á¢®©áâ¢® § ¤ ç¨ { ¢§ ¨¬ãî ¥«¨¥©ãî § ¢¨á¨¬®áâì
¯®«¥© â¥ç¥¨©, ¤ ¢«¥¨ï ¨ ¯«®â®áâ¨, ª®â®à ï ¢®§¨ª ¥â ¯à¨  «¨ç¨¨ £à ¤¨-
¥â®¢ à¥«ì¥ä  ¤  ¨ ¯«®â®áâ¨. �â®¬ã íää¥ªâã ®¨ ¤ «¨  §¢ ¨¥ �����
(á®¢¬¥áâë© íää¥ªâ ¡ à®ª«¨®áâ¨ ¨ à¥«ì¥ä ).

�®   «®£¨¨ á ¢¢¥¤¥®© â¥à¬¨®«®£¨¥©  §®¢¥¬ (27){(30) ®¡®¡é¥®© § ¤ -
ç¥© �����. �¥à¬¨ "®¡®¡é¥ ï" ¯®¤ç¥àª¨¢ ¥â â®â ä ªâ, çâ® ¢¬¥áâ¥ á (27)
à áá¬ âà¨¢ ¥âáï â ª¦¥ ãà ¢¥¨¥ ¤«ï ¯«®â®áâ¨ á¯¥æ¨ «ì®£® ¢¨¤  (28).

� «¨â¥à âãà¥ ¡ë«® ¤®áâ â®ç® ¬®£® ¤¨áªãáá¨© ¯® ¯®¢®¤ã ¢ë¡®à  ¯®áâ ®¢®ª
¯®¤®¡ëå § ¤ ç ¨ ¬¥â®¤®¢ ¨å ç¨á«¥®£® à¥è¥¨ï. �¤¥áì ¢®§¨ª ¥â ¥áª®«ìª®
¨â¥à¥áëå ¢®¯à®á®¢, áà¥¤¨ ª®â®àëå ¬®¦® ¢ë¤¥«¨âì á«¥¤ãîé¨¥.

� � ¤ ç  (27){(30) { ¢ëà®¦¤¥ . � ª ¥¥ à¥£ã«ïà¨§¨à®¢ âì ¤«ï ã«ãçè¥¨ï
á¢®©áâ¢ ¨ ¯®áâà®¥¨ï íää¥ªâ¨¢ëå  «£®à¨â¬®¢ ¥¥ à¥è¥¨ï?

� � ª ª®© ä®à¬¥  ¨¡®«¥¥ ã¤®¡® ä®à¬ã«¨à®¢ âì ãà ¢¥¨ï (27)?

� � ª ®æ¥¨âì çã¢áâ¢¨â¥«ì®áâì à¥è¥¨ï § ¤ ç¨ ¯® ®â®è¥¨î ª ¨§¬¥¥¨î
¢¥è¨å ¨ ¢ãâà¥¨å ¯ à ¬¥âà®¢? � ª ¢ë¡à âì ¨ä®à¬ â¨¢ë© äãª-
æ¨® «, å à ªâ¥à¨§ãîé¨© çã¢áâ¢¨â¥«ì®áâì à¥è¥¨ï?
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� � ç¥¬ á®áâ®¨â ����� á â®çª¨ §à¥¨ï ®æ¥ª¨ çã¢áâ¢¨â¥«ì®áâ¨ à¥è¥¨ï á
¯®¬®éìî á®¯àï¦¥®© § ¤ ç¨?

�¥à¢ë¥ ¤¢  ¢®¯à®á  à ¥¥ ¨§ãç «¨áì ¢ à §«¨çëå à ¡®â å, ¨ ¨¦¥ ¡ã¤ãâ
®â¬¥ç¥ë ¥ª®â®àë¥ ¯®«ãç¥ë¥ §¤¥áì à¥§ã«ìâ âë. �®á«¥¤¨¥ ¤¢  ¢®¯à®á  {
¤®áâ â®ç® ®¢ë¥. �ë ¨å ªà âª® ¯à®ª®¬¬¥â¨àã¥¬   ®á®¢¥  è¥£® ®¯ëâ 
à¥è¥¨ï ¯®¤®¡ëå § ¤ ç.

2.2. �¥£ã«ïà¨§ æ¨ï § ¤ ç¨

� �®§¬®¦ë¬ ¯à¨¥¬®¬ à¥£ã«ïà¨§ æ¨¨ § ¤ ç¨ (27) ï¢«ï¥âáï ¤®¡ ¢«¥¨¥ ª
¯à ¢ë¬ ç áâï¬ ¢á¥å ãà ¢¥¨© á« £ ¥¬ëå, ®¯¨áë¢ îé¨å £®à¨§®â «ìãî
¢ï§ª®áâì á ¬ «ë¬¨ ª®íää¨æ¨¥â ¬¨ �1 > 0; �2 � 0:

�1H��u; �1H��v; �2H��p: (31)

�à¨ íâ®¬ âà¥¡ã¥âáï ¯¥à¥ä®à¬ã«¨à®¢ª  £à ¨çëå ãá«®¢¨© ¤«ï �u; �v ¨, ¥á«¨
�2 6= 0, â® ¯®áâ ®¢ª  ãá«®¢¨© ¤«ï �p.

� �¤¨¬ ¨å íää¥ªâ¨¢ëå ¬¥â®¤®¢ à¥£ã«ïà¨§ æ¨¨ § ¤ ç¨ ï¢«ï¥âáï ¬¥â®¤ ¨á-
ªãááâ¢¥®© á¦¨¬ ¥¬®áâ¨, ¯à¥¤«®¦¥ë© �.�.�¥ª® ¤«ï à¥è¥¨ï ãà ¢-
¥¨© ¢ï§ª®© ¥á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨ [17]. � «¨¥©®¬ á«ãç ¥ áãâì ¬¥â®¤ 
á®áâ®¨â ¢ § ¬¥¥ ãà ¢¥¨ï ¥à §àë¢®áâ¨ ¥áâ æ¨® àë¬ ãà ¢¥¨¥¬

�
@�p
@t

+
@�uH
@x

+
@�vH
@y

= 0; (32)

£¤¥ � > 0 { ¤®áâ â®ç® ¬ «®.

� �«ï à¥è¥¨ï áâ æ¨® à®© § ¤ ç¨ �â®ªá  �.�. �®¡¥«ìª®¢ [2] ¯à¥¤«®-
¦¨« à¥£ã«ïà¨§ æ¨î, áãé¥áâ¢¥® ¯®¢ëè îéãî íää¥ªâ¨¢®áâì ¢ëç¨á-
«¨â¥«ì®£®  «£®à¨â¬ . �¬ëá« à¥£ã«ïà¨§ æ¨¨ ¡«¨§®ª ª à¥£ã«ïà¨§ æ¨¨
�.�. �¥ª®. � ¯à¥¤¯®«®¦¥¨¨ ��=const, H=const, l = 0 ¬¥â®¤ á¢®¤¨âáï
ª à¥è¥¨î á«¥¤ãîé¨å ãà ¢¥¨©:

�1
@u

@t
+
@p

@x
= ��u+

1
�

@

@x

�
@u

@x
+
@v

@y

�
+ f1;

�2
@v

@t
+
@p

@y
= ��v +

1
�

@

@y

�
@u

@x
+
@v

@y

�
+ f2;

��
@p

@t
+
@u

@x
+
@v

@y
= 0: (33)
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�¤¥áì ®¯¥à â®àëC1; C2 ¨ ¯ à ¬¥âàë �; � ¢ë¡¨à îâáï ¥ª®â®àë¬ á¯¥æ¨ «ìë¬
®¡à §®¬ [2].

� ¬¥ç ¨¥ 2.2. �¯®¬ïãâë¥ ¬¥â®¤ë à¥£ã«ïà¨§ æ¨¨ ¬®¦® à áá¬ âà¨¢ âì
â ª¦¥ á ä¨§¨ç¥áª®© â®çª¨ §à¥¨ï.

{ �¥à¢ ï à¥£ã«ïà¨§ æ¨ï (¯à¨ �2 = 0) ®§ ç ¥â ¢¢¥¤¥¨¥ ¢ ¬®¤¥«ì íää¥ªâ 
âãà¡ã«¥â®© ¢ï§ª®áâ¨.

{ �à ¢¥¨¥ ¥à §àë¢®áâ¨ ¢ ¢¨¤¥ (32) ¬®¦¥â ¡ëâì ¢ë¡à ® ¨áå®¤ï ¨§ ä¨§¨-
ç¥áª®© ¯®áâ ®¢ª¨ § ¤ ç¨. �â® ¡ã¤¥â ¨¬¥âì ¬¥áâ®, ¥á«¨ ¢ ¨áå®¤®© ¯®áâ ®¢ª¥
§ ¤ ç¨ ¢ ª ç¥áâ¢¥ £à ¨ç®£® ãá«®¢¨ï   ¯®¢¥àå®áâ¨ ¢¬¥áâ® ãá«®¢¨ï â¢¥à¤®©
ªàëèª¨ w = 0 ¨á¯®«ì§®¢ âì ãá«®¢¨¥ w = � 1

g�0
@ �p
@t .

2.3. �ë¡®à ä®à¬ë § ¯¨á¨ ãà ¢¥¨©
�à¨ à¥è¥¨¨ § ¤ ç æ¨àªã«ïæ¨¨ ®ª¥   ¨ ¯®¤®¡ëå § ¤ ç ¤¨ ¬¨ª¨ ¥á¦¨-

¬ ¥¬®© ¦¨¤ª®áâ¨ ¨á¯®«ì§ãîâáï à §«¨çë¥ ä®à¬ë § ¯¨á¨ ãà ¢¥¨© (27). �â® {
¨áå®¤ ï ä®à¬ã«¨à®¢ª  ãà ¢¥¨© ¢ â¥à¬¨ å áª®à®áâì { ¤ ¢«¥¨¥; ¯®áâ ®¢ª 
¢ â¥à¬¨ å äãªæ¨¨ â®ª ; ¢ â¥à¬¨ å ¤ ¢«¥¨ï ¨«¨ ãà®¢¥®© ¯®¢¥àå®áâ¨; ¢
â¥à¬¨ å ¢¨åàì { äãªæ¨ï â®ª . � ¯¨áì ãà ¢¥¨© ¢ â¥à¬¨ å äãªæ¨¨ â®ª 
¨¬¥¥â ¢¨¤

(
@

@t
+R)

�
@

@x

1
H

@�

@x
+

@

@y

1
H

@�

@y

�
� @

@x

�
l

H

@�

@y

�
+

@

@y

�
l

H

@�

@x

�
=

g

�0

�
@��
@y

@H

@x
� @��
@x

@H

@y

�
+
@f1
@y

� @f2
@x

; (34)

H
@��
@t

+
@�

@y

@��
@x

� @�

@x

@��
@y

= � �

H
(�H � �0); (35)

�uH =
@�

@y
; �vH = �@�

@x
: (36)

� ª ç¥áâ¢¥ £à ¨çëå ãá«®¢¨© ¤«ï ®¤®á¢ï§®© ®¡« áâ¨ D0 ¨¬¥¥¬

� = 0   @D0: (37)

�®à¬ã«¨à®¢ªã ¢ â¥à¬¨ å ¤ ¢«¥¨ï ¬®¦® ¯®«ãç¨âì, ¢ëà ¦ ï ¨§ ¯¥à¢ëå
¤¢ãå ãà ¢¥¨© (27) �u; �v ¨ ¯®¤áâ ¢«ïï ¨å ¢ ãà ¢¥¨¥ ¥à §àë¢®áâ¨. � íâ®¬
á«ãç ¥ £à ¨çë¥ ãá«®¢¨ï (30) ¯¥à¥å®¤ïâ ¢ ãá«®¢¨ï �ã ª à¥ (ãá«®¢¨ï  ª«®-
®© ¯à®¨§¢®¤®©) ¤«ï ¤ ¢«¥¨ï. �¨á«¥ë©  «£®à¨â¬ à¥è¥¨ï § ¤ ç¨ �ã -
ª à¥ ¯à¥¤«®¦¥ ¢ à ¡®â¥ �.�. � àçãª  [4].

�  áâ®ïé¥¥ ¢à¥¬ï ¨¬¥¥âáï ¥áª®«ìª® íää¥ªâ¨¢ëå  «£®à¨â¬®¢ à¥è¥¨ï
ãà ¢¥¨© ¯«®áª®© æ¨àªã«ïæ¨¨ (¯à¨ § ¤ ®¬ ¯®«¥ ¯«®â®áâ¨) ¤«ï à §«¨çëå
ä®à¬ § ¯¨á¨ ãà ¢¥¨©. �ë¡®à ä®à¬ë § ¯¨á¨ ç áâ® ®¯à¥¤¥«ï¥âáï ¥ íää¥ªâ¨¢-
®áâìî  «£®à¨â¬ ,   ¯à ªâ¨ç¥áª¨¬¨ ãá«®¢¨ï¬¨. � ¯à¨¬¥à, ¤«ï ®¤®á¢ï§ëå
®¡« áâ¥© D0 ã¤®¡¥¥ áâ ¢¨âì § ¤ çã ¢ â¥à¬¨ å äãªæ¨¨ â®ª . �«ï áà ¢¥-
¨ï à¥§ã«ìâ â®¢ à áç¥â  á ¨§¬¥à¥¨ï¬¨ { ¢ â¥à¬¨ å ¤ ¢«¥¨ï. � ¢«¥¨¥ ¯à®-
¯®àæ¨® «ì® ãà®¢î ®ª¥  , ª®â®àë© ¨§¬¥àï¥âáï   ¡¥à¥£®¢ëå áâ æ¨ïå ¨ á®
á¯ãâ¨ª®¢. �«ï á«®¦ëå ãá«®¢¨©: á«®¦®© ä®à¬ë D0 ¨ à¥«ì¥ä  ¤  H(x; y) {
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æ¥«¥á®®¡à §¥¥ ¨á¯®«ì§®¢ âì ãà ¢¥¨ï ¢ â¥à¬¨ å áª®à®áâì { ¤ ¢«¥¨¥ á à¥£ã-
«ïà¨§ æ¨¥©. � â¥®à¥â¨ç¥áª®© â®çª¨ §à¥¨ï ã¤®¡®© ï¢«ï¥âáï ¯®áâ ®¢ª  § ¤ ç¨
¢ â¥à¬¨ å äãªæ¨ï â®ª  { ¯«®â®áâì, ª®â®à ï ¨ à áá¬ âà¨¢ ¥âáï ¨¦¥.

2.4. �æ¥ª  çã¢áâ¢¨â¥«ì®áâ¨ à¥è¥¨ï.
����� á â®çª¨ §à¥¨ï à¥è¥¨ï á®¯àï¦¥®© § ¤ ç¨

�¤®© ¨§ ¨â¥à¥áëå § ¤ ç ®ª¥ ®«®£¨¨ ï¢«ï¥âáï § ¤ ç  à áç¥â  ¨   «¨§ 
à ¢®¢¥áëå à¥¦¨¬®¢ ®ª¥  . �¨á«¥ë¥ íªá¯¥à¨¬¥âë á ¬®¤¥«ìî ®¡é¥© æ¨à-
ªã«ïæ¨¨ �¨à®¢®£® ®ª¥   ¯®ª §ë¢ îâ áãé¥áâ¢®¢ ¨¥ ¥áª®«ìª¨å à ¢®¢¥áëå
à¥¦¨¬®¢ ¯à¨ ¨¤¥â¨ç®¬ ¢¥è¥¬ ¢®§¤¥©áâ¢¨¨ [19]. �á«¨ áà ¢¨âì,  ¯à¨¬¥à,
¤¢  ª¢ §¨à ¢®¢¥áëå à¥è¥¨ï, ¯®«ãç¥ëå ¯à¨ ¤¢ãå à §ëå  ç «ìëå ãá«®-
¢¨ïå, â® ¬®¦® ®â¬¥â¨âì á«¥¤ãîé¥¥.

� �¥à¥§ ¥áª®«ìª® âëáïç «¥â ¬®¤¥«ì®£® ¢à¥¬¥¨ à áç¥â  âà¥å¬¥à®© ¡ à®ª-
«¨®© ¬®¤¥«¨ £«®¡ «ì®© æ¨àªã«ïæ¨¨ ãáâ  ¢«¨¢ ¥âáï ª¢ §¨à ¢®¢¥á®¥
á®áâ®ï¨¥. � ¢®¢¥á®¥ á®áâ®ï¨¥ § ¢¨á¨â ®â  ç «ì®£® ãá«®¢¨ï ¨ á®¯à®-
¢®¦¤ ¥âáï  «¨ç¨¥¬  ¢â®ª®«¥¡ ¨© ¯® ¢à¥¬¥¨ á ¯¥à¨®¤ ¬¨ ®â ¥áª®«ìª¨å
«¥â ¤® á®â¥ «¥â.

� � ¢¥àå¥¬ á«®¥ ®ª¥  , £«ã¡¨®© ®ª®«® 100{400 ¬, à §¨æ  ¬¥¦¤ã ¤¢ã¬ï
à¥è¥¨ï¬¨ «®ª «¨§®¢   ¢ ¥áª®«ìª¨å ¯®¤®¡« áâïå. �å ¬®¦® ®¯à¥¤¥-
«¨âì ª ª í¥à£® ªâ¨¢ë¥ §®ë ®ª¥   (����). �¨ á¢ï§ ë á §® ¬¨
£«ã¡®ª®© ª®¢¥ªæ¨¨ ¨ ®¡« áâï¬¨ á¨«ì®© ¨§¬¥ç¨¢®áâ¨ ¢¥è¨å á¨«  
¯®¢¥àå®áâ¨ ®ª¥  , ¢ ç áâ®áâ¨ á®«¥®áâ¨. �â¬¥â¨¬, çâ® ¯à®¡«¥¬  ¨§ã-
ç¥¨ï ª«îç¥¢®© à®«¨ ���� ¢ ¤¨ ¬¨ª¥ ®ª¥   ¨ ª«¨¬ â¨ç¥áª®© ¨§¬¥ç¨-
¢®áâ¨ ¡ë«  ¯®áâ ¢«¥  ¨ ¨§ãç¥  ¢ ¯à®£à ¬¬¥ "� §à¥§ë", ¯à®¢®¤¨¢è¥©áï
¢ ���� ¯®¤  ãçë¬ àãª®¢®¤áâ¢®¬ �.�. � àçãª  ¢ 80-¥ £®¤ë.

� � á«®¥ â¥à¬®ª«¨  ¨ ¢ £«ã¡®ª®¬ ®ª¥ ¥ (®â 400{800 ¬ ¨ ¨¦¥) à §¨æ 
¬¥¦¤ã à¥è¥¨ï¬¨ ¢ ¯®«ïå ¯«®â®áâ¨, â¥¬¯¥à âãàë ¨ á®«¥®áâ¨ ¯à¨®¡à¥-
â ¥â £«®¡ «ìë© å à ªâ¥à.

� � §«¨çë¥ à ¢®¢¥áë¥ à¥¦¨¬ë § ¬¥â® ®â«¨ç îâáï ¤àã£ ®â ¤àã£  áà¥¤-
¨¬¨ ¯® £«ã¡¨¥ â¥ç¥¨ï¬¨ ¨«¨ äãªæ¨ï¬¨ â®ª .

� �¤®© ¨§  ¨¡®«¥¥ ïàª¨å å à ªâ¥à¨áâ¨ª, ®¯à¥¤¥«ïîé¨å å à ªâ¥à ¨ ¨§-
¬¥ç¨¢®áâì ¯® ¢à¥¬¥¨ ¤¢ãå à¥è¥¨©, ï¢«ï¥âáï à áå®¤ �â àªâ¨ç¥áª®£®
ªàã£®¢®£® â¥ç¥¨ï (���).

� áå®¤ ��� ¬®¦¥â á«ã¦¨âì ®¡ê¥ªâ¨¢®© å à ªâ¥à¨áâ¨ª®© ¯®¢¥¤¥¨ï à¥-
è¥¨©. �â® ¤ ¥â ®á®¢ ¨¥, á«¥¤ãï �.�. � àçãªã [8], áä®à¬ã«¨à®¢ âì § ¤ çã
®æ¥ª¨ çã¢áâ¢¨â¥«ì®áâ¨ à¥è¥¨ï   ®á®¢¥ â¥®à¨¨ á®¯àï¦¥ëå ãà ¢¥¨© ¢
á«¥¤ãîé¥¬ ¢¨¤¥
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� �æ¥¨âì çã¢áâ¢¨â¥«ì®áâì äãªæ¨® «  J ®â à¥è¥¨ï § ¤ ç¨ ¤¨ ¬¨ª¨
®ª¥  , £¤¥

J = (�; �) �
Z
D0

��dD0: (38)

�¤¥áì � { å à ªâ¥à¨áâ¨ç¥áª ï äãªæ¨ï, à ¢ ï ¥¤¨¨æ¥   ª®âãà¥ L0 ¨
ã«î ¢ ®áâ «ì®© ®¡« áâ¨D0 , L0 { § ¬ªãâë© ª®âãà ®¡å®¤  �â àªâ¨¤ë,
 ¯à¨¬¥à ªàã£ è¨à®âë 60o.

�ãªæ¨® « (38) ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

J =
Z
L0

�dL0: (39)

�«ï ®æ¥ª¨ ¢ à¨ æ¨© J , á®£« á® [8],  àï¤ã á ®á®¢®© à áá¬®âà¨¬ á®¯àï-
¦¥ãî á¨áâ¥¬ã. �ë¡¨à ï ã¤®¡ãî ä®à¬ã § ¯¨á¨ ãà ¢¥¨© (34){(35), ¨¬¥¥¬
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; (40)

H2 @�
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@�
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= f3; (41)
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= 0: (43)

�¤¥áì

� =
r

g

�0
��; f3 = � g�

2�0

�H � �0q
g��
�0

; (44)

f1; f2; f3 { ¯à¥¤¯®« £ îâáï § ¤ ë¬¨.
�®¯àï¦¥ë¥ ãà ¢¥¨ï ¤«ï ��; �� ¯®«ãç¥ë ¨§ ¯àï¬ëå ãà ¢¥¨© ¤«ï

�; � ¢ à¥§ã«ìâ â¥ áâ ¤ àâ®© ¯à®æ¥¤ãàë. �  á®áâ®¨â ¢ áª «ïà®¬ ã¬®¦¥-
¨¨ ãà ¢¥¨© (40){(41)   ��=2; �� ¨ ¨å ¢ àì¨à®¢ ¨ï ¯® �; �. �«ï ¯à®áâ®âë
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¯à¥¤¯®«®¦¨¬, çâ® ®¡« áâì D0 { ¯®«®á , ®£à ¨ç¥ ï ¤¢ã¬ï ªàã£ ¬¨ è¨à®âë
L1; L2, £¤¥ L2 { ª®âãà �â àªâ¨¤ë,   ª®â®à®¬ H=const. �®£¤  £à ¨çë¬¨
ãá«®¢¨ï¬¨ ¤«ï �; �� ¡ã¤ãâ

� = 0; �� = 0   L1;

� = C; �� = 1   L2: (45)

�®áâ®ï ï C ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

C =

R
L2
[f1 � ( @@t +R) 1H

@�0

@y ]dxR
L2
( @@t +R) 1H

@�1

@y dx
; (46)

£¤¥ � = �0+C�1, �0 { à¥è¥¨¥ ¥®¤®à®¤®£® ãà ¢¥¨ï (40) á ¯à ¢®© ç áâìî ¨
ã«¥¢ë¬¨ ãá«®¢¨ï¬¨ �¨à¨å«¥   ª®âãà åL1; L2; �1 { à¥è¥¨¥ § ¤ ç¨ á ã«¥¢®©
¯à ¢®© ç áâìî ¨ ãá«®¢¨¥¬ �1 = 1   ª®âãà¥ L2.

�§ ä®à¬ã«ë (46) ¢¨¤®, çâ® ¢ à¨ æ¨ï �C á¢ï§   á ¢ à¨ æ¨¥© äãªæ¨® « 
J(�0).

�¬®¦¨¬ áª «ïà® ãà ¢¥¨ï (40){(43) á®®â¢¥âáâ¢¥®   ��=2, �� � �=2,
�� ¨ á«®¦¨¬. �®á«¥ ¯à¥®¡à §®¢ ¨© ¯®«ãç¨¬

J =
�
�(Hx�y �Hy�x) +

1
2
(
@f1
@x

� @f2
@y

); ��
�
+ (H(�x�y � �y�x)� f3; �

�) : (47)

�à®ª®¬¬¥â¨àã¥¬ ¯®«ãç¥ë¥ ¢ëà ¦¥¨ï á â®çª¨ §à¥¨ï çã¢áâ¢¨â¥«ì®áâ¨
à¥è¥¨ï ®¡®¡é¥®© § ¤ ç¨ �����. �§ ãà ¢¥¨ï (43) ¢¨¤®, çâ® ¤¥©áâ¢¨¥
����� ¢ëà ¦ ¥âáï ¯®á«¥¤¨¬ á« £ ¥¬ë¬

(
@H

@y

@��

@x
� @H

@x

@��

@y
)�: (48)

�á«¨ ����� ®âáãâáâ¢ã¥â, â® ¨§ (43) ¯®«ãç¨¬

�� = 0 (49)

¨ çã¢áâ¢¨â¥«ì®áâì äãªæ¨® «  �J ¯® ®â®è¥¨î ª ¢ à¨ æ¨ï¬ f1; f2 ®¯à¥¤¥-
«ï¥âáï äãªæ¨¥© ��. �®á«¥¤ïï ¬®¦¥â ¡ëâì ¢ëç¨á«¥   ¯à¨®à¨ ª ª à¥è¥¨¥
á®¯àï¦¥®© § ¤ ç¨ ¤«ï äãªæ¨¨ â®ª . �¥ à¥è¥¨¥ «®ª «¨§®¢ ® ¢ ®ªà¥áâ-
®áâ¨ ª®âãà  L2. �ç¥â ����� ¯à¨¢®¤¨â ª § ç¨â¥«ì®¬ã ¨§¬¥¥¨î å à ª-
â¥à  à¥è¥¨ï § ¤ ç¨ çã¢áâ¢¨â¥«ì®áâ¨. �¥è¥¨¥ á®¯àï¦¥®© § ¤ ç¨ ¯à¨®-
¡à¥â ¥â £«®¡ «ìë© å à ªâ¥à, â.ª. ¢ íâ®¬ á«ãç ¥ �� 6= 0 ¨ § ¢¨á¨â ®â �; �.
�®£« á® (47) ¢®§¨ª ¥â ¥«¨¥© ï § ¢¨á¨¬®áâì äãªæ¨® «  J ®â ä -
§®¢®© âà ¥ªâ®à¨¨ á¨áâ¥¬ë.
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� ¯àï¬®© § ¤ ç¥ ¯à¨ ®¯à¥¤¥«¥ëå ãá«®¢¨ïå ����� ¬®¦¥â ¡ëâì ¬ «ë¬
íää¥ªâ®¬. �¤ ª® ¢ á®¯àï¦¥®© § ¤ ç¥ ����� ¨£à ¥â áãé¥áâ¢¥ãî à®«ì.
� ¢® ¬®£®¬ ®¯à¥¤¥«ï¥â ¬¥å ¨§¬ ¨§¬¥ç¨¢®áâ¨ à¥è¥¨ï ¨ ãá«®¦ï¥â § ¤ çã
®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï.

�â¬¥â¨¬, çâ® ¥á«¨ à áá¬ âà¨¢ âì § ¤ çã ® çã¢áâ¢¨â¥«ì®áâ¨ ®áà¥¤¥®©
¯® £«ã¡¨¥ æ¨àªã«ïæ¨¨ ®ª¥   ¡¥§ ãç¥â  ãà ¢¥¨ï ¤«ï ¯«®â®áâ¨, â® ®æ¥ª 
à®«¨ ����� ¬®¦¥â ¡ëâì § ¨¦¥ . �â® á¢ï§ ® á â¥¬, çâ® á®¯àï¦¥®¥ ãà ¢-
¥¨¥ ¤«ï �� (á â®ç®áâìî ¤® § ª ) á®¢¯ ¤ ¥â á ¨áå®¤ë¬ ¨ á®åà ï¥â ¢¨¤ ¨
¯à¨ H = const. �á«¨   «¨§ ®£à ¨ç¨âì à áá¬®âà¥¨¥¬ â®«ìª® ®¤®£® á®¯àï-
¦¥®£® ãà ¢¥¨ï ¤«ï ��, â® ¬®¦¥â á«®¦¨âìáï ¢¯¥ç â«¥¨¥ ® ¥§ ç¨â¥«ì®©
à®«¨ �����. �â®â íää¥ªâ ¯à®ï¢«ï¥âáï ¢ ¯®¢¥¤¥¨¨ äãªæ¨¨ �� ¨ «¨èì § â¥¬,
®¯®áà¥¤®¢ ®, ¢«¨ï¥â   áâàãªâãàã ��.
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�. �. �ãèª¥¢¨ç

�áâ¨âãâ ¯à¨ª« ¤®© ¬ â¥¬ â¨ª¨ ¨¬¥¨ �.�. �¥«¤ëè  ���

�¢¥¤¥¨¥
�¢ ¤æ âë© ¢¥ª ¢ ¨áâ®à¨¨ §¥¬®© æ¨¢¨«¨§ æ¨¨ | íâ® ¢¥ª  ãç®-â¥å¨ç¥áª®©

à¥¢®«îæ¨¨ (���), á¢ï§ ®© á âà¥¬ï ¢¥«¨ª¨¬¨ ®âªàëâ¨ï¬¨: ¯à®¨ª®¢¥¨¥
¢ â ©ë ¨ ®¢« ¤¥¨¥ ï¤¥à®© í¥à£¨¥©, ¯®ª®à¥¨¥ ª®á¬¨ç¥áª®£® ¯à®áâà áâ¢ 
¨ ¢ëå®¤ ç¥«®¢¥ª  ¢ ª®á¬®á, ¨§®¡à¥â¥¨¥ í«¥ªâà®®-¢ëç¨á«¨â¥«ìëå ¬ è¨
(���) ¨ á®§¤ ¨¥ ¨ä®à¬ æ¨®ëå â¥å®«®£¨©. ��� ï¢¨« áì £« ¢ë¬ ¤¥©áâ-
¢ãîé¨¬ «¨æ®¬, ®á®¢ë¬ ¤¢¨£ â¥«¥¬ ���: ¨á¯®«ì§®¢ ¨¥ ï¤¥à®© í¥à£¨¨,
¯®«¥â ¢ ª®á¬®á, ¨ä®à¬ æ¨®ë¥ â¥å®«®£¨¨ ¡ë«¨ ¡ë ¥¢®§¬®¦ë ¡¥§ ���.

� ãç®-¨áá«¥¤®¢ â¥«ìáª ï ¨  ãç®-®à£ ¨§ æ¨® ï ¤¥ïâ¥«ì®áâì �ãà¨ï
�¢ ®¢¨ç � àçãª  ¬®£¨¥ ¤¥áïâ¨«¥â¨ï ¡ë«   ªâ¨¢® á¢ï§   á âà¨ ¤®© "ï¤¥à-
 ï í¥à£¨ï| ª®á¬®á|���". �®¤â¢¥à¦¤¥¨¥¬, ¢ ç áâ®áâ¨, á«ã¦¨â ¯à¨áã¦-
¤¥¨¥ �®á¯à¥¬¨¨ 1979 £®¤  "�  æ¨ª« à ¡®â ¯® à §¢¨â¨î ¨ ¯à¨¬¥¥¨î ¬¥â®¤ 
áâ â¨áâ¨ç¥áª®£® ¬®¤¥«¨à®¢ ¨ï ¤«ï à¥è¥¨ï ¬®£®¬¥àëå § ¤ ç â¥®à¨¨ ¯¥à¥-
®á  ¨§«ãç¥¨ï" ª®««¥ªâ¨¢ã ãç¥ëå ¢ á®áâ ¢¥ �.�. � àçãª  (àãª®¢®¤¨â¥«ï à -
¡®âë), �.�. �¨å ©«®¢ , �.�. �à¬ ª®¢ , �.�. �®«®âãå¨ , �.�. �¥æ®¢ .

� 1965 £®¤ã �.�. � àçãª ¯à¨£« á¨« �.�. �¨å ©«®¢  | á¯¥æ¨ «¨áâ  ¯® ¬¥-
â®¤ã �®â¥-� à«® ¢ ®¡« áâ¨  â®¬®© í¥à£¥â¨ª¨ | à ¡®â âì ¢ ®à£ ¨§®¢ ë©
¨¬ �ëç¨á«¨â¥«ìë© æ¥âà �¨¡¨àáª®£® ®â¤¥«¥¨ï �ª ¤¥¬¨¨  ãª ���� ¨ ¯à¥¤-
«®¦¨« § ïâìáï § ¤ ç ¬¨  â¬®áä¥à®© ®¯â¨ª¨. �â® ¡ë« ¯®¢®à®âë© ¬®¬¥â:
¢¯¥à¢ë¥ ¢ ¬¨à®¢®© ¯à ªâ¨ª¥ ¬¥â®¤ �®â¥-� à«® ¯à¨¬¥ï«áï ¤«ï ¬®¤¥«¨à®-
¢ ¨ï ¯¥à¥®á  á®«¥ç®£® ¨§«ãç¥¨ï ¢  â¬®áä¥à¥ �¥¬«¨. �¢£à ä �¥à£¥¥¢¨ç
�ã§¥æ®¢ (1901{1966 ££.) | ¯¥à¢ë© á¯¥æ¨ «¨áâ ¨ á®§¤ â¥«ì ¢¥¤ãé¥© ®â¥ç¥áâ¢¥-
®©  ãç®© èª®«ë ¯® ç¨á«¥®¬ã à¥è¥¨î § ¤ ç â¥®à¨¨ ¯¥à¥®á  ¨§«ãç¥¨ï
| ¯¥áá¨¬¨áâ¨ç® ®â®á¨«áï ª ¢®§¬®¦®áâï¬ áâ â¨áâ¨ç¥áª®£® ¬®¤¥«¨à®¢ ¨ï.
�  áâ®ïé¥¥ ¢à¥¬ï ã¦¥ ¥â á®¬¥¢ îé¨åáï ¢ à¥§ã«ìâ â¨¢®áâ¨ ¨ íää¥ªâ¨¢-
®áâ¨ ¬¥â®¤  �®â¥-� à«®, ª®â®àë© ¯®ª®à¨« á®¢à¥¬¥ë¥ áã¯¥àª®¬¯ìîâ¥àë á
¯ à ««¥«ì®©  àå¨â¥ªâãà®©.

� ¯¥à¢ëå ¦¥ à ¡®â å �.�. � àçãª  ¨ �.�. �¨å ©«®¢  [1, 2] | ¬ â¥¬ â¨ª®¢
¯® ®¡à §®¢ ¨î, ®ª®ç¨¢è¨å ¬ â¥¬ â¨ª®-¬¥å ¨ç¥áª¨© ä ªã«ìâ¥â �¥¨£à ¤-
áª®£® £®áã¤ àáâ¢¥®£® ã¨¢¥àá¨â¥â , à áá¬ âà¨¢ « áì á ¬ ï á«®¦ ï ¬®¤¥«ì
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ä®à¬¨à®¢ ¨ï ¨§«ãç¥¨ï �¥¬«¨ | íâ® ¯¥à¥®á ¨§«ãç¥¨ï ¢ áä¥à¨ç¥áª®© ¥-
®¤®à®¤®© £ §®¢®- íà®§®«ì®© ®¡®«®çª¥, ®á¢¥é ¥¬®© ¢¥è¨¬ ¯ à ««¥«ìë¬
¯®â®ª®¬ á®«¥çëå «ãç¥©. �â¨ ¯ã¡«¨ª æ¨¨ ï¢¨«¨áì ¯¥à¢ë¬¨ ¢ ¬¨à¥ à ¡®â ¬¨
¯® ç¨á«¥®¬ã ¨¬¨â æ¨®®¬ã ¬®¤¥«¨à®¢ ¨î ãá«®¢¨© ¯à®¢¥¤¥¨ï ¯¥à¢ëå ª®á-
¬¨ç¥áª¨å ä®â®áê¥¬®ª ¨ á¯¥ªâà®£à ä¨¨ § à¨ ¨ áã¬¥à¥ª. � áãé®áâ¨, ¢ ¨å ¢¯¥à-
¢ë¥ ¡ë«¨ ¯à¥¤«®¦¥ë  «£®à¨â¬ë à¥è¥¨ï ¯àï¬ëå ¨ ®¡à âëå § ¤ ç â¥®à¨¨
¯¥à¥®á  ¨§«ãç¥¨ï ¢ ¯®¨áª å ®â¢¥â    ¢®¯à®á ®¡ ¨â¥à¯à¥â æ¨®®© æ¥®áâ¨
à ¤¨ æ¨®®© ¨ä®à¬ æ¨¨ [3].

�ä¥à¨ç¥áª¨¥ ¬®£®¬¥àë¥ ¬®¤¥«¨ ¯¥à¥®á  ¨§«ãç¥¨ï, ¥á¬®âàï   ¨å á«®¦-
®áâì ¨ £à®¬®§¤ª®áâì ç¨á«¥®© à¥ «¨§ æ¨¨   ¯¥à¢ëå ¯®ª®«¥¨ïå ��� (�{
20, ����{4, ����{6), ¢ 60{70-¥ £®¤ë ¨¬¥«¨ ¨áª«îç¨â¥«ìãî  ªâã «ì®áâì ¢
á¢ï§¨ á ¯à®¥ªâ¨à®¢ ¨¥¬ ¨ á®§¤ ¨¥¬ à ª¥â®-ª®á¬¨ç¥áª¨å á¨áâ¥¬, ®á¢®¥¨¥¬
¡«¨¦¥£® ¨ ¤ «ì¥£® ª®á¬¨ç¥áª®£® ¯à®áâà áâ¢ , ®à£ ¨§ æ¨¥© ¨ ¯à®¢¥¤¥¨¥¬
ª®á¬¨ç¥áª¨å ¨áá«¥¤®¢ ¨© ¨  ¡«î¤¥¨© ¨§ ª®á¬®á . � à ««¥«ì® à §¢¨¢ «¨áì
¨áá«¥¤®¢ ¨ï ¯®  ãç®-äã¤ ¬¥â «ìë¬ ¯à®¡«¥¬ ¬ ¬¥â¥®à®«®£¨¨, ®ª¥ ®«®-
£¨¨, ä¨§¨ª¨  â¬®áä¥àë, ¨§ãç¥¨ï ¯à¨à®¤ëå à¥áãàá®¢, ¤¨áâ æ¨®®£® §®¤¨-
à®¢ ¨ï  â¬®áä¥àë, áãè¨, ®ª¥  , ®¡« ç®áâ¨, £¨¤à®¬¥â¥®à®¢ á ¯à¨¢«¥ç¥¨¥¬
ª®á¬¨ç¥áª¨å ¤ ëå.

� ¨áâ®à¨¨  â¬®áä¥à®-®¯â¨ç¥áª¨å ¨áá«¥¤®¢ ¨© ¨§ ª®á¬®á 
� â¥ç¥¨¥ âëáïç¥«¥â¨© ç¥«®¢¥ç¥áâ¢® ¨§ãç ¥â §¢¥§¤ë ¨ ¯« ¥âë á®«¥ç®©

á¨áâ¥¬ë ¯ãâ¥¬ ¢¨§ã «ìëå,   ¯®§¤¥¥ ä®â®£à ä¨ç¥áª¨å ¨ ä®â®í«¥ªâà¨ç¥áª¨å
 ¡«î¤¥¨©. �®«ìª® ¯« ¥â  �¥¬«ï ¤® ª®æ  50-å £®¤®¢ ®áâ ¢ « áì ¥¤®áâã¯-
®©. �¨èì ¯® ®âà ¦¥®¬ã á¢¥âã ®â ¯®¢¥àå®áâ¨ �ãë (¯¥¯¥«ìë© á¢¥â) [4]
¯à¥¤áâ ¢«ï«®áì ¢®§¬®¦ë¬ ®æ¥¨âì ¨â¥£à «ì®¥ ¨§«ãç¥¨¥ �¥¬«¨. �¨à®ª¨¥
¢®§¬®¦®áâ¨ ¨áá«¥¤®¢ ¨© à ¤¨ æ¨®ëå å à ªâ¥à¨áâ¨ª  è¥© ¯« ¥âë ¯®ï¢¨-
«¨áì ¢ à¥§ã«ìâ â¥ á®§¤ ¨ï ¨ à §¢¨â¨ï à ª¥â®© ¨ ª®á¬¨ç¥áª®© â¥å¨ª¨ [5].

�¯ëâ ®áãé¥áâ¢«¥¨ï ¢ ���� ª®á¬¨ç¥áª®© ¯à®£à ¬¬ë ¯®¤â¢¥à¤¨« à¥ «ì-
®áâì â¥å ¯¥àá¯¥ªâ¨¢, ª®â®àë¥ á¢ï§ ë á ¨á¯®«ì§®¢ ¨¥¬ ¯¨«®â¨àã¥¬ëå ª®á-
¬¨ç¥áª¨å ª®à ¡«¥© (���), ¤®«£®áà®çëå ®à¡¨â «ìëå áâ æ¨© (���),  ¢â®¬ -
â¨ç¥áª¨å ¬¥¦¯« ¥âëå áâ æ¨© (���), ª®á¬¨ç¥áª¨å  ¯¯ à â®¢ (��), ¨áªãááâ-
¢¥ëå á¯ãâ¨ª®¢ �¥¬«¨ (���) ¤«ï ¨áá«¥¤®¢ ¨ï ¯à¨à®¤®© áà¥¤ë ¨ ¯à¨à®¤ëå
à¥áãàá®¢ �¥¬«¨ ¨§ ª®á¬®á  [6{10]. 20 ®ï¡àï 1998 £. á®áâ®ï«áï § ¯ãáª ¯¥à¢®£®
¬®¤ã«ï "� àï" (�®áá¨ï) ¯¥à¢®© �¥¦¤ã à®¤®© ª®á¬¨ç¥áª®© áâ æ¨¨ (���)
"�«ìä " | ª®á¬¨ç¥áª®© « ¡®à â®à¨¨ ¡ã¤ãé¥£®.

� ¦®© á®áâ ¢®© ç áâìî ¯¥à¢ëå  ãçëå ª®á¬¨ç¥áª¨å ¯à®£à ¬¬ ï¢«ï«¨áì
®¯â¨ç¥áª¨¥ ¨áá«¥¤®¢ ¨ï: ¢¨§ã «ìë¥  ¡«î¤¥¨ï, ä®â®¬¥âà¨ç¥áª¨¥ ¨ á¯¥ª-
âà «ìë¥ ¨áá«¥¤®¢ ¨ï áã¬¥à¥ç®© ¨ ¤¥¢®©  â¬®áä¥àë á æ¥«ìî ¨§ãç¥¨ï
¢¥àâ¨ª «ìëå ¯à®ä¨«¥© ®¯â¨ç¥áª¨  ªâ¨¢ëå ª®¬¯®¥â®¢ ( íà®§®«ì, ®§®, £ -
§®¢ë¥ ¯à¨¬¥á¨), ¨áá«¥¤®¢ ¨ï á¯¥ªâà®¢ ®âà ¦¥¨ï à §«¨çëå â¨¯®¢ ¯à¨à®¤ëå
®¡à §®¢ ¨©   ¯®¢¥àå®áâ¨ �¥¬«¨ ¨ ®æ¥ª  ¢«¨ï¨ï  â¬®áä¥àë   á¯¥ªâà «ì-
ë¥ ïàª®áâ¨ ¨ ª®âà áâë ¯à¨à®¤ëå ®¡ê¥ªâ®¢ ¯à¨  ¡«î¤¥¨ïå (áê¥¬ª¥) ¨§
ª®á¬®á . � «¨§ ª®á¬¨ç¥áª¨å á¯¥ªâà®¢ ¯à¨à®¤ëå ®¡à §®¢ ¨© (á¯¥ªâà «ìëå
ïàª®áâ¥©, ª®íää¨æ¨¥â®¢ á¯¥ªâà «ìëå ïàª®áâ¥©, á¯¥ªâà «ìëå ª®âà áâ®¢)
¯®ª § « ¯à¨æ¨¯¨ «ìãî ¢®§¬®¦®áâì à¥è¥¨ï àï¤  äã¤ ¬¥â «ìëå ¨ ¯à ª-
â¨ç¥áª¨å § ¤ ç "ª®á¬¨ç¥áª®£® §¥¬«¥¢¥¤¥¨ï" [11].
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� ¤®áâ¨¦¥¨ïå á®¢¥âáª®© ª®á¬® ¢â¨ª¨ ®£à®¬ãî à®«ì áë£à «¨ ��� ¨ ���
á íª¨¯ ¦ ¬¨ ª®á¬® ¢â®¢ [10]. �®«¥â �.�. � £ à¨  12  ¯à¥«ï 1961 £.   ���
"�®áâ®ª", ª®â®àë© á®¢¥àè¨« ®¤¨ ¢¨â®ª §  108 ¬¨. ¢®ªàã£ �¥¬«¨, | íâ® ¡ë«
¯¥à¢ë© ¢§£«ï¤ ¨§ ª®á¬®á    �¥¬«î, â.¥. ¯¥à¢ë¥ ¢¨§ã «ìë¥  ¡«î¤¥¨ï ¯®-
¢¥àå®áâ¨ ¨ ®à¥®«  �¥¬«¨. �®«¥âë �.�. �¨â®¢    ��� "�®áâ®ª{2" ( ¢£ãáâ 1961
£.), �.�. �¨ª®« ¥¢    ��� "�®áâ®ª{3" ¨ �.�. �®¯®¢¨ç    ��� "�®áâ®ª{4"
( ¢£ãáâ 1962 £.) à áè¨à¨«¨ ¯à¥¤áâ ¢«¥¨ï ® ¢®§¬®¦®áâïå ¢¨§ã «ìëå  ¡«î-
¤¥¨©. �.�. �¨â®¢ 6  ¢£ãáâ  1961 £. ¢  ç «¥ ¢â®à®£® ¢¨âª  ��� "�®áâ®ª{2"
¢¯¥à¢ë¥ ¢ ¬¨à¥ ¯à®¢¥« ª¨®áê¥¬ªã �¥¬«¨ ¨§ ª®á¬®á .

�.�. �ëª®¢áª¨©   ��� "�®áâ®ª{5" ¨ �.�. �¥à¥èª®¢    ��� "�®áâ®ª{6"
(¨îì 1963 £.) ¢¯¥à¢ë¥ áä®â®£à ä¨à®¢ «¨ ¤¥¢®© ¨ áã¬¥à¥çë© £®à¨§®âë
�¥¬«¨. �ë«® ¯®«®¦¥®  ç «® ¨áâàã¬¥â «ìë¬ ¨áá«¥¤®¢ ¨ï¬ ®¯â¨ç¥áª¨
 ªâ¨¢ëå ª®¬¯®¥â®¢  â¬®áä¥àë á ���. �¥®à¥â¨ç¥áª®¥ ®¡®á®¢ ¨¥ íâ®£® íªá-
¯¥à¨¬¥â  ¯à®¢¥« �.�. �®§¥¡¥à£ [12, 13]. � ��� "�®î§{5" (ï¢ àì 1969 £.) ¯®¤
àãª®¢®¤áâ¢®¬ �.�. �®¤à âì¥¢   ç «¨áì á¯¥ªâà®£à ä¨ç¥áª¨¥ íªá¯¥à¨¬¥âë.
�ë«¨ ¯®«ãç¥ë ¯¥à¢ë¥ ¢ ¬¨à¥ á¯¥ªâàë ¨§«ãç¥¨ï  â¬®áä¥àë ¨ ¯®¢¥àå®áâ¨
�¥¬«¨ ¢ ¢¨¤¨¬®© ®¡« áâ¨ á¯¥ªâà  [14]. �®â®£à ä¨à®¢ ¨¥ ¨ á¯¥ªâà®£à ä¨à®-
¢ ¨¥ ª®á¬¨ç¥áª®© § à¨ ¯®§¢®«¨«¨ ®¤®¢à¥¬¥® ¯®«ãç âì ¤®¯®«ïîé¨¥ ¤àã£
¤àã£  á¢¥¤¥¨ï ® ¯à®áâà áâ¢¥®© ¨ á¯¥ªâà «ì®© áâàãªâãà¥ ¨§«ãç¥¨ï ¨  â¬®-
áä¥àë �¥¬«¨, ¢ ç áâ®áâ¨ ®¡  íà®§®«ìëå ¨ ®§®®¢ëå á«®ïå. �.�. �¨«¨¯ç¥ª®
¨ �.�. �ãª ¢¨è¨ª®¢ á ��� "�®î§{16" (¤¥ª ¡àì 1974 £.) ¢¯¥à¢ë¥ ¯à®¢¥«¨ ä®-
â®£à ä¨à®¢ ¨¥ §¥¬®© ¯®¢¥àå®áâ¨ ¨  â¬®áä¥àë ¢ ¯®«ïà¨§®¢ ®¬ á¢¥â¥  
âà áá¥ ¯à®âï¦¥®áâìî ®ª®«® 30 âëá. ª¬. �® ¯à®£à ¬¬¥ "�®î§{�¯®««®" á
��� "�®î§{19" (¨î«ì 1975 £.) ®¯â¨ç¥áª¨¥ ¨áá«¥¤®¢ ¨ï ¯à®¢®¤¨«¨áì �.�. �¥-
®®¢ë¬ ¨ �.�. �ã¡ á®¢ë¬ [10, 15].

16 ¬ àâ  1962 £. § ¯ãáª ¯¥à¢®£® ��� á¥à¨¨ "�®á¬®á" ¯®«®¦¨«  ç «® ®áã-
é¥áâ¢«¥¨î ª®¬¯«¥ªá®©  ãç®© ¯à®£à ¬¬ë ®¯â¨ç¥áª¨å ¨áá«¥¤®¢ ¨© ®ª®«®-
§¥¬®£® ª®á¬¨ç¥áª®£® ¯à®áâà áâ¢  ¨ �¥¬«¨. �®á«¥ § ¯ãáª  ¢  ¯à¥«¥ 1971 £.
¯¥à¢®© ��� "� «îâ" § ç¨â¥«ì® à áè¨à¨« áì ¯à®£à ¬¬  ¢¨§ã «ì®-¨áâàã-
¬¥â «ìëå ®¯â¨ç¥áª¨å  ¡«î¤¥¨© �¥¬«¨. 24  ¯à¥«ï 1971 £. ¯à®¨§®è«  ¯¥à¢ ï
áâëª®¢ª  ��� "�®î§{10" (�.�. � â «®¢, �.�. �«¨á¥¥¢, �.�. �ãª ¢¨è¨ª®¢) á
��� "� «îâ". � ç¨ ï á ��� "� «îâ{3" (¨îì 1974 £.) ¨   ¢á¥å ¯®á«¥¤ã-
îé¨å ��� "� «îâ{4" (¤¥ª ¡àì 1974 £.), "� «îâ{5" (¨îì 1976 £.), "� «îâ{6"
(á¥âï¡àì 1977 £.), "� «îâ{7" ( ¯à¥«ì 1982 £.), "�¨à" (1986 £.) ¢ë¯®«ï« áì
¯à®£à ¬¬  "ª®á¬¨ç¥áª®£® §¥¬«¥®¡§®à " [7{10].

� â¥¬ â¨ç¥áª®¥ ¬®¤¥«¨à®¢ ¨¥
�®á¬¨ç¥áª¨¥ ¨áá«¥¤®¢ ¨ï | íâ® â ª ï ®¡« áâì äã¤ ¬¥â «ìëå ¨ ¯à¨-

ª« ¤ëå à ¡®â, ª®â®à ï á ¯¥à¢ëå è £®¢ á¢®¥£® áâ ®¢«¥¨ï ¥ ¬®£«  à §¢¨-
¢ âìáï ¡¥§ ¨á¯®«ì§®¢ ¨ï ���. �á¢®¥¨¥ ª®á¬¨ç¥áª®£® ¯à®áâà áâ¢  ¯®á«ã-
¦¨«® § ç¨â¥«ìë¬ ä ªâ®à®¬ á®¢¥àè¥áâ¢®¢ ¨ï ��� ¨ ä®à¬¨à®¢ ¨ï ®¢ëå
 ãçëå  ¯à ¢«¥¨©, á¢ï§ ëå á ¬ â¥¬ â¨ç¥áª¨¬ ¬®¤¥«¨à®¢ ¨¥¬ à ¤¨ æ¨-
®®£® ¯®«ï �¥¬«¨, â¥®à¨¥© ¯¥à¥®á  ¨§®¡à ¦¥¨ï, â¥®à¨¥© ¢¨¤¥¨ï, â¥®à¨¥©
®¡à ¡®âª¨ ¨ à á¯®§ ¢ ¨ï ®¡à §®¢ ¨ â.¤. �ä®à¬ æ¨®®-¬ â¥¬ â¨ç¥áª®¥ ®¡¥á-
¯¥ç¥¨¥ | ®¡ï§ â¥«ì ï á®áâ ¢ ï ç áâì «î¡®£® ª®á¬¨ç¥áª®£® ¯à®¥ªâ .
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�¥®à¥â¨ª®-à áç¥âë¥ ¨áá«¥¤®¢ ¨ï ¯à¨ ¯à®¥ªâ¨à®¢ ¨¨ ¨ à¥ «¨§ æ¨¨ ¯¥à-
¢ëå ��, ¢ ç áâ®áâ¨, ¨å á¨áâ¥¬  ¢¨£ æ¨¨, ®à¨¥â æ¨¨, áâ ¡¨«¨§ æ¨¨,   â ª¦¥
¯¥à¢ëå ª®á¬¨ç¥áª¨å ®¯â¨ç¥áª¨å íªá¯¥à¨¬¥â®¢ ®áãé¥áâ¢«ï«¨áì âà¥¬ï ¢¥¤ã-
é¨¬¨ ª®««¥ªâ¨¢ ¬¨ á¯¥æ¨ «¨áâ®¢ ¯® (¬ â¥¬ â¨ç¥áª®¬ã) ¬®¤¥«¨à®¢ ¨î ¯¥à¥-
®á  ¨§«ãç¥¨ï ¢ ¯à¨à®¤ëå áà¥¤ å   ���. � �¥¨£à ¤áª®¬ £®áã¤ àáâ¢¥®¬
ã¨¢¥àá¨â¥â¥ ¨ �« ¢®© £¥®ä¨§¨ç¥áª®© ®¡á¥à¢ â®à¨¨ à ¡®â «® ¥áª®«ìª® £àã¯¯
¯®¤ àãª®¢®¤áâ¢®¬ �.�. �®¡®«¥¢  ¨ �.�. �®¤à âì¥¢ . �.�. �®¡®«¥¢, �.�. �¨-
¨ ¨ �.�. �¬®ªâ¨© à §à ¡®â «¨ ¯¥à¢ãî ª®¬¡¨¨à®¢ ãî ¯«®áª®-áä¥à¨ç¥áªãî
¬®¤¥«ì §¥¬®©  â¬®áä¥àë ¢ ¯à¨¡«¨¦¥¨¨ �.�. �®¡®«¥¢  [16{29]. � �ëç¨á«¨-
â¥«ì®¬ æ¥âà¥ �� �� ���� ¯®¤ àãª®¢®¤áâ¢®¬ �.�. � àçãª  ¨ �.�. �¨å ©-
«®¢  ¡ë«¨ à §à ¡®â ë ¯¥à¢ë¥  «£®à¨â¬ë ¬¥â®¤  �®â¥-� à«® ¤«ï áä¥à¨ç¥á-
ª®© ¬®¤¥«¨ �¥¬«¨ [1{3, 30{37]. �¥á®¬ãî à®«ì ¢ íää¥ªâ¨¢®áâ¨ íâ¨å  «£®à¨â-
¬®¢ áë£à « ¬ â¥¬ â¨ç¥áª¨©  ¯¯ à â á®¯àï¦¥ëå ãà ¢¥¨©, ¯à¥¤«®¦¥ë©
�.�. � àçãª®¬ [38{41] ¨ à §¢¨âë© ¢ à ¡®â å �.�. �¨å ©«®¢ , �.�. � § à «¨¥¢ ,
�.�. �âîä¥¥¢ , �.�. � à¡¨ï  [1{3, 30, 33{37, 42{47]. �.�. �ãèª¥¢¨ç (�áâ¨-
âãâ ¯à¨ª« ¤®© ¬ â¥¬ â¨ª¨ �� ����) ¢¯¥à¢ë¥ áä®à¬ã«¨à®¢ «  ¨ à¥ «¨§®¢ « 
¨â¥à æ¨®ë¬ ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª £«®¡ «ìãî áä¥à¨ç¥áªãî ¬®¤¥«ì à ¤¨-
 æ¨®®£® ¯®«ï á¨áâ¥¬ë  â¬®áä¥à {�¥¬«ï (���) ¢ ¬ áèâ ¡ å ¯« ¥âë [48{58].
�à¨¡«¨¦¥ë¥ ¯®¤å®¤ë à §à ¡ âë¢ « �.�. �¢ áâ¥ [59{61]. �¥â®¤ �.�. �®¡®-
«¥¢  à §¢¨¢ «áï �.�. �¨â àçãª®¬ [62{65]. �ä¥à¨ç¥áª¨¥ ¬®¤¥«¨ ¨§«ãç¥¨ï ¯« -
¥âëå  â¬®áä¥à ¢®è«¨ ¢ ¤¨áá¥àâ æ¨¨ �.�. �¨¨  [66], �.�. �¬®ªâ¨ï [67],
�.�. �¨å ©«®¢  [68], �.�. �ãèª¥¢¨ç [69, 70], �.�. �¨â àçãª  [71], �.�. � § à -
«¨¥¢  [72, 73], �.�. �âîä¥¥¢  [74, 75]. � ¯®áâ ®¢ª¥ § ¤ ç ¨áá«¥¤®¢ ¨© ¨ ®¡-
áã¦¤¥¨¨ à¥§ã«ìâ â®¢ ¯à¨¨¬ «¨ ãç áâ¨¥ �.�. �¥à¬®£¥®¢ , �.�. � á«¥¨ª®¢,
�.�. �¡ãå®¢, �.�. � «ª¥¢¨ç, �.�. �®§¥¡¥à£, �.�. � ¤®¬¨àáª¨©, �.�. � § à¥¢,
�.�. �¥¤®à®¢ , �.�. �®§«®¢, �.�. �¥à£¥¥¢¨ç, �.�. �®ªè à®¢, �.�. �¨««¬ ,
�.�. �¢ áâ¥, �.�. �«îâ , �.�. �à¥çª® ¨ ¤à.

�®¯ëâª¨ à¥è¥¨ï áä¥à¨ç¥áª®© § ¤ ç¨ §  àã¡¥¦®¬ (���) ¡ë«¨ ¯à¥¤¯à¨-
ïâë �¥ª¥à®© ¨ �¥®¡«ì [76], ª®â®àë¥ ¯à¥¤«®¦¨«¨ ¨á¯®«ì§®¢ âì ¬¥â®¤ ¯®á«¥-
¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨©, á®®â¢¥âáâ¢ãîé¨å à §«®¦¥¨î à¥è¥¨ï ¯® ¬ «®¬ã
¯ à ¬¥âàã, ¢§ï¢ ¢ ª ç¥áâ¢¥ ¯¥à¢®£® ¯à¨¡«¨¦¥¨ï à¥è¥¨¥ ¯«®áª®© § ¤ ç¨,  
¢ ª ç¥áâ¢¥ ¬ «®£® ¯ à ¬¥âà  | ®â®è¥¨¥ íää¥ªâ¨¢®© ¢ëá®âë ®¤®à®¤®©
 â¬®áä¥àë ª à ¤¨ãáã �¥¬«¨. �®«ìè¨áâ¢® à ¡®â §  àã¡¥¦®¬ ¢ë¯®«ï¥âáï ¬¥-
â®¤®¬ �®â¥-� à«® [77{81] ¨«¨ ¯à¨¡«¨¦¥ë¬¨ ç¨á«¥ë¬¨ ¬¥â®¤ ¬¨ [82{84].
�  ãà®¢¥ â¥®à¨¨ ¡¥§ ¯à ªâ¨ç¥áª®© à¥ «¨§ æ¨¨ ®áâ «áï ¬¥â®¤ ¨¢ à¨ â®£®
¯®£àã¦¥¨ï [85{87].

�®  ç «  ª®á¬¨ç¥áª®© íàë áä¥à¨ç¥áª¨¥ ¬®¤¥«¨ ¯« ¥âëå  â¬®áä¥à à á-
á¬ âà¨¢ «¨áì ¢ â¥®à¨¨ áã¬¥à¥çëå ï¢«¥¨© [88], ¢  áâà®ä¨§¨ç¥áª¨å ¨áá«¥¤®¢ -
¨ïå [21, 22, 89] ¨ ¢ á¢ï§¨ á ¯à®¡«¥¬®© «ãç¨áâ®£® â¥¯«®®¡¬¥  ¨ à ¢®¢¥á¨ï [90].
�® ¬¥¨î �. � ¤à á¥ª à  [89, 393 á.], § ¤ ç  «ãç¨áâ®£® ¯¥à¥®á  ¢ ¯« ¥â-
ëå  â¬®áä¥à å á ãç¥â®¬ ¨å áä¥à¨ç®áâ¨   «¨§¨à®¢ « áì ¢ à ¨å à ¡®â å
W. McCrea (1928 £.), �.�. �®§ëà¥¢  (1934 £.), S. Chandrasekhar (1934 £.), L. Grat-
ton (1937 £.). �â® ¡ë«¨ ¬®¤¥«¨ ®¤®à®¤®© ª®á¥à¢ â¨¢®© áä¥àë á ¨§®âà®¯ë¬
à áá¥ï¨¥¬. �áâà®ä¨§¨ª¨ ®¡ëç® ¯à¥¤¯®ç¨â «¨ ¯à¨¡«¨¦¥ë¥ ï¢ë¥ á¯®á®¡ë
à¥è¥¨ï § ¤ ç â¥®à¨¨ ¯¥à¥®á  ¨§«ãç¥¨ï. �¨á«¥ë¥ ¬¥â®¤ë, ¯à¥¤«®¦¥ë¥
�.�. �ã§¥æ®¢ë¬ [90] ¨ �.�. �« ¤¨¬¨à®¢ë¬ [91], ¯®§¢®«¨«¨ áãé¥áâ¢¥® ãá«®¦-
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¨âì áä¥à¨ç¥áª¨¥ ¬®¤¥«¨ ¨ ¯à¨¡«¨§¨âì ¨å ª  âãàë¬ ãá«®¢¨ï¬. �â¨ ¯ã¡«¨-
ª æ¨¨ ®ª § «¨ § ¬¥â®¥ ¢«¨ï¨¥   ¬®¨ à ¡®âë ¯® ¬ â¥¬ â¨ç¥áª®¬ã ¬®¤¥«¨à®-
¢ ¨î ¯¥à¥®á  ¨§«ãç¥¨ï ¢ ¯à¨à®¤ëå áà¥¤ å, ¢ ª®â®àëå ¨â¥à æ¨®ë© ¬¥â®¤
å à ªâ¥à¨áâ¨ª ï¢«ï¥âáï ¡ §®¢ë¬.

� ¨áâ®à¨¨ ª®á¬¨ç¥áª¨å ¨áá«¥¤®¢ ¨© �¥¬«¨, ¯à®¢®¤¨¬ëå á ãç áâ¨¥¬ ç¥«®-
¢¥ª , ®á®¡®¥ ¯®«®¦¥¨¥ § ¨¬ ¥â ¯¥à¢ë©  ãçë© íªá¯¥à¨¬¥â ¯® ¤¨áâ æ¨®-
®¬ã §®¤¨à®¢ ¨î §¥¬®©  â¬®áä¥àë ¯ãâ¥¬ ä®â®£à ä¨à®¢ ¨ï áã¬¥à¥ç®£®
£®à¨§®â  [12, 13]. �à®¡«¥¬  ¨á¯®«ì§®¢ ¨ï áã¬¥à¥çëå ï¢«¥¨© ¤«ï ®¯â¨ç¥á-
ª®£® §®¤¨à®¢ ¨ï  â¬®áä¥àë ¢¯¥à¢ë¥, ¯®á«¥ �«ì£ §¥  (XI ¢¥ª) ¨ �¥¯«¥à 
(1604 £.), ¡ë«  ¢ë¤¢¨ãâ  ¢ 1923 £®¤ã �.�. �¥á¥ª®¢ë¬ [92]. �¥à¢ë¥ ¯®áâà®-
¥¨ï â¥®à¨¨ ïàª®áâ¨, ¯®«ïà¨§ æ¨¨ ¨ à¥äà ªæ¨¨ á¢¥â  ¢  â¬®áä¥à¥ �¥¬«¨ ®á-
®¢ ë   £¥®¬¥âà¨ç¥áª®© ª àâ¨¥ ®á¢¥é¥¨ï ¯« ¥âë á®«¥çë¬¨ «ãç ¬¨ ¢
ãá«®¢¨ïå  ¡«î¤¥¨ï á §¥¬®© ¯®¢¥àå®áâ¨ ¤¥¢®£® ¨ áã¬¥à¥ç®£® ¥¡ . �®
¬¥¨î �.�. �®§¥¡¥à£  [88, 179 á.], ¯®¦ «ã©, ¢¯¥à¢ë¥ â ª ï § ¤ ç  ¡ë«  áä®à-
¬ã«¨à®¢   áå¥¬ â¨ç¥áª¨ P. Grunner ¢ 1919 £®¤ã. �à¨¡«¨¦¥¨ï ®¤®ªà â®£®
à áá¥ï¨ï á®«¥ç®£® á¢¥â  ¢ áä¥à¨ç¥áª¨ á¨¬¬¥âà¨ç®© §¥¬®©  â¬®áä¥à¥ à §-
à ¡ âë¢ «¨áì �.�. �¥á¥ª®¢ë¬ (1923 £.), F. Link (1933 £.), �.�. �â ã¤¥ (1936
£.), �.�. �¢®áâ¨ª®¢ë¬ (1936 £.), �.�. �®§¥¡¥à£®¬ (1942 £.) ¤«ï ®¡®á®¢ ¨ï ¨
¯à¨¬¥¥¨ï ä®â®¬¥âà¨ç¥áª¨å  ¡«î¤¥¨© áã¬¥à¥ª ª ª ¬¥â®¤  ¨§ãç¥¨ï áâà -
â®áä¥àë ¨ ¢¥àå¥©  â¬®áä¥àë [88, 92, 93].

�â®à®© íâ ¯ ä®à¬¨à®¢ ¨ï áã¬¥à¥ç®£® ¬¥â®¤  (á 1945 £.) á¢ï§  á ¢ëïá¥-
¨¥¬ à®«¨ ¢â®à¨ç® à áá¥ï®£® á¢¥â  ¨  ç «®¬ à ª¥âëå ¨áá«¥¤®¢ ¨© ¢¥àå-
¥©  â¬®áä¥àë [95{102].

�¯®å «ìë¬ ®ª § «áï âà¥â¨© íâ ¯ | íâ ¯ áâ ®¢«¥¨ï ¨ á®¢¥àè¥áâ¢®¢ -
¨ï áã¬¥à¥çëå ¨áá«¥¤®¢ ¨© ¯« ¥âëå  â¬®áä¥à á ��. �.�. �®§¥¡¥à£ ¥
â®«ìª® ¯¥à¢ë¬ áä®à¬ã«¨à®¢ « â ªãî § ¤ çã, ® ¨ ¢¯¥à¢ë¥ à¥ «¨§®¢ « â¥®à¥-
â¨ç¥áª¨¥ ¯®áâà®¥¨ï [12] ¢ ¯¥à¢®¬ ¨áâàã¬¥â «ì®¬ ¨áá«¥¤®¢ ¨¨ §¥¬®©  â-
¬®áä¥àë á ��� [13]: 17 ¨îï 1963 £. á ¡®àâ  á ��� "�®áâ®ª{6" ¡ë«¨ ¯®«ãç¥ë
ª®á¬® ¢â®¬ ¯¥à¢ë¥ ¢ ¬¨à¥ ä®â®£à ä¨ç¥áª¨¥ á¨¬ª¨ ªà ï �¥¬«¨ á ®ªàã¦ -
îé¨¬ ¥¥ áã¬¥à¥çë¬ ¨ § à¥¢ë¬ ®à¥®«®¬, ¯®§¢®«¨¢è¨¥ ¢¯¥à¢ë¥ ãáâ ®¢¨âì ¨
®¡®á®¢ âì áãé¥áâ¢®¢ ¨¥ ¤¨ ¬¨çëå áâà â®áä¥àëå  íà®§®«ìëå á«®¥¢ ®¯-
â¨ç¥áª¨¬¨ ¬¥â®¤ ¬¨ ¨ áà¥¤áâ¢ ¬¨ ¤¨áâ æ¨®®£® §®¤¨à®¢ ¨ï á ª®á¬¨ç¥áª¨å
®à¡¨â [1{3, 12, 13, 103{106]. � «¨§ ¨ ¨â¥à¯à¥â æ¨î ¯¥à¢ëå ª®á¬¨ç¥áª¨å ç¥à®-
¡¥«ëå,   ¯®§¦¥ æ¢¥âëå ä®â®£à ä¨ç¥áª¨å á¨¬ª®¢ ¥§ ¢¨á¨¬® ¯à®¢®¤¨«¨ âà¨
£àã¯¯ë: �.�. �®¤à âì¥¢, �.�. �¬®ªâ¨© [14, 28, 29]; �.�. � àçãª, �.�. �¨-
å ©«®¢, �.�. � § à «¨¥¢ [1{3, 31, 37, 103]; �.�. �®§¥¡¥à£, �.�. � ¤®¬¨àáª¨©,
�.�. �ãèª¥¢¨ç [15, 104{113]. �®á¬¨ç¥áª¨¥ ®¯â¨ç¥áª¨¥  ¡«î¤¥¨ï, á®¯à®¢®¦-
¤ îé¨¥áï à¥¯à¥§¥â â¨¢ë¬ ¬ â¥¬ â¨ç¥áª¨¬ ¬®¤¥«¨à®¢ ¨¥¬, ¯®§¢®«¨«¨ ¥
â®«ìª® ®¡ àã¦¨âì, ® ¨ ¢¯¥à¢ë¥ ¨áá«¥¤®¢ âì ®¯â¨ç¥áªãî áâàãªâãàã áâà â®-
áä¥àëå  íà®§®«ìëå ¨ ®§®®¢ëå á«®¥¢ ¬¥â®¤ ¬¨ ¤¨áâ æ¨®®£® §®¤¨à®¢ -
¨ï [31, 114]. �â¨ ¯¨®¥àáª¨¥ à ¡®âë ¯®¤â¢¥à¤¨«¨ ¤®áâ®¢¥à®áâì à §à ¡®â ëå
áä¥à¨ç¥áª¨å ¬®¤¥«¥© ¯®«ï ¨§«ãç¥¨ï �¥¬«¨.

� ¯ãáª á®¢¥âáª®© ��� "�®¤{5" ¢¯¥à¢ë¥ ¢ ¬¨à¥ ¯®§¢®«¨« ã¢¨¤¥âì ¯« ¥âã
�¥¬«ï á ¡®«ìè®£® à ááâ®ï¨ï ¨ ®áãé¥áâ¢¨âì ¥¥ ä®â®¬¥âà¨à®¢ ¨¥, ª®â®à®¥ ¡ë«®
¯à®¤®«¦¥® § â¥¬ á ��� "�®¤{6, 7, 8". �¤¨¬ ¨§ ¢ ¦ëå à¥§ã«ìâ â®¢  ãç-
®£® ä®â®£à ä¨ç¥áª®£® (¢ ¥áª®«ìª¨å á¯¥ªâà «ìëå ¨â¥à¢ « å) íªá¯¥à¨¬¥â 
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¡ë«® ®¯à¥¤¥«¥¨¥ ä®â®¬¥âà¨ç¥áª¨å å à ªâ¥à¨áâ¨ª ¯« ¥âë, ª®íää¨æ¨¥â®¢
ïàª®áâ¨ ¥¥ ®¡ê¥ªâ®¢ ¨ ®¯à¥¤¥«¥¨¥ §¢¥§¤®© ¢¥«¨ç¨ë �¥¬«¨ [4]. �à¨ ¯à®-
¥ªâ¨à®¢ ¨¨ áê¥¬®ç®©  ¯¯ à âãàë ¨ ä®â®¬¥âà¨ç¥áª®¬   «¨§¥ ¨§®¡à ¦¥¨©
�¥¬«¨ ¨á¯®«ì§®¢ «¨áì à¥§ã«ìâ âë �.�. �ãèª¥¢¨ç ¯® ¬ â¥¬ â¨ç¥áª®¬ã ¬®¤¥«¨-
à®¢ ¨î ïàª®áâ®£® ¯®«ï áä¥à¨ç¥áª®© �¥¬«¨ á à §ë¬¨ â¨¯ ¬¨ ¯®¤áâ¨« îé¥©
¯®¢¥àå®áâ¨ (áãè , ®ª¥ , à §®ïàãá ï ®¡« ç®áâì).

�®§¤ ë© ¢ �áâ¨âãâ¥ ¯à¨ª« ¤®© ¬ â¥¬ â¨ª¨ ¨¬¥¨ �.�. �¥«¤ëè  ��
���� (á 1992 £. ���) ¢ 60{70-¥ £®¤ë ¢ëç¨á«¨â¥«ìë©  ¯¯ à â ¨á¯®«ì§®-
¢ «áï ¯à¥¨¬ãé¥áâ¢¥® ¤«ï äã¤ ¬¥â «ì®-¯®¨áª®¢ëå  ãçëå ¨áá«¥¤®¢ ¨©
¯® à §à ¡®âª¥ ¬¥â®¤®¢ ¨ áà¥¤áâ¢ ª®á¬¨ç¥áª¨å  ¡«î¤¥¨©, ¤¨áâ æ¨®®£® §®-
¤¨à®¢ ¨ï ¨§ ª®á¬®á , ®à¨¥â æ¨¨, áâ ¡¨«¨§ æ¨¨,  áâà® ¢¨£ æ¨¨ �� ¨ à ª¥â,
¤«ï ¨â¥à¯à¥â æ¨¨ ¨   «¨§  ¤ ëå ª®á¬¨ç¥áª¨å ¨ ª®¬¯«¥ªáëå íªá¯¥à¨-
¬¥â®¢, ¯à®¢®¤¨¬ëå   ¯¨«®â¨àã¥¬ëå ª®á¬¨ç¥áª¨å ª®à ¡«ïå ¨ ®à¡¨â «ìëå
áâ æ¨ïå,   â ª¦¥  íà®áâ âëå, á ¬®«¥âëå ¨  §¥¬ëå  ¡«î¤¥¨©. �¯¥à¢ë¥
¡ë«¨ ¯®«ãç¥ë ®à¨£¨ «ìë¥ â¥®à¥â¨ª®-à áç¥âë¥ à¥§ã«ìâ âë ¯® ¬®¤¥«ï¬ ¨§-
«ãç¥¨ï �¥¬«¨ ¤«ï ¯à®¥ªâ®¢:  áâà® ¢¨£ æ¨¨ ¯® ¢¨§¨à®¢ ¨î ¢®áå®¤ïé¨å ¨
§ å®¤ïé¨å §¢¥§¤; ª®á¬¨ç¥áª¨å á¨áâ¥¬ ä¨ªá¨à®¢ ¨ï áâ àâ®¢ à ª¥â; ¤ âç¨ª®¢
®à¨¥â æ¨¨ «ãëå  ¯¯ à â®¢ ¨ ª®á¬¨ç¥áª®£® ª®¬¯«¥ªá  "�ã {9", ®¡¥á¯¥ç¨-
¢ îé¥£® ¢®§¢à é¥¨¥ à ª¥âë á �ãë   �¥¬«î, ¯® ïàª®áâ®¬ã «¨¬¡ã �¥¬«¨ ¨
¯« ¥â¥ �¥¬«ï (¢¯¥à¢ë¥ ¢ ¬¨à¥ ¡ë«¨ à ááç¨â ë §¢¥§¤ë¥ ¢¥«¨ç¨ë ¨ ä §®¢ë¥
ªà¨¢ë¥ ¯« ¥âë �¥¬«ï ¤«ï å à ªâ¥àëå á®áâ®ï¨©  â¬®áä¥àë ¨ ¯®¤áâ¨« îé¨å
¯®¢¥àå®áâ¥©: áãè , ®ª¥ , ®¡« ª ); ¯à¨¡®à®¢  ¢â®¬ â¨ç¥áª®© ¨ àãç®© ®à¨¥-
â æ¨¨ ¨ áâ ¡¨«¨§ æ¨¨ �� ¯® ïàª®áâ®¬ã £®à¨§®âã �¥¬«¨ ¢ ¡«¨¦¥¬ ª®á¬®á¥;
ä®â®áê¥¬®ª ¨ ª àâ®£à ä¨¨ �â àªâ¨¤ë ("�®á¬®á{2000"); ®¯â¨ª®-í«¥ªâà®ëå
á¨áâ¥¬  ¡«î¤¥¨© ¨ â.¤.

� ¨áá«¥¤®¢ ¨ïå ¯® ä¨§¨ª¥  â¬®áä¥àë ¨ ®¯â¨ç¥áª¨å á¢®©áâ¢ à §«¨çëå ª®¬-
¯®¥â®¢  â¬®áä¥àë ( íà®§®«ì, ¢« ¦®áâì, £ §®¢ë¥ ¯à¨¬¥á¨) á ¯®¬®éìî ª®á¬¨-
ç¥áª¨å íªá¯¥à¨¬¥â®¢, ¯à®¢®¤¨¬ëå   ��� ("�®áâ®ª{6", "�®áå®¤", "�®î§{3, 4,
5, 6, 7, 8, 16", ��� "� «îâ", "�¨à", ª®¬¯«¥ªá "�®î§{�¯®««®"),   â ª¦¥ á¯¥ª-
âà®ä®â®¬¥âà¨¨ á à ª¥â "�®¤{5, 7, 8" ¨á¯®«ì§®¢ ë ç¨á«¥ë¥ à¥§ã«ìâ âë ¯®
£«®¡ «ìë¬¬®¤¥«ï¬ ¨§«ãç¥¨ï áä¥à¨ç¥áª®© �¥¬«¨ ¨ ¬ â¥¬ â¨ç¥áª®¬ã ¬®¤¥«¨-
à®¢ ¨î ¤«ï à¥è¥¨ï ®¡à âëå § ¤ ç ¢®ááâ ®¢«¥¨ï ¢ëá®â®© áâà â¨ä¨ª æ¨¨
 íà®§®«ï ¢  â¬®áä¥à¥ �¥¬«¨.

�¯¥à¢ë¥ ¡ë«¨ ®æ¥¥ë ãá«®¢¨ï ¯à¨¬¥¨¬®áâ¨ (¢ ç áâ®áâ¨, à §¬ëâ¨¥ § 
áç¥â ¬®£®ªà â®£® à áá¥ï¨ï ¨ ¯®¤á¢¥âª¨ ®â ¯®¤áâ¨« îé¥© ¯®¢¥àå®áâ¨) à¥ä-
à ªâ®¬¥âà¨ç¥áª®£® ¬¥â®¤  ¯à¨ «¨¬¡®¢ëå ¨áá«¥¤®¢ ¨ïå á®áâ ¢   â¬®áä¥àë ¨§
ª®á¬®á  (ä®â®- ¨ ª¨®áê¥¬ª¨ § å®¤  �®«æ  á ��� "� «îâ") ¨ ¯à¨ ¢¨§¨à®¢ ¨¨
§¢¥§¤ ¯® £®à¨§®â «ìë¬ âà áá ¬ ç¥à¥§  â¬®áä¥àã á ãç¥â®¬ ¢«¨ï¨ï à¥äà ªæ¨¨
  ¯à®áâà áâ¢¥ãî áâàãªâãàã ïàª®áâ¨ £®à¨§®â  �¥¬«¨.

�®¤å®¤   ®á®¢¥   «¨§  ãà ¢¥¨© ¤«ï å à ªâ¥à¨áâ¨ª ¢ ªà¨¢®«¨¥©ëå
ª®®à¤¨ â å ¨ à §ëå ¯à¨¥¬®¢ ãáª®à¥¨ï áå®¤¨¬®áâ¨ ¨â¥à æ¨© ¯® ¯®¤®¡« á-
âï¬ ¯®§¢®«ï¥â ¯¥à¥©â¨ ª ç¨á«¥®¬ã à¥è¥¨î âà¥å¬¥à®-¥®¤®à®¤®© áä¥à¨-
ç¥áª®© § ¤ ç¨, ¬®¤¥«¨àãîé¥© ¡«¨§ª¨¥ ª à¥ «ìë¬ §¥¬ë¥ ãá«®¢¨ï. � ª ï
¯®áâ ®¢ª  ¯à¨®¡à¥â ¥â  ªâã «ì®áâì ¢ á¢ï§¨ á ¯à®¡«¥¬ ¬¨ ä®â®à ¤¨ æ¨®-
®© å¨¬¨¨  â¬®áä¥àë (âà®¯®áä¥àë ¨ ®§®®áä¥àë ¢ ãá«®¢¨ïå áã¬¥à¥ª, § à¨,
â¥à¬¨ â®à , ¯®«ïàëå à¥£¨®®¢), ¨ä®à¬ æ¨®®£® ®¡¥á¯¥ç¥¨ï â®¬®£à ä¨¨
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 â¬®áä¥àë �¥¬«¨, ¢ â®¬ ç¨á«¥ à¥äà ªâ®¬¥âà¨ç¥áª¨¬¨ ¬¥â®¤ ¬¨ ¨ ª®á¬¨ç¥á-
ª¨¬¨ á¨áâ¥¬ ¬¨, à ¡®â îé¨¬¨ ¢ ãá«®¢¨ïå  ¡«î¤¥¨© ¯® £®à¨§®â «ìë¬
âà áá ¬, ¤¨áâ æ¨®®£® §®¤¨à®¢ ¨ï ¯®«ïàëå à¥£¨®®¢, á®§¤ ¨¥¬ ¬®¤¥«¥©
á¯¥ªâà «ì®-à ¤¨ æ¨®®£® ¡ « á  �¥¬«¨, ä §®¢®© ïàª®áâ¨ �¥¬«¨ ¤«ï ¯à¨-
¡®à®¢ ª®á¬¨ç¥áª®©  ¢¨£ æ¨¨ (¢®§¢à â ��   �¥¬«î,  ¢¨£ æ¨ï �� ¯® �¥¬«¥),
à¥ «¨§ æ¨¥© ¯à®¥ªâ®¢ ¤®¯®«¨â¥«ìëå ¨áâ®ç¨ª®¢ í¥à£¨¨   �� ¯ãâ¥¬ ¨á¯®«ì-
§®¢ ¨ï á®«¥ç®£® ¨§«ãç¥¨ï, ®âà ¦¥®£® �¥¬«¥©, ¨ â.¯.

�®¢ë¥ ¯¥àá¯¥ªâ¨¢ë¥ ¢®§¬®¦®áâ¨ ¬ â¥¬ â¨ç¥áª®£® ¬®¤¥«¨à®¢ ¨ï  â¬®-
áä¥à®© à ¤¨ æ¨¨ �¥¬«¨ ¢ ¬ áèâ ¡ å ¯« ¥âë á¢ï§ ë á à §à ¡®âª®© ¬ â¥¬ -
â¨ç¥áª®£® ®¡¥á¯¥ç¥¨ï ¤«ï è¨à®ª®© ®¡« áâ¨ ¯à¨«®¦¥¨©   áã¯¥àª®¬¯ìîâ¥à å
á ¯ à ««¥«ì®©  àå¨â¥ªâãà®©. � «¨ç¨¥ â ª®£®  ¯¯ à â  ¯®§¢®«ï¥â ¯à®¢®¤¨âì
íâ «®ë¥ à áç¥âë, ¢ëç¨á«¨â¥«ìë¥ íªá¯¥à¨¬¥âë, ¨¬¨â æ¨®®¥ ¬®¤¥«¨à®¢ -
¨¥, ¢¥à¨ä¨ª æ¨î ¯à¨¡«¨¦¥ëå ¬¥â®¤¨ª ¨ ¡ëáâàëå  «£®à¨â¬®¢ ¤«ï ¬ áá®¢®£®
à¥è¥¨ï  ãç®-¨áá«¥¤®¢ â¥«ìáª¨å ¨ ¯à¨ª« ¤ëå § ¤ ç,   â ª¦¥ á®¢¥àè¥áâ-
¢®¢ âì à ¤¨ æ¨®ë© ¡«®ª ¤«ï ¬®¤¥«¥© æ¨àªã«ïæ¨¨, ¯à®£®§ , ª«¨¬ â , ä®â®-
å¨¬¨ç¥áª®© ª¨¥â¨ª¨, ¤¨ ¬¨ª¨ ®§®®áä¥àë, âà á£à ¨ç®£® ¯¥à¥®á  § £àï§-
¥¨© ¢®§¤ãè®£® ¡ áá¥© .

� á¥à¥¤¨¥ 70-å £®¤®¢ â¥®à¥â¨ª®-à áç¥âë¥ ¨áá«¥¤®¢ ¨ï ¢ ®¡« áâ¨ ª®á¬¨-
ç¥áª¨å â¥å®«®£¨© ¯à¨¨¬ îâ ¬ áá®¢ë© å à ªâ¥à. � ¯à¨®à¨â¥â¥ ®â¥ç¥áâ¢¥ëå
à ¡®â ¯® áä¥à¨ç¥áª¨¬ ¬®¤¥«ï¬ ¯« ¥âëå  â¬®áä¥à á¢¨¤¥â¥«ìáâ¢ã¥â ¨ ª¨£ 
{ ®¡§®à [82], ¯®¤£®â®¢«¥ë© � ª«¨ �¥®¡«ì | ¯à¥§¨¤¥â®¬ �¥¦¤ã à®¤®©
ª®¬¨áá¨¨ ¯®  â¬®áä¥à®© à ¤¨ æ¨¨ �¥¦¤ã à®¤®©  áá®æ¨ æ¨¨ ¬¥â¥®à®«®£¨¨
¨ ä¨§¨ª¨  â¬®áä¥àë. � ®¡ê¥ªâ¨¢®áâ¨ íâ®£® ®¡§®à  ¬®¦® ¡ëâì ã¢¥à¥ë¬¨,
¯®áª®«ìªã�. �¥®¡«ì ¨ �. �¥ª¥à  ®¯ã¡«¨ª®¢ «¨ ¯¥à¢ãî ¢ ¬¨à¥   «¨â¨ç¥áªãî
à ¡®âã ¯® ¬®£®¬¥à®© áä¥à¨ç¥áª®© ¬®¤¥«¨ ¨§«ãç¥¨ï �¥¬«¨ [76].

� â¥¬ â¨ç¥áª ï ¯®áâ ®¢ª  § ¤ ç¨
� áá¬®âà¨¬ § ¤ çã ¯¥à¥®á  ®¯â¨ç¥áª®£® (á®«¥ç®£® ¨ á®¡áâ¢¥®£®) ¨§-

«ãç¥¨ï ¢ ��� ¢ ¯à¨¡«¨¦¥¨¨ áä¥à¨ç¥áª¨-á¨¬¬¥âà¨ç®© ®¡®«®çª¨,   ª®-
â®àãî ¯ ¤ ¥â ¢¥è¨© ¯ à ««¥«ìë© ¯®â®ª ¨â¥á¨¢®áâ¨ �S�. �«ï ãç¥â 
¢ª« ¤  ¯à®áâà áâ¢¥®-¥®¤®à®¤®© ¯®¤áâ¨« îé¥© ¯®¢¥àå®áâ¨ (§¥¬®© ¯®-
¢¥àå®áâ¨, ¢¥àå¥© £à ¨æë ®¡« ç®áâ¨ ¨«¨ £¨¤à®¬¥â¥®à®¢) ¢ ¨§«ãç¥¨¥ áä¥-
à¨ç¥áª®© ��� ¯®áâà®¨¬ ®¯â¨ç¥áª¨© ¯¥à¥¤ â®çë© ®¯¥à â®à (���) ¢ à ¬ª å
«¨¥©®-á¨áâ¥¬®£® ¯®¤å®¤ , à §à ¡®â ®£® ¤«ï ¯«®áª®© ¬®¤¥«¨ ��� [115].
�¨¢¥àá «ì®©, ¨¢ à¨ â®© ®â®á¨â¥«ì® ª®ªà¥âëå áâàãªâãà ¥®¤®à®¤-
®áâ¥© ®âà ¦ îé¥© ¨ ¨§«ãç îé¥© £à ¨æë áç¨â ¥âáï äãªæ¨ï ¢«¨ï¨ï (��)
ªà ¥¢®© § ¤ ç¨ â¥®à¨¨ ¯¥à¥®á  ¨§«ãç¥¨ï, ª®â®à ï ï¢«ï¥âáï ï¤à®¬ ��� [115,
116].

�ë¡¥à¥¬  ¯à ¢«¥¨¥ ®á¨ OZ, ¯à®å®¤ïé¥© ç¥à¥§ æ¥âà �¥¬«¨, ¯à®â¨¢®¯®-
«®¦ë¬ ¢¥è¥¬ã ¯ à ««¥«ì®¬ã ¯®â®ªã à ¤¨ æ¨¨. �à¨ íâ®¬ �¥¬«ï ¨  â-
¬®áä¥à  ¡ã¤ãâ ®¡«ãç âìáï �®«æ¥¬ á¨¬¬¥âà¨ç® ®â®á¨â¥«ì® ®á¨ OZ. � æ¥-
«®¬ ��� à áá¬ âà¨¢ ¥âáï ¢ áä¥à¨ç¥áª®© á¨áâ¥¬¥ ª®®à¤¨ â ª ª âà¥å¬¥à ï:
à ¤¨ãá-¢¥ªâ®à r «î¡®© â®çª¨ A(r)  â¬®áä¥àë ¨ ¯®¤áâ¨« îé¥© ¯®¢¥àå®áâ¨ ¯®«-
®áâìî ®¯à¥¤¥«ï¥âáï à ááâ®ï¨¥¬ r = jrj ®â æ¥âà  �¥¬«¨, ¯®«ïàë¬ ã£«®¬  
¨  §¨¬ãâ®¬ �, â.¥. ª ¦¤®¬ã r áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ âà®©ª  (r;  ; �) | à ¤¨ãá,
è¨à®â  0 �  � �, ¤®«£®â  0 � � � 2�.
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� ¯à ¢«¥¨¥ à á¯à®áâà ¥¨ï á¢¥â®¢®£® «ãç  s (áç¨â ¥¬, çâ® s| ¥¤¨¨çë©
¢¥ªâ®à) ¢ â®çª¥ A(r), ®¯¨áë¢ ¥¬ «®ª «ì®© áä¥à¨ç¥áª®© á¨áâ¥¬®© ª®®à¤¨ â á
æ¥âà®¬ ¢ â®çª¥ A(r): §¥¨âë¬ ã£«®¬ # = arccos (r � s) = jrj, ®âáç¨âë¢ ¥¬ë¬
®â r, ¨  §¨¬ãâ®¬ ' ¢ ª á â¥«ì®© ¯«®áª®áâ¨, ¯à®¢¥¤¥®© ¢ â®çª¥ A(r) ª áä¥à¥
à ¤¨ãá  r, â.¥. ª ¦¤®¬ã s á®®â¢¥âáâ¢ã¥â ¯ à  (#; '). �   ç «® ®âáç¥â  ' = 0
¯à¨¨¬ ¥¬  §¨¬ãâ ¯àï¬®£® ¢¥è¥£® ¯®â®ª . �¡®§ ç¨¬ � = cos#. �¯¨è¥¬
¢®ªàã£ ®á¨ OZ ª®ãá á ¢¥àè¨®© ¢ æ¥âà¥ �¥¬«¨ ¨ ã£«®¬ à áâ¢®à , à ¢ë¬ 2 .
� â®çª¥ A(r), «¥¦ é¥©   ¡®ª®¢®© ¯®¢¥àå®áâ¨ ª®ãá ,  ¯à ¢«¥¨ï¬ s, ¢ëå®-
¤ïé¨¬ ¨§ íâ®£® ª®ãá , ¯à¨á¢®¨¬ § ç¥¨ï  §¨¬ãâ  0 � ' < �=2,   ¢å®¤ïé¨¬ ¢
ª®ãá | �=2 < ' � �. �ãç¨ s á  §¨¬ãâ®¬ ' = �=2 ¡ã¤ãâ «¥¦ âì ¢ ¯«®áª®áâïå,
ª á â¥«ìëå ª ¡®ª®¢ë¬ ¯®¢¥àå®áâï¬ â ª¨å ª®ãá®¢,    §¨¬ãâ ¬ ' = 0 ¨ ' = �
¡ã¤¥â á®®â¢¥âáâ¢®¢ âì ®¤  ª®®à¤¨ â ï ¯«®áª®áâì, ¯à®å®¤ïé ï ç¥à¥§ ®áì OZ
¨ à ¤¨ãá-¢¥ªâ®à r.

�§ãç ¥¬ë© áä¥à¨ç¥áª¨© á«®© ®£à ¨ç¨¢ ¥âáï áä¥à¨ç¥áª¨¬¨ ¯®¢¥àå®áâï¬¨
á à ¤¨ãá ¬¨ Rb á¨§ã ¨ Rt á¢¥àåã. �®¢®ªã¯®áâì ¢á¥å â®ç¥ª A(r) áä¥à¨ç¥áª®©
®¡®«®çª¨ ®¡à §ã¥â ®âªàëâãî ®¡« áâì G á ¨¦¥© Gb ¨ ¢¥àå¥© Gt £à ¨æ ¬¨
| áä¥à¨ç¥áª¨¬¨ ¯®¢¥àå®áâï¬¨, ¨¬¥îé¨¬¨ à ¤¨ãáë Rb ¨ Rt á®®â¢¥âáâ¢¥®.
�¥ªâ®à®¥ ¯®«¥ ¢á¥å  ¯à ¢«¥¨© á¢¥â®¢ëå «ãç¥© s(A) ¢ ª ¦¤®© â®çª¥ A(r)
®¡à §ã¥â (¥¤¨¨çãî áä¥àã) ¬®¦¥áâ¢® 
 = 
+[
�, £¤¥ 
+ ¨ 
� | ¬®¦¥áâ¢ 
(¯®«ãáä¥àë)  ¯à ¢«¥¨© s á � 2 [0; 1] ¨ � 2 [�1; 0], ®â¢¥ç îé¨å ¢®áå®¤ïé¥¬ã ¨
¨áå®¤ïé¥¬ã ¯®â®ª ¬ ¨§«ãç¥¨ï á®®â¢¥âáâ¢¥®. � §®¢ë© ®¡ê¥¬ § ¤ ç¨ áãâì

�tot � [G [Gb [Gt]�
 = f(r; s) : r 2 [G [Gb [Gt]; s 2 
g :
�«ï ã¤®¡áâ¢  § ¯¨á¨ £à ¨çëå ãc«®¢¨© ¢¢®¤¨¬ ¬®¦¥áâ¢  | ä §®¢ë¥ ®¡-

« áâ¨
b � Gb �
+ = f(r; s) : r = rb 2 Gb ; s 2 
+g ;
t � Gt �
� = f(r; s) : r = rt 2 Gt ; s 2 
�g ;

¬¥âª¨ ª®â®àëå ¢ë¡à ë ¤«ï  £«ï¤®áâ¨ á®¢¯ ¤ îé¨¬¨ á ¯¥à¢ë¬¨ ¡ãª¢ ¬¨
á«®¢ bottom (¤®) ¨ top (¢¥àå).

� ¤ ç  á®áâ®¨â ¢ ®¯à¥¤¥«¥¨¨ ¨â¥á¨¢®áâ¨ ®á« ¡«¥®£® ¯àï¬®£® ¨§«ãç¥-
¨ï ®â ¨áâ®ç¨ª®¢ ¨ áâ æ¨® à®£® ¯®«ï ¨â¥á¨¢®áâ¨ ®¤®ªà â® ¨ ¬®£®-
ªà â® à áá¥ï®£® ¨§«ãç¥¨ï ¢ à áá¥¨¢ îé¥©, ¯®£«®é îé¥© ¨ ¨§«ãç îé¥©
áä¥à¨ç¥áª®© ®¡®«®çª¥ G á £à ¨æ ¬¨ Gt ¨ Gb ¨«¨ §  ¯à¥¤¥« ¬¨ G. �à¨¡«¨¦¥-
¨¥ áâ æ¨® à®£® ¯®«ï ä¨§¨ç¥áª¨ ª®àà¥ªâ®, ¯®áª®«ìªã ¨áá«¥¤ã¥âáï ¯à®æ¥áá
à á¯à®áâà ¥¨ï á¢¥â®¢ëå «ãç¥©.

�®«ãî ¨â¥á¨¢®áâì ¬®®åà®¬ â¨ç¥áª®£® (¯à¨ ä¨ªá¨à®¢ ®¬ �) ¨«¨ ª¢ -
§¨¬®®åà®¬ â¨ç¥áª®£® (¯à¨ ä¨ªá¨à®¢ ëå � ¨ 4�) áâ æ¨® à®£® ¨§«ãç¥¨ï
��(r; s), £¤¥ ¨¤¥ªá � |¤«¨  ¢®«ë (¨¦¥ ¢¥§¤¥ ®¯ãáª ¥âáï), ¢ â®çª¥ A(r) á
à ¤¨ãá-¢¥ªâ®à®¬ r ¢  ¯à ¢«¥¨¨ s  å®¤¨¬ ª ª à¥è¥¨¥ ®¡é¥© ªà ¥¢®© § ¤ ç¨
(���) â¥®à¨¨ ¯¥à¥®á 

K� = F in ; � jt = F t; � jb = "R�+ F b (1)

¢ ä §®¢®© ®¡« áâ¨ � á «¨¥©ë¬¨ ®¯¥à â®à ¬¨: ®¯¥à â®à ¯¥à¥®á  [56]

D � (s; grad) + �tot(r);
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¤«ï âà¥å¬¥à®© áä¥à¨ç¥áª®© £¥®¬¥âà¨¨ § ¤ ç¨

(s;r�) = cos#
@�
@r

+
sin# cos'

r

@�
@ 

� sin#
r

@�
@#

+

+
sin# sin'
r sin 

@�
@�

� sin# sin' ctg 
r

@�
@'

;

¨â¥£à « áâ®«ª®¢¥¨© | äãªæ¨ï ¨áâ®ç¨ª 

B(r; s) � S� = �sc(r)
Z


(r; s; s0)�(r; s0) ds0 ; ds0 = sin#0d#0d'0;

¨â¥£à®-¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à K � D � S; ®¯¥à â®à ®âà ¦¥¨ï

[R�](rb; s) =
Z

�

q(rb; s; s�)�(rb; s�) ds� ; s 2 
+: (2)

�ã¬¬ à ï  íà®§®«ì®-¬®«¥ªã«ïà ï ¨¤¨ª âà¨á  à áá¥ï¨ï ®à¬¨à®¢  
¯® ãá«®¢¨î

1
4�

Z


(r; s; s0) ds0 =

1
2

Z 1

�1
(r; cos�) d cos� = 1;

�tot(r) ¨ �sc(r) | ¯à®áâà áâ¢¥ë¥ à á¯à¥¤¥«¥¨ï ¯®«®£® á¥ç¥¨ï ¢§ ¨¬®-
¤¥©áâ¢¨ï (®á« ¡«¥¨ï, íªáâ¨ªæ¨¨) ¥©âà «ì®£® (¥§ àï¦¥®£®) ®¯â¨ç¥áª®£®
¨§«ãç¥¨ï á ¢¥é¥áâ¢®¬, § ¯®«ïîé¨¬ ®¡« áâì G, ¨ áã¬¬ à®£®  íà®§®«ì®-
¬®«¥ªã«ïà®£® ª®íää¨æ¨¥â  à áá¥ï¨ï; ã£®« à áá¥ï¨ï � ®¯à¥¤¥«ï¥âáï ¨§ á®-
®â®è¥¨ï

cos� = cos(s � s0) = cos# cos#0 + sin# sin#0 cos('� '0) ;

¥á«¨ s = (#; '), s0 = (#0; '0). �ãªæ¨ï F in(r; s) | ¯«®â®áâì ¨áâ®ç¨ª®¢ ¨§«ã-
ç¥¨ï, à á¯®«®¦¥ëå ¢ãâà¨ ®¡« áâ¨ G; F b(rb; s+) ¨ F t(rt; s�) | ¨áâ®ç¨ª¨
¨§«ãç¥¨ï   £à ¨æ å áä¥à¨ç¥áª®© ®¡®«®çª¨, ®¯à¥¤¥«¥ë¥ ¤«ï «ãç¥© s,  -
¯à ¢«¥ëå ¢ãâàì ®¡« áâ¨ G.

�¯¥à â®à R ®¯¨áë¢ ¥â § ª® ®âà ¦¥¨ï ¨§«ãç¥¨ï ®â ¯®¤áâ¨« îé¥© ¯®-
¢¥àå®áâ¨, à á¯®«®¦¥®©   ãà®¢¥ ¨¦¥© £à ¨æë Gb; ¯ à ¬¥âà 0 � " � 1
ä¨ªá¨àã¥â  ªâ ¢§ ¨¬®¤¥©áâ¢¨ï ¨§«ãç¥¨ï á ¯®¤«®¦ª®©. �à¨ R � 0 (¨«¨ " = 0)
¨¬¥¥¬ ¤¥«® á ¯¥à¢®© ªà ¥¢®© § ¤ ç¥© (���) â¥®à¨¨ ¯¥à¥®á 

K�0 = F in ; �0 jt = F t; �0 jb = F b (3)

¤«ï áä¥à¨ç¥áª®£® á«®ï á ¯à®§à çë¬¨, ¥®âà ¦ îé¨¬¨,  ¡á®«îâ® "ç¥àë¬¨"
£à ¨æ ¬¨ ¨«¨ § ¤ ç¥© á "¢ ªãã¬ë¬¨" £à ¨çë¬¨ ãá«®¢¨ï¬¨.

�ª «ïà ï äãªæ¨ï á ¢¥ªâ®àë¬¨  à£ã¬¥â ¬¨

�(r; s) = �(A; s(A)) = �(r;  ; �; #; ')

®¯à¥¤¥«ï¥âáï ª ª à¥è¥¨¥ ��� (1) ¨«¨ ��� (3) ¢ ä §®¢®© ®¡« áâ¨

� � G�
+Gt �
+ +Gb �
� ; �tot = � [ t [ b ;
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¨ ®¡à §ã¥â áª «ïà®¥ ¯®«¥. �§¬¥¥¨¥ äãªæ¨¨ �(r; s) ¢ ®ªà¥áâ®áâ¨ ¥ª®â®-
à®© â®çª¨ A(r) å à ªâ¥à¨§ã¥âáï ¢¥ªâ®à®¬ grad�. �¨ää¥à¥æ¨à®¢ ¨¥ áª «ïà-
®£® ¯®«ï äãªæ¨¨ �(r; s) ®â ¢¥ªâ®àëå  à£ã¬¥â®¢ à ¢®á¨«ì® ®¯à¥¤¥«¥¨î
¯à®¨§¢®¤®© �(r; s) ¯®  ¯à ¢«¥¨î s ¢ â®çª¥ A(r). �à®¨§¢®¤ ï ¯® «î¡®¬ã
 ¯à ¢«¥¨î s à ¢  ¯à®¥ªæ¨¨ grad�   íâ®  ¯à ¢«¥¨¥, á«¥¤®¢ â¥«ì®,

@�
@s

= (s; grad�) = (s;r�) :

�à ¥¢ ï § ¤ ç  (1) à áá¬ âà¨¢ ¥âáï ¯à¨ ¥áâ¥áâ¢¥ëå, ¢ëâ¥ª îé¨å ¨§ ä¨-
§¨ª¨ ¨áá«¥¤ã¥¬®£® ¯à®æ¥áá  ®£à ¨ç¥¨ïå   ª®íää¨æ¨¥âë, ¨áâ®ç¨ª¨ ¨ £à -
¨çë¥ ãá«®¢¨ï:

 )�tot(r) ¨ �sc(r) | ®£à ¨ç¥ë¥, ªãá®ç®-¥¯à¥àë¢ë¥ ¨ ªãá®ç®-¤¨ää¥-
à¥æ¨àã¥¬ë¥ äãªæ¨¨ ¢ ®¡« áâ¨ G;

¡) (r; s; s0) | ¥¯à¥àë¢ ï äãªæ¨ï ã£«  à áá¥ï¨ï � = arccos(s � s0), ¨¬¥-
îé ï ªãá®ç®-¥¯à¥àë¢ë¥ ¯à®¨§¢®¤ë¥ ¯® ª ¦¤®© ¯¥à¥¬¥®©;

¢) ®¯¥à â®à ®âà ¦¥¨ï R (2) | à ¢®¬¥à® ®£à ¨ç¥ë©, â.¥.

0 �
Z

�

q(rb; s; s�) ds� � 1 ;

£) à áá¥¨¢ îé ï, ¯®£«®é îé ï ¨ ¨§«ãç îé ï áà¥¤  ¢ãâà¨ ®¡« áâ¨ G,  
â ª¦¥ áà¥¤ë   ¨¦¥© Gb ¨ ¢¥àå¥© Gt £à ¨æ å ®¡« áâ¨ G | ¥¬ã«ìâ¨¯«¨-
æ¨àãîé¨¥ (¡¥§ à §¬®¦¥¨ï);

¤) ¨áâ®ç¨ª¨ F in(r; s), F b(rb; s+), F t(rt; s�) | ®£à ¨ç¥ë¥, ªãá®ç®-¥¯à¥-
àë¢ë¥ ¨«¨ ä¨¨âë¥ äãªæ¨¨ ( ¯à¨¬¥à, ¢¥è¨© ¬®® ¯à ¢«¥ë© á®«-
¥çë© ¯®â®ª ®¯¨áë¢ ¥âáï �-äãªæ¨¥©).

�¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ ¤«ï áâ æ¨® à®£® ãà ¢¥¨ï ¯¥à¥®á  ®áãé¥áâ-
¢«ï¥âáï ¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨© | ¯à®áâë¬¨ ¨â¥à æ¨ï¬¨ ¯®
áâ®«ª®¢¥¨ï¬ à §®© ªà â®áâ¨ ¨«¨ ¬®¤¨ä¨æ¨à®¢ ë¬¨ ¨â¥à æ¨ï¬¨ á ¢ª«î-
ç¥¨¥¬ ãáª®àïîé¨å ¯à®æ¥¤ãà [55]. �  ª ¦¤®© ¨â¥à æ¨¨ ãà ¢¥¨¥ ¯¥à¥®á 
¨â¥£à¨àã¥âáï ¯® å à ªâ¥à¨áâ¨ª ¬. �¨ªá¨àã¥¬ ¥ª®â®à®¥  ¯à ¢«¥¨¥ s 2 
.
�à®¢¥¤¥¬ ç¥à¥§ â®çªã A(r(0)) ¢ íâ®¬  ¯à ¢«¥¨¨ ¯àï¬ãî â ª, çâ® ãà ¢¥¨¥
¯àï¬®© ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

r(�) = r(0)� �s ; �1 < � <1 ; (4)

£¤¥ D (r(�)) | â¥ªãé ï â®çª , A(r(0)) | ä¨ªá¨à®¢  ï â®çª    ¯àï¬®©, ®â
ª®â®à®© ®âáç¨âë¢ ¥âáï á¤¢¨£ � = jADj ¢¤®«ì ¯àï¬®©. � ¯®¬®éìî â ª¨å ¯àï¬ëå
¬®¦® ¢§ ¨¬®®¤®§ ç® ¯à¥®¡à §®¢ âì â®çª¨ ®¡« áâ¨ G ¢ â®çª¨ (A; �). �â®
¯à¥®¡à §®¢ ¨¥ ¯¥à¥¢®¤¨â äãªæ¨¨, ¨§¬¥à¨¬ë¥ ¢ G�
, ¢ äãªæ¨¨, ¨§¬¥à¨¬ë¥
  
 ¢¤®«ì ¯àï¬ëå á  ¯à ¢«¥¨ï¬¨ s. � á¨«ã (4) ¬®¦® § ¯¨á âì

@�(r; s)
@s

=
@�(r� �s; s)

@�

����
�=0

:

�àï¬ë¥ «¨¨¨ (4) | ¯ãâ¨, ¯® ª®â®àë¬ ¤¢¨¦ãâáï ä®â®ë, | ï¢«ïîâáï å -
à ªâ¥à¨áâ¨ª ¬¨ «¨¥©®£® ¤¨ää¥à¥æ¨ «ì®£® ®¯¥à â®à  @

@s [56]. �à ¢¥¨¥
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¯¥à¥®á  â¥¯¥àì ¬®¦® ¯¥à¥¯¨á âì â ª:

@�
@�

+ �tot(r� �s)�(r� �s; s) = B(r� �s; s) + F (r� �s; s)
����
�=0

: (5)

�à ¢¥¨¥ (5) ¯à¨ ¨§¢¥áâ®© ¯à ¢®© ç áâ¨ ¬®¦® à §à¥è¨âì ï¢® ¯ãâ¥¬ ¨-
â¥£à¨à®¢ ¨ï ¯® å à ªâ¥à¨áâ¨ª¥:

�(r; s) = �(r� �s; s) exp

"
�
Z �

0
�tot(r� �0s) d�0

#
+

+
Z �

0
B(r � �0s; s) exp

"
�
Z �0

0
�tot(r� �00s) d�00

#
d�0 +

+
Z �

0
F (r� �0s; s) exp

"
�
Z �0

0
�tot(r� �00s) d�00

#
d�0

¨ ¢ ¨â®£¥ ¯®«ãç¨âì ï¢ãî à¥ªãàà¥âãî á¢ï§ì ¬¥¦¤ã § ç¥¨ï¬¨ äãªæ¨¨
�(r; s) ¢ ¤¢ãå â®çª å âà ¥ªâ®à¨¨ «ãç  s: �â® ¡ §®¢ ï ä®à¬ã«   «£®à¨â¬®¢ ¨-
â¥£à¨à®¢ ¨ï ãà ¢¥¨ï ¯¥à¥®á  ¯® å à ªâ¥à¨áâ¨ª ¬ ¡¥§ ¨â¥à¯®«ïæ¨¨ ¨ á
¨â¥à¯®«ïæ¨¥© ¢ á¥â®ç®-å à ªâ¥à¨áâ¨ç¥áª®¬ ¬¥â®¤¥.

�¡é ï ªà ¥¢ ï § ¤ ç  (1) «¨¥© ï (¯® ¨áâ®ç¨ª ¬), ¨ ¥¥ à¥è¥¨¥ ¬®¦®
¨áª âì ¢ ¢¨¤¥ áã¯¥à¯®§¨æ¨¨ ( à£ã¬¥âë (r; s) ®¯ãáª ¥¬)

� = �0 +�q :

�®®¢®¥ ¨§«ãç¥¨¥ �0 ®¯à¥¤¥«ï¥âáï ª ª à¥è¥¨¥ ��� (3) ¨ ¬®¦¥â á®¤¥à¦ âì
¤® âà¥å ä®®¢ëå ª®¬¯®¥â :

�0 = �t0 +�b0 +�in0 ;

ª ¦¤ãî ¨§ ª®â®àëå ¬®¦® à ááç¨âë¢ âì à §¤¥«ì® ª ª à¥è¥¨¥ ��� á ¨á-
â®ç¨ª ¬¨ F t, F b, F in á®®â¢¥âáâ¢¥®. � ¤ ç  ¤«ï ®¯à¥¤¥«¥¨ï ¯®¤á¢¥âª¨ �q,
®¡ãá«®¢«¥®© ¢«¨ï¨¥¬ ®âà ¦ îé¥© ¯®¤áâ¨« îé¥© ¯®¢¥àå®áâ¨, | íâ® ���

K�q = 0 ; �q jt = 0 ; �q jb = "R�q + "Eq ; (6)

£¤¥ ¨áâ®ç¨ª®¬ ¨á®«ïæ¨¨ ï¢«ï¥âáï ®á¢¥é¥®áâì (ïàª®áâì, ®¡«ãç¥®áâì) ¯®¤-
«®¦ª¨, á®§¤ ¢ ¥¬ ï ä®®¢ë¬ ¨§«ãç¥¨¥¬: Eq(rb; s+) � R�0:

�ãªæ¨¨ ¢«¨ï¨ï áä¥à¨ç¥áª®© ªà ¥¢®© § ¤ ç¨
â¥®à¨¨ ¯¥à¥®á 

�®   «®£¨¨ á ¯«®áª®© ��� [115] ¢¢¥¤¥¬ "£®à¨§®â «ìë¥" ª®®à¤¨ âë r? =
( ; �) 2 
; dr? = sin d d�: � áá¬®âà¨¬ ���

K� = 0; � jt = 0; � jb = f(sh; r?; s): (7)
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� à ¬¥âà sh 2 
+ ¬®¦¥â ®âáãâáâ¢®¢ âì. � ¤ ç  (7) ®â¢¥ç ¥â «¨¥©®© ���, ¨
¥¥ ®¡®¡é¥®¥ à¥è¥¨¥ ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ «¨¥©®£® äãªæ¨® «  | ¨-
â¥£à «  áã¯¥à¯®§¨æ¨¨

�(sh; r; r?; s) = F(f) � (�; f) �

� 1
2�

Z

+

ds+h
1
4�

Z


�(s+h ; r; r? � r0?; s)f(s

h; r0?; s
+
h ) sin 

0d 0d�0; (8)

ï¤à®¬ ª®â®à®£® ï¢«ï¥âáï �� �(s+h ; r; r?; s) | à¥è¥¨¥ ���

K� = 0; � jt = 0; � jb = f� (9)

á ¯ à ¬¥âà®¬ s+h 2 
+ ¨ ¨áâ®ç¨ª®¬ f�(s+h ; r?; s) = �(r?)�(s � s+h ). �� �
ä ªâ¨ç¥áª¨ ®¯¨áë¢ ¥â ¯®«¥ ¨§«ãç¥¨ï ¢ á«®¥ á ¥®âà ¦ îé¨¬¨ £à ¨æ ¬¨,
á®§¤ ¢ ¥¬®¥ §  áç¥â ¯à®æ¥áá®¢ ¬®£®ªà â®£® à áá¥ï¨ï áâ æ¨® à®£® ã§ª®£®
¯ãçª  á  ¯à ¢«¥¨¥¬ s+h , ¨áâ®ç¨ª ª®â®à®£® à á¯®«®¦¥   £à ¨æ¥ Gb ¢ â®çª¥
á  = 0.

�á«¨ ¨áâ®ç¨ª f(r?) | ¨§®âà®¯ë© ¨ "£®à¨§®â «ì®"-¥®¤®à®¤ë©, â® à¥-
è¥¨¥ ��� (7)  å®¤¨âáï ç¥à¥§ «¨¥©ë© äãªæ¨® «

�(r; r?; s) = Fc(f) � (�c; f) � 1
4�

Z


�c(r; r? � r0?; s)f(r

0
?) sin 

0d 0d�0 (10)

á ï¤à®¬

�c(r; r?; s) =
1
2�

Z

+

�(s+h ; r; r?; s) ds
+
h : (11)

�� �c á®¢¯ ¤ ¥â á äãªæ¨¥© à §¬ëâ¨ï â®çª¨ ¨ ã¤®¢«¥â¢®àï¥â ��� á ®á¥¢®©
á¨¬¬¥âà¨¥©

K�á = 0; �á jt = 0; �á jb = �(r?): (12)

� á«ãç ¥  ¨§®âà®¯®£® ¨ "£®à¨§®â «ì®"-®¤®à®¤®£® ¨áâ®ç¨ª  f(sh; s)
à¥è¥¨¥ ��� (7) ®¯à¥¤¥«ï¥âáï ç¥à¥§ «¨¥©ë© äãªæ¨® «

�(sh; r; s) = Fr(f) � (�r; f) � 1
2�

Z

+

�r(s+h ; r; s)f(s
h; s+h ) ds

+
h (13)

á ï¤à®¬

�r(s+h ; r; s) =
1
4�

Z


�(s+h ; r; r?; s) sin d d�: (14)

�� �c | à¥è¥¨¥ ®¤®¬¥à®© áä¥à¨ç¥áª®© ��� á  §¨¬ãâ «ì®© § ¢¨á¨¬®áâìî

Kr�r = 0; �r jt = 0; �r jb = �(s� s+h ): (15)

�à¨ ¨§®âà®¯®¬ ¨ "£®à¨§®â «ì®"-®¤®à®¤®¬ ¨áâ®ç¨ª¥ à¥è¥¨¥ ��� (7)

�(r; s) = fW (r; s); f = const; (16)
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à ááç¨âë¢ ¥âáï ç¥à¥§ ��

W (r; s) =
1
2�

Z

+

ds+h
1
4�

Z


�(s+h ; r; r?; s) sin d d� =

=
1
4�

Z


�c(r; r?; s) sin d d� =

1
2�

Z

+

�r(s+h ; r; s) ds
+
h ; (17)

ª®â®àãî  §ë¢ îâ â ª¦¥ äãªæ¨¥© ¯à®¯ãáª ¨ï, ®âï£®é¥®© ¢ª« ¤®¬ ¬®£®-
ªà â®£® à áá¥ï¨ï, ¨ ®¯à¥¤¥«ïîâ ª ª à¥è¥¨¥ ®¤®¬¥à®© áä¥à¨ç¥áª®© ���

KrW = 0; W jt = 0; W jb = 1: (18)

�®®â®è¥¨ï (11), (14), (17) ¬®¦® ¨á¯®«ì§®¢ âì ¢ ª ç¥áâ¢¥ ªà¨â¥à¨¥¢ â®ç-
®áâ¨ ¢ëç¨á«¥¨© �� �; �c; �r ç¥à¥§ à¥è¥¨ï ¡®«¥¥ ¯à®áâëå ��� (12), (15),
(18). �ãªæ¨® «ë (10), (13), (16) ï¢«ïîâáï ç áâë¬¨ á«ãç ï¬¨ äãªæ¨® « 
(8). �ãªæ¨¨ ¢«¨ï¨ï �; �c; �r; W | à¥è¥¨ï ��� (9), (12), (15), (18) á®-
®â¢¥âáâ¢¥® | á®áâ ¢«ïîâ ¯®«ë©  ¡®à ¡ §®¢ëå ¬®¤¥«¥© äã¤ ¬¥â «ìëå
à¥è¥¨© ¯¥à¢ëå ¨ ®¡é¨å ªà ¥¢ëå § ¤ ç â¥®à¨¨ ¯¥à¥®á  ¨§«ãç¥¨ï ¢ áä¥à¨ç¥á-
ª®¬ á«®¥ ¨ ¨¢ à¨ âëå å à ªâ¥à¨áâ¨ª «¨¥©®© ���.

�¯â¨ç¥áª¨© ¯¥à¥¤ â®çë© ®¯¥à â®à
�  ®á®¢¥ ®¡é¥© â¥®à¨¨ à¥£ã«ïàëå ¢®§¬ãé¥¨© á ¯®¬®éìî àï¤ 

�q(sh; r; s) =
1X
k=1

"k�k

��� (6) á¢®¤¨âáï ª á¨áâ¥¬¥ à¥ªãàà¥âëå ��� â¨¯  (7)

K�k = 0; �k jt = 0; �k jb = Ek (19)

á ¨áâ®ç¨ª ¬¨ Ek = R�k�1 ¤«ï k � 2, E1 = Eq . �¢®¤¨âáï ®¯¥à æ¨ï, ®¯¨áë¢ î-
é ï ®¤¨  ªâ ¢§ ¨¬®¤¥©áâ¢¨ï ¨§«ãç¥¨ï á £à ¨æ¥© ç¥à¥§ �� � :

[Gf ](sh; rb; s) � R(�; f) =
Z

�

q(rb; s; s�)(�; f) ds�:

�¥è¥¨ï á¨áâ¥¬ë ��� (19)  å®¤ïâáï ª ª «¨¥©ë¥ äãªæ¨® «ë (8):

�1 = (�; E); �k = (�; R�k�1) = (�; Gk�1E):

�á¨¬¯â®â¨ç¥áª¨ â®ç®¥ à¥è¥¨¥ ��� (6) ¯®«ãç ¥âáï ¢ ä®à¬¥ «¨¥©®£®
äãªæ¨® «  (8) | ®¯â¨ç¥áª®£® ¯¥à¥¤ â®ç®£® ®¯¥à â®à 

�q = (�; Y ); (20)

£¤¥ "áæ¥ à¨©" ®¯â¨ç¥áª®£® ¨§®¡à ¦¥¨ï ¨«¨ ïàª®áâì ¯®¤áâ¨« îé¥© ¯®¢¥àå-
®áâ¨

Y �
1X
k=0

GkE =
1X
k=0

R�k
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¥áâì áã¬¬  àï¤  �¥©¬   ¯® ªà â®áâ¨ ®âà ¦¥¨ï ¨§«ãç¥¨ï ®â ¯®¤«®¦ª¨ á
ãç¥â®¬ ¬®£®ªà â®£® à áá¥ï¨ï ¢ áà¥¤¥. �¬¥¥â ¬¥áâ® ¬ ¦®à â ï ®æ¥ª :

jjY jj �
1X
k=0

jjR�kjj � jjEq jj
1X
k=0

(q�c�)k =
jjEq jj

1 � q�c�
� q�jj�0jj

1 � q�c�
;

jj�kjj = vrai sup
rb;s

j�kj � qk�1� ck� jjEq jj;

jjR(1)jj � vrai sup
rb;s+

Z

�
jq(rb; s+; s�)jds� = q� � 1;

F(1) = W (r; s); jjF(1)jj � sup
r;s

W = c� � 1 :

"�æ¥ à¨©" ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î �à¥¤£®«ì¬  II à®¤ 

Y = R(�; Y ) + Eq ;

ª®â®à®¥  §ë¢ îâ ãà ¢¥¨¥¬ "¯à¨§¥¬®© ä®â®£à ä¨¨". � ®¡é¥¬ á«ãç ¥R(�; Y ) 6=
(R�; Y ): �ã¬¬ à®¥ ¨§«ãç¥¨¥ ��� ¨ "ª®á¬¨ç¥áª ï ä®â®£à ä¨ï" ®¯¨áë¢ îâáï
äãªæ¨® «®¬

� = �0 + (�; Y ):

�� �(s+h ; r; r?; s) ¨á¯®«ì§ã¥âáï ¤«ï à¥è¥¨ï ��� (6) á® á«¥¤ãîé¨¬  ¡®à®¬
¯ à äãªæ¨¨ ¨áâ®ç¨ª  ¨ å à ªâ¥à¨áâ¨ª¨ ®âà ¦¥¨ï:

E(rb; s); q(rb; s; s0); E(rb; s); q(s; s0); E(s); q(rb; s; s0);

E(rb); q(rb; s; s0); E(rb); q(s; s0); E; q(rb; s; s0):

�� �á(r; r?; s) ï¢«ï¥âáï ï¤à®¬ äãªæ¨® «®¢, ª®£¤  ¨áâ®ç¨ª ¨ ¯ à ¬¥âà
®âà ¦¥¨ï á®áâ ¢«ïîâ á«¥¤ãîé¨¥ ¯ àë:

E(rb; s); q(rb; s0); E(rb; s); q(s0); E(s); q(rb; s0);

E(rb); q(rb; s0); E(rb); q(s0); E; q(rb; s0):

� ¯®¬®éìî �� �r(s+h ; r; s) ®¯à¥¤¥«ïîâáï äãªæ¨® «ë ¢ á«ãç ¥ á«¥¤ãîé¨å
¨áâ®ç¨ª®¢ ¨ ¯ à ¬¥âà®¢ ®âà ¦¥¨ï: E(s); q(s; s0);E; q(s; s0): �¥à¥§ �� W (r; s)
 å®¤¨âáï à¥è¥¨¥ ¤«ï ¯ àë E; q(s0).

� ª«îç¥¨¥
� ¨â®£¥ ¨áå®¤ ï ��� (6) á¢¥¤¥  ª «¨¥©®¬ã äãªæ¨® «ã (20) ¨ áä®à-

¬ã«¨à®¢  «¨¥©®-á¨áâ¥¬ë© ¯®¤å®¤ ª à¥è¥¨î ¯à®¡«¥¬ ¤¨áâ æ¨®®£® §®-
¤¨à®¢ ¨ï ¨ ãç¥â  ¢ª« ¤  ®âà ¦ îé¥© ¨ ¨§«ãç îé¥© áä¥à¨ç¥áª®© §¥¬®© ¯®-
¢¥àå®áâ¨. �à¨ íâ®¬ ç¥âª® ®¯à¥¤¥«¥® ¯à®ï¢«¥¨¥ ¥«¨¥©ëå íää¥ªâ®¢ ¨§-§ 
¬®£®ªà â®£® ¯¥à¥®âà ¦¥¨ï ¨§«ãç¥¨ï ®â ¯®¢¥àå®áâ¨ ¢ ä®à¬¨à®¢ ¨¨ "áæ¥-
 à¨ï", ª®â®àë¥ ®¯¨áë¢ îâáï ç¥à¥§ «¨¥©ë¥ ¯¥à¥¤ â®çë¥ å à ªâ¥à¨áâ¨ª¨
¨§®«¨à®¢ ®£® á«®ï  â¬®áä¥àë. �â¬¥â¨¬, çâ® à áç¥âë �� íää¥ªâ¨¢® à¥ «¨-
§ãîâáï ¬¥â®¤®¬ �®â¥-� à«®.
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� áá¬®âà¥ë¥ ¢  áâ®ïé¥© à ¡®â¥ ¯à®¡«¥¬ë ®¡ãá«®¢«¥ë ¨â¥à¥á ¬¨ á®-
§¤ ¨ï ®á®¢ ¨ä®à¬ æ¨®®-¬ â¥¬ â¨ç¥áª®© á¨áâ¥¬ë § ¨© ® �¥¬«¥ ª ª ¯« -
¥â¥ ¨ áà¥¤¥ ®¡¨â ¨ï ç¥«®¢¥ç¥áª®£® ®¡é¥áâ¢  ¯®¤ ¢®§¤¥©áâ¢¨¥¬ ¥áâ¥áâ¢¥ëå ¨
 âà®¯®£¥ëå ä ªâ®à®¢.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥-
â «ìëå ¨áá«¥¤®¢ ¨© (¯à®¥ªâ ¿00{01{00298).
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Introduction
Despite the confusing array of names and acronyms in the climate literature,

there are only a few natural "climate oscillations" that are generally believed have
far reaching impacts on weather and climate at the earth's surface. All are related
to the "energetically active regions" emphasized by G.I. Marchuk. None of these
phenomena has a strongly preferred period (e.g., like the 11-year sunspot cycle): they
uctuate irregularly with a range of time scales. In this sense, the term "oscillation"
is something of a misnomer.

The concept of coherent worldwide climate oscillations dates back to Sir Gilbert
Walker's e�orts to predict year-to-year variations in the Indian monsoon during the
1920's. Walker identi�ed three such patterns: the North Atlantic Oscillation, the
North Paci�c Oscillation and the Southern Oscillation (1).

1. El Nino / Southern Oscillation (ENSO)
Walker's Southern Oscillation (SO) involves a see-saw in barometric pressure be-

tween the eastern and western sides of the tropical Paci�c, most pronounced at South-
ern Hemisphere stations such as Darwin on the western end and Tahiti, Samoa, and
Easter Island on the eastern end: hence the name "Southern". Pressure is normally
higher on the eastern side of the tropical Paci�c than on the west side: it is this
east-west pressure di�erence that drives the westward blowing tradewinds that ex-
tend northward across the equator. Hence, the SO may be viewed as modulating
the strength of the tradewinds: above normal pressure on the east and below nor-
mal pressure on the west side of the Paci�c implies stronger than normal equatorial
tradewinds and vice versa. Walker's contemporary, C.E.P. Brooks discovered a close
connection between the strength of the tradewinds and the intensity of the rainfall at
islands in the equatorial central Paci�c (2), but it wasn't until the late 1960's that Ja-
cob Bjerknes noted and correctly interpreted the linkages between Walker's SO, the
strength of the equatorial Paci�c tradewinds, and the large year-to-year variations
in sea surface temperatures in the eastern equatorial Paci�c known in Ecuador and
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Peru as "El Ni~no" (3). Bjerknes' most signi�cant contribution was his recognition
that ocean dynamics is critical to an understanding why this El Ni~no / Southern
Oscillation (ENSO) phenomenon uctuates as it does. Those ocean processes are
now monitored with a network of moored buoys and simulated in ocean models with
enough �delity to provide useful forecasts out to almost a year in advance (5).

El Ni~no years tend to be marked by drought in Indonesia, Malaysia and Australia,
Northeast Brazil, Hawaii and (less dependably) in India and parts of Africa. Rainy
seasons of these years tend to be abnormally wet over Ecuador and northern Peru,
southern Brazil / northern Argentina and the southern United States. Winters of El
Ni~no years tend to be mild over Alaska, western Canada, and Mongolia and cold in
the Russian Far East. During the summers, Atlantic hurricanes tend to be relatively
infrequent and eastern Paci�c typhoons more frequent that in normal years. Con-
trasting departures from normal tend to be observed in years when equatorial Paci�c
sea surface temperatures are below normal.

On the basis of historical records dating back to the 1870's for sea surface temper-
ature and to the 1840's in sea-level pressure it's di�cult to argue convincingly that
there are any more or fewer El Niáo events in the recent record than there were a
century ago.

2. El Nino-like decade-to-decade variability
By some measures, the years since 1977 have been somewhat more "El Ni~no-

like" than the years prior to that time: the tropical Paci�c has been warmer, the
tradewinds have been weaker; Alaska and western Canada have experienced milder
winters (6,7,8). By many of the same measures, the epoch 1947-76 had the oppo-
site characteristics. (9) The di�erences in sea surface temperature and other climatic
variables between such contrasting epochs tend to be more pronounced in extrat-
ropical latitudes than they are right on the equator. In this, and in a number of
other respects, the pattern of decade-to-decade variability is not perfectly identical to
contrasts between El Ni~no and La Ni~na years. These subtle di�erences between the
year-to-year and decade-to-decade patterns have been used as justi�cation for coining
the term "Paci�c Decadal Oscillation" (PDO) as a label for the pattern of variability
on the longer time scale (10). Once it acquired a name, it has tended to acquire an
identity of its own (i.e., separate from El Ni~no) in the minds of those who call it by
that name.

The El Ni~no-like variability on the decade-to-decade time scale is undoubtedly real.
Knowledge of its existence of such longer term variations is helpful in interpreting
the historical records of wintertime temperatures and wintertime streamows over
the a�ected regions. But whether such variations are predictable or even subject to
diagnosis in real time remains to be seen. It is only with the bene�t of hindsight that
one can distinguish such "regime shifts" in the historical record.

3. North Atlantic Oscillation
Sir Gilbert Walker's North Atlantic Oscillation (NAO) has proven to be a robust

pattern of variability useful for interpreting wintertime climate variability over east-
ern North America, Europe, North Africa and the Middle East (11). Like his SO,
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it involves a seesaw in sea-level pressure: in this case between the subtropical and
subpolar North Atlantic. It is often represented by the pressure di�erence between
Portugal (or the Azores) and Iceland. As in the SO, the pressure di�erences can be
viewed as a proxy for the winds: in this case the strength of the subpolar westerlies
across the Atlantic along 55�N. Pressure is almost always higher over Portugal that
over Iceland. The pressure contrast and the westerlies are enhanced when pressures
are above normal in Portugal and below normal in Iceland. Whenever these condi-
tions prevail, meteorologists say that we are experiencing the "high index" phase of
the NAO. Consistent with the prevalence of stronger subpolar westerlies, the high
index phase of the NAO is marked by heavy rainfall (or snowfall) over Scotland and
Scandinavia, mild temperatures over northern Europe. The above normal pressure
over Portugal extends eastward over the Mediterranean, favoring sunny skies there,
and westward to Bermuda, setting up conditions for mild southwesterly ow over the
eastern U.S. The most pronounced cold spot is Labrador / Newfoundland which ex-
periences more than its normal share of northwesterly winds from the cold Canadian
interior. With that one exception, Europe and eastern North America are much more
likely to experience snow and hard freezes during the low index phase of the NAO
that during the high index phase (11).

4. Ring-like or "annular" modes of variability
Back in the 1940's Carl-Gustav Rossby and his colleagues at MIT wrote a series of

articles promoting the concept of a ring-like or "annular" mode involving uctuations
in the strength of the circumpolar westerlies as they interact with the eddies. This
work culminated in 1950 with publications of Namias (12), Lorenz (13) and the Gates
(14), all depicting the annular mode as being characterized by uctuations in the
strength of the westerlies along 55�N. The annular mode paradigm subsequently fell
out of favor for lack of evidence of coherence between the uctuations in the Atlantic
and Paci�c sectors. However, turns out to be an apt description of the dominant
mode of high latitude climate variability in the Southern Hemisphere.

In a series of papers beginning in 1998, David Thompson and I have argued that
Walker's NAO is the embodiment of the Northern Hemisphere annular mode, and
that Walker himself might have described it as such if he'd had access to the full
global data coverage that's available today (15{18). Our argument rests on the simi-
larities between the NAO and the Southern Hemisphere annular mode (SAM), which
seem too strong to be accidental. Although the winds in the Paci�c sector are only
weakly coupled with the NAO, we maintain that the Paci�c connection is statistically
signi�cant and strong enough to impact the frequency and intensity of cold air out-
breaks in western North America, in almost all of Russia (except the Far East), and
in China and Japan. We believe that the connection with the Paci�c sector would
be stronger were it not for the competing inuence of the El Ni~no- related variability
in that region. Even as it is, the strength of the ocean to-ocean connections in the
Northern Hemisphere annular mode (NAM).

5. The stratospheric connection
During the cold season, and particularly during the months of January, February

and March that NAO/NAM ampli�es with height into the lower stratosphere. In the
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"high index" phase when sea-level pressures are lower than normal in Iceland and
throughout the Arctic basin as well, an abnormally strong, cold, tight counterclock-
wise (westerly) polar vortex prevails at the 20 km level. Poleward of 40�N ozone
concentrations are substantially reduced, and there is also a reduction in the rate of
upwelling of tropospheric air into the tropical stratosphere. Analogous stratosphere
features are observed in connection with the SAM, but they are present only for a
short interval each year around the time of the breakdown of the polar vortex in late
spring.

6. Recent trends in the annular modes
During the past 30-years the NAO/NAM has exhibited a pronounced trend, es-

pecially during the late winter months (January through March). Pressures have
been falling over the Arctic, the westerlies at subpolar latitudes have been getting
stronger, and winters over most of North America and Eurasia (poleward of 40�N)
have been getting milder. For example, the interior of Siberia has warmed by as
much as 5�C during the past 30-years, of which about half is attributable to the
trend in the NAO/NAM. At least some of these changes are related to the decreasing
incidence of high latitude blocking events which go hand in hand with the buildup
and subsequent equatorward movement of cold air masses. This trend has also been
marked by decreasing rainfall over the Mediterranean, the Middle East and California
and increasing winter precipitation over Scotland and Scandinavia, reected in the
resurgence of some Norwegian glaciers (11, 17).

The NAO/NAM-related trends are especially pronounced in the winter strato-
sphere where temperatures in recent years have been dropping below {80�C, the
threshold for the formation of polar stratospheric clouds which play a critical role
in the chain of chemical reactions that leads to the destruction of ozone by CFC's.
Hence, the trend in the NAO/NAM is contributing to the sporadic appearances of a
Northern Hemisphere ozone hole in recent winters (19).

There are indications of an analogous trend in the Southern Hemisphere annular
mode, but the various pieces of evidence don't �t together as well as they do for
the Northern Hemisphere and the trends in the objectively analyzed wind �elds and
satellite observations have yet to be veri�ed on the basis of a systematic investigation
of station data.

7. What causes the NAO/NAM to vary?
The NAO and NAM paradigms evoke di�erent expectations concerning causality.

Regardless of whatever caveats scientists may choose to attach to it, their use of
the term NAO conveys the implicit message that the North Atlantic Ocean plays
a central role in it. That possibility cannot be ruled out, but the existence of an
analogous mode in the Southern Hemisphere and in models with no land-sea geometry
whatsoever suggests the need for a more generic explanation. Scientists studying these
more symmetric analogues have con�rmed and elaborated Namias' hypothesis that
they derive their identity from the interaction between the circumpolar westerly ow
and the waves or eddies that are superimposed upon it. The eddy forcing of the
mean ow constitutes a positive feedback on the mean ow, and the existence of this
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positive feedback serves to enhance the variability at periods longer than a week.
These interactions cause the annular modes to vary randomly on time scales ranging
from weeks to months and (to a lesser extent) from year to year. Recent experiments
with coupled atmosphere-ocean climate models indicate that the heat capacity of
the ocean's mixed layer can serve to enhance the year-to-year and decade-to-decade
components of these random uctuations.

But what about the 30-year trends in the annular modes? Again, the possibility
that slow variations the circulation of the North Atlantic is responsible cannot be ruled
out at this point, but that leaves unexplained the indications of an analogous trend in
the SAM. An alternative hypothesis is that human activity is changing the structure
of the circulation, perhaps by changing the distribution of heating in the stratosphere
and thereby systematically pushing the annular modes toward their "high index"
phase. The fact that this recent trend is unprecedented in the 100+ year historical
record supports the notion of a human induced signal. Recent numerical experiments
by Volodin and Galin (20) suggest that stratospheric ozone depletion could have
caused such trends. Another possibility, suggested by experiments of Shindell et al.
(21) is that the buildup of greenhouse gases at stratospheric levels could, through
wave- mean ow interactions give rise to a colder, stronger wintertime polar vortex
and a strengthening of the subpolar westerlies all the way down to the earth"s surface.

If the NAM reverts to its pre-1970 state it will be clear that the trends of the past
30-years were just an expression of the natural variability of the climate system, and
atmosphere-ocean interaction will likely emerge as the favored explanation for them.
However, if the trends in both Northern and Southern Hemisphere annular modes
continue through the next decade, the case for attributing them to human activities
will be quite compelling.

Regardless of what is causing them, the decade-to-decade variations in the PDO
and the AO/NAM have inuenced the geographical and seasonal distribution of sur-
face temperature trends over the past 50-years. When their inuences are removed
by simple linear regression, the trends are more uniform and easier to interpret in
terms of local thermodynamic e�ects. Warming prevails at almost all grid points,
with larger trends over land than over the oceans. The poleward ampli�cation of the
warming and the dominance of the cold season is reduced.
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¬¥å ¨§¬®¢ åà®¨§ æ¨¨, «¥ç¥¨ï åà®¨ç¥áª¨å ä®à¬ ¨ä¥ªæ¨©, ¨áá«¥¤®¢ ¨ï
çã¢áâ¢¨â¥«ì®áâ¨ âï¦¥áâ¨ ¢¨àãá®£® £¥¯ â¨â  ª ¢ à¨ æ¨ï¬ ¯ à ¬¥âà®¢ ¢¨àãá 
¨ ®à£ ¨§¬ , ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï ¤¨ ¬¨ª®© ¨ä¥ªæ¨©. �®âï ãà ¢¥¨ï
¬®¤¥«¨ ®¯¨áë¢ îâ à §¢¨â¨¥ £ã¬®à «ì®£® ¨¬¬ã®£® ®â¢¥â  ¯à¨ ¨ä¥ªæ¨®-
ëå § ¡®«¥¢ ¨ïå, ¯à¨æ¨¯ë ¯®áâà®¥¨ï ãà ¢¥¨© ¡ §®¢®© ¬®¤¥«¨ ®âà ¦ îâ
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ã¨¢¥àá «ìë© ¯®¤å®¤ ª ¬®¤¥«¨à®¢ ¨î § ¡®«¥¢ ¨©. �â® ¯®§¢®«ï¥â ãá¯¥è®
¨á¯®«ì§®¢ âì ª ª á ¬ã ¬®¤¥«ì, â ª ¨ ¥ñ ¬®¤¨ä¨ª æ¨¨ ¤«ï   «¨§  à §«¨çëå
¨ä¥ªæ¨©,  ¯à¨¬¥à £à¨¯¯ , £¥¯ â¨â .

�¥«ìî  áâ®ïé¥© à ¡®âë ï¢«ï¥âáï ¯à¨«®¦¥¨¥ ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨,
  «®£¨ç®© ¯® áâàãªâãà¥ ãà ¢¥¨© ¡ §®¢®© ¬®¤¥«¨, ¤«ï ¨áá«¥¤®¢ ¨ï ¤¨ -
¬¨ª¨ æ¨â®â®ªá¨ç¥áª®£® �-ª«¥â®ç®£® ¨¬¬ã®£® ®â¢¥â  ¯à¨ íªá¯¥à¨¬¥â «ì-
ëå ¨ä¥ªæ¨ïå ¬ëè¥©, ¢ë§¢ ëå ¢¨àãá ¬¨ «¨¬ä®æ¨â à®£® å®à¨®¬¥¨£¨â .
�  ï íªá¯¥à¨¬¥â «ì ï á¨áâ¥¬  ï¢«ï¥âáï ¡ §®¢®© ¢ á®¢à¥¬¥®© ¨¬¬ã®«®-
£¨¨. �âªàëâ¨¥ ¯à¨æ¨¯  ¤¢®©®£® à á¯®§ ¢ ¨ï �. �®å¥àâ¨ ¨ �. �¨ª¥à £¥-
«¥¬ ¢ 1975 £®¤ã, ã¤®áâ®¥ë¬¨ �®¡¥«¥¢áª®© ¯à¥¬¨¨ 1996 £®¤ , ¡ë«® á¢ï§ ®
á ¨§ãç¥¨¥¬ ¬¥å ¨§¬®¢ à §àãè¥¨ï ª«¥â®ª, § à ¦¥ëå ¢¨àãá ¬¨ «¨¬ä®-
æ¨â à®£® å®à¨®¬¥¨£¨â , �-«¨¬ä®æ¨â ¬¨-ª¨««¥à ¬¨ (CD8+T cells). �¥«ìî
¤ ®£® ¨áá«¥¤®¢ ¨ï ï¢«ï¥âáï ª ç¥áâ¢¥ë©   «¨§ ãá«®¢¨© áãé¥áâ¢®¢ ¨ï ¨
ãáâ®©ç¨¢®áâ¨ ¯®«®¦¥¨© à ¢®¢¥á¨ï ¨ ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨© ¢ ¬®¤¥«¨ íªá¯¥-
à¨¬¥â «ì®© ¢¨àãá®© ¨ä¥ªæ¨¨.

1. �à ¢¥¨ï ¬®¤¥«¨
�¥à¥©¤¥¬ ª ®¯¨á ¨î ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ à¥ ªæ¨¨ �-ª«¥â®ª   ¨ä¥ª-

æ¨î, ¢ë§¢ ãî ¢¨àãá ¬¨ «¨¬ä®æ¨â à®£® å®à¨®¬¥¨£¨â  (����). � â¥¬ -
â¨ç¥áª ï ¬®¤¥«ì à áá¬ âà¨¢ ¥â ¢§ ¨¬®¤¥©áâ¢¨ï ¬¥¦¤ã ¯®¯ã«ïæ¨ï¬¨ ¢¨àãá ,
V (t), æ¨â®â®ªá¨ç¥áª¨å �-«¨¬ä®æ¨â®¢-¯à¥¤è¥áâ¢¥¨ª®¢, Ep(t), æ¨â®â®ªá¨ç¥á-
ª¨å �-«¨¬ä®æ¨â®¢-íää¥ªâ®à®¢, E(t), ¨ áã¬¬ à®© ¢¨àãá®©  £àã§ª®©, W (t).
�®¤¥«ì áä®à¬ã«¨à®¢   ¢ ¢¨¤¥ á¨áâ¥¬ë ¥«¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢-
¥¨© á § ¯ §¤ë¢ ¨¥¬ ¨ ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:

dV (t)
dt

= �V (t)
�
1� V (t)

Vmax

�
� V EE(t)V (t); (1)

dEp(t)
dt

= �Ep
�
E�
p �Ep(t)

�
+ gp(W )bpV (t� �)Ep(t� �)

� �APV (t� �A)V (t)Ep(t); (2)

dE(t)
dt

= ge(W )bdV (t� �)Ep(t� �)� bEV V (t)E(t)

� �AEV (t� �A)V (t)E(t)� �EE(t); (3)

dW (t)
dt

= bwV (t)� �wW (t): (4)

�à ¢¥¨¥ (1) ¤«ï ¯®¯ã«ïæ¨¨ ¢¨àãá  ®¯¨áë¢ ¥â ¯à¨à®áâ ¯®¯ã«ïæ¨¨ ¢¨àãá®¢
¯à¨ ¨å à §¬®¦¥¨¨ ¨ ã¤ «¥¨¥ ¢¨àãá®¢ ¨§ ®à£ ¨§¬  §  áç¥â à §àãè¥¨ï
¨ä¨æ¨à®¢ ëå ª«¥â®ª �-«¨¬ä®æ¨â ¬¨-íää¥ªâ®à ¬¨. �à ¢¥¨¥ (2) ¤«ï
¯®¯ã«ïæ¨¨ «¨¬ä®æ¨â®¢-¯à¥¤è¥áâ¢¥¨ª®¢ ãç¨âë¢ ¥â ¯®¤¤¥à¦ ¨¥ £®¬¥®áâ § 
«¨¬ä®æ¨â®¢-¯à¥¤è¥áâ¢¥¨ª®¢ ¢ ®âáãâáâ¢¨¨ ¨¬¬ã®© à¥ ªæ¨¨ ®à£ ¨§¬ , ã¢¥-
«¨ç¥¨¥ ç¨á«  «¨¬ä®æ¨â®¢-¯à¥¤è¥áâ¢¥¨ª®¢ §  áç¥â ¢ë§¢ ®© ¢¨àãá®¬ ¯à®-
«¨ä¥à æ¨¨ ª«¥â®ª (®¡à §®¢ ¨¥ ¢ à¥§ã«ìâ â¥ ¤¥«¥¨ï) ¨ ã¡ë«ì ¯®¯ã«ïæ¨¨
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«¨¬ä®æ¨â®¢-¯à¥¤è¥áâ¢¥¨ª®¢ ¢á«¥¤áâ¢¨¥ ¨å £¨¡¥«¨ ¯ãâ¥¬  ¯®¯â®§ , ¢ë§¢ -
®© ¯®¢â®à®© áâ¨¬ã«ïæ¨¥©  â¨£¥ ¬¨ ¢¨àãá .

�¨á.1. �¥è¥¨ï ¬®¤¥«¨, ®¯¨áë¢ îé¨¥ ¤¨ ¬¨ªã ¨ä¥ªæ¨¨ ¯à¨ ¬ «ëå ¨
¡®«ìè¨å ¤®§ å § à ¦¥¨ï

�à ¢¥¨¥ (3) ¤«ï �-«¨¬ä®æ¨â®¢-íää¥ªâ®à®¢ ®¯¨áë¢ ¥â ã¢¥«¨ç¥¨¥ ¯®¯ã-
«ïæ¨¨ íää¥ªâ®à®¢ §  áç¥â ¤¨ää¥à¥æ¨à®¢ª¨ áâ¨¬ã«¨à®¢ ëå �-«¨¬ä®æ¨â®¢-
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¯à¥¤è¥áâ¢¥¨ª®¢ ¨ ã¬¥ìè¥¨¥ ¯®¯ã«ïæ¨¨ íää¥ªâ®à®¢ ¢á«¥¤áâ¢¨¥ «¨â¨ç¥á-
ª®£® ¢§ ¨¬®¤¥©áâ¢¨ï á § à ¦¥ë¬¨ ª«¥âª ¬¨, ¥áâ¥áâ¢¥®£® áâ à¥¨ï ¨  ¯®¯-
â®§ . �®á«¥¤¥¥ ãà ¢¥¨¥ (4) ¤«ï áã¬¬ à®© ¢¨àãá®©  £àã§ª¨ à áá¬ âà¨¢ ¥â
ã¢¥«¨ç¥¨¥  â¨£¥®©  £àã§ª¨ §  áç¥â à á¯à®áâà ¥¨ï ¢¨àãá  ¢ ®à£ ¨§¬¥
¨ ¨áç¥§®¢¥¨¥ á® ¢à¥¬¥¥¬ ¯®¤ ¢«ïîé¥£® íää¥ªâ  áã¬¬ à®© ¢¨àãá®©  -
£àã§ª¨. � ¯ §¤ë¢ ¨ï ¢ ãà ¢¥¨ïå (1){(4) á¢ï§ ë á ¤«¨â¥«ì®áâìî æ¨ª« 
¤¨ää¥à¥æ¨à®¢ª¨ ª«¥â®ª ¨ ¨å "¯à®£à ¬¬¨à®¢ ®©" £¨¡¥«¨. �ãªæ¨¨ gp(W ) ¨
gE(W ) ãç¨âë¢ îâ íää¥ªâ ¯®¤ ¢«¥¨ï ¯à®æ¥áá®¢ ¤¥«¥¨ï ¨ ¤¨ää¥à¥æ¨à®¢ª¨
¢¨àãá-á¯¥æ¨ä¨ç¥áª¨å �-«¨¬ä®æ¨â®¢, ®¡ãá«®¢«¥ë© ¡®«ìè®© ¢¨àãá®©  £àã§-
ª®©, ¨ ¯à¥¤áâ ¢«ïîâ á®¡®© á«¥¤ãîè¨¥   «¨â¨ç¥áª¨¥ § ¢¨á¨¬®áâ¨:

gp(W ) =
1

(1 +W=�p)2
; gE(W ) =

1
(1 +W=�E)2

: (5)

� ç¥¨ï ¯ à ¬¥âà®¢, ¨á¯®«ì§ã¥¬ëå ¢ ¯à¥¤áâ ¢«¥®© ¬®¤¥«¨, ¯à¨¢¥¤¥ë ¢
â ¡«¨æ¥. �¨ ¡ë«¨ ®æ¥¥ë ¢ à ¡®â¥ (Bocharov, 1998) ¨§ íªá¯¥à¨¬¥â «ìëå
¨áâ®ç¨ª®¢ ¯® ¤ ë¬ ¨ä¥ªæ¨¨ ����-Docile, ¯à®â¥ª îé¥© ã ¬ëè¥© «¨¨¨
C57BL/6 (Moskophidis ¨ ¤à.,1993). �¥è¥¨ï ¬®¤¥«¨, ®¯¨áë¢ îé¨¥ ¤¨ ¬¨ªã
¨ä¥ªæ¨¨ ¯à¨ ¬ «ëå ¨ ¡®«ìè¨å ¤®§ å § à ¦¥¨ï, ¯à¥¤áâ ¢«¥ë   à¨á. 1.

2. �áá«¥¤®¢ ¨¥ áâ æ¨® àëå à¥è¥¨©
�à¨¬¥¨¬ ¬ â¥¬ â¨ç¥áªãî ¬®¤¥«ì (1){(4) ¤«ï â¥®à¥â¨ç¥áª®£®   «¨§  à ¢-

®¢¥áëå á®áâ®ï¨© ¬¥¦¤ã ¢¨àãá®¬ ¨ ¨¬¬ã®© á¨áâ¥¬®© ®à£ ¨§¬ , á®®â¢¥â-
áâ¢ãîé¨å:  ) �-ª«¥â®ç®© ¨¬¬ã®«®£¨ç¥áª®© ¯ ¬ïâ¨; ¡) åà®¨ç¥áª®© ¨ä¥ª-
æ¨¨ ¨ �-ª«¥â®ç®© â®«¥à â®áâ¨ (®âáãâáâ¢¨¥ à¥ ªæ¨¨ ¨¬¬ã®© á¨áâ¥¬ë  
¤ ë© ¢¨àãá). � á¨áâ¥¬¥ ãà ¢¥¨© (1){(4), ®¯¨áë¢ îé¥© ¯à®â¨¢®¢¨àãáë©
T-ª«¥â®çë© ®â¢¥â, ¥®¡å®¤¨¬® ¤®¡ ¢¨âì ¥®âà¨æ â¥«ìë¥  ç «ìë¥ ãá«®¢¨ï:
V (0) = V 0, Ep(0) = E0

p , E(0) = E0, W (0) = W 0; V (s)Ep(s) = '(s). �®íää¨æ¨-
¥âë á¨áâ¥¬ë ãà ¢¥¨© (1){(4) ¯à¥¤¯®« £ îâáï ¯®«®¦¨â¥«ìë¬¨.

� ®¡é¥¬ á«ãç ¥ ¥«¨¥© ï á¨áâ¥¬  (1){(4) ¬®¦¥â ¨¬¥âì ¥áª®«ìª® ¯®«®¦¥-
¨© à ¢®¢¥á¨ï, ª®â®àë¥ ¬ë ®¡®§ ç¨¬:

Xst;i = [Vst;i; Epst;i; Est;i;Wst;i]T ; i = 1; 2; :::; N: (6)

�â® ¬®¦¥áâ¢® ¬®¦® à §¤¥«¨âì   ¤¢  â¨¯  áâ æ¨® àëå á®áâ®ï¨©: ®¤® â ª
 §ë¢ ¥¬®¥ á®áâ®ï¨¥ §¤®à®¢®£® ®à£ ¨§¬  (i = 1, Vst;1 = 0) ¨ ¤àã£¨¥, á®®â¢¥â-
áâ¢ãîé¨¥ á®áâ®ï¨î åà®¨ç¥áª¨ ¨ä¨æ¨à®¢ ®£® ®à£ ¨§¬  (i � 2, Vst;i 6= 0).

� ç¥áâ¢¥ë©   «¨§ ¬®¤¥«¨ á¢ï§  á ¨áá«¥¤®¢ ¨¥¬ ãá«®¢¨© áãé¥áâ¢®¢ -
¨ï áâ æ¨® àëå à¥è¥¨©, ¨å  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨,   â ª¦¥ ãá«®¢¨©
¢®§¨ª®¢¥¨ï ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨©.

2.1. �®áâ®ï¨¥ §¤®à®¢®£® ®à£ ¨§¬ 
� áá¬®âà¨¬ áâ æ¨® à®¥ à¥è¥¨¥, ª®â®à®¥ ®¯¨áë¢ ¥â á®áâ®ï¨¥ " ¨¢®£®"

®à£ ¨§¬ , â® ¥áâì ®à£ ¨§¬ , ª®â®àë© ¨ª®£¤  à ¥¥ ¥ ª®â ªâ¨à®¢ « á ¤ -
ë¬ ¢¨àãá®¬ ¨, â ª¨¬ ®¡à §®¬, ¥ ¨¬¥¥â ª ¥¬ã ¨¬¬ã¨â¥â :

Xst;1 = [0; E�
p ; 0; 0]

T : (7)
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�¤¥áì ª®æ¥âà æ¨¨ ¯®¯ã«ïæ¨© ¢¨àãá  ¨ �-ª«¥â®ª-íää¥ªâ®à®¢,   â ª¦¥  â¨-
£¥ ï  £àã§ª  à ¢ë ã«î,   ª®«¨ç¥áâ¢® ª«¥â®ª-¯à¥¤è¥áâ¢¥¨ª®¢ Ep ®¯à¥-
¤¥«ï¥âáï ¨å ¯®áâã¯«¥¨¥¬ ¨§ â¨¬ãá . �â® âà¨¢¨ «ì®¥ áâ æ¨® à®¥ à¥è¥¨¥
X(t) = Xst;1, t > 0; ï¢«ï¥âáï ¥ãáâ®©ç¨¢ë¬, ¯®áª®«ìªã ¬ «ë¥ ¢®§¬ãé¥¨ï á®-
áâ®ï¨ï à ¢®¢¥á¨ï (7), V = y1; Ep = y2 + E�

p ; E = y3; W = y4, ®¯¨áë¢ îâáï
á¨áâ¥¬®© ãà ¢¥¨© â ª®© ,çâ® dy1

dt = �y1. �à®¨§¢®¤ ï
dy1
dt ¢á¥£¤  ¡®«ìè¥ ã«ï

(¯® ¡¨®«®£¨ç¥áª®¬ã á¬ëá«ã y1 > 0), ¨, á«¥¤®¢ â¥«ì®, á®áâ®ï¨¥ à ¢®¢¥á¨ï ¥-
ãáâ®©ç¨¢®¥.

�¨®«®£¨ç¥áª®¥ á«¥¤áâ¢¨¥ 1. � ª¨¬ ®¡à §®¬, ¥§ ¢¨á¨¬® ®â ª®æ¥âà -
æ¨¨ «¨¬ä®æ¨â®¢-¯à¥¤è¥áâ¢¥¨ª®¢, ¢ ®âáãâáâ¢¨¨ �-«¨¬ä®æ¨â®¢-íää¥ªâ®à®¢,
á®áâ®ï¨¥ §¤®à®¢®£® ®à£ ¨§¬  ï¢«ï¥âáï ¥ãáâ®©ç¨¢ë¬. �¥¬ ¡®«ìè¥ ¯®¯ã«ïæ¨ï
ª«¥â®ª ¯à¥¤è¥áâ¢¥¨ª®¢, â¥¬ ¬¥ìè¥ ¥®¡å®¤¨¬® ¢à¥¬¥¨ ¤«ï ®¡à §®¢ ¨ï ¤®-
áâ â®ç®£® ç¨á«  �-«¨¬ä®æ¨â®¢-íää¥ªâ®à®¢ ¨, á«¥¤®¢ â¥«ì®, â¥¬ ¨¦¥ ¡ã¤¥â
¬ ªá¨¬ «ì ï ª®æ¥âà æ¨ï ¯®¯ã«ïæ¨¨ ¢¨àãá  (à¨á. 2).

�¨á.2. �¨ ¬¨ª  ¨§¬¥¥¨ï ª®æ¥âà æ¨¨ ¢¨àãá 

�®à®£®¢®¥ ç¨á«® ª«¥â®ª-íää¥ªâ®à®¢ ¢ á¥«¥§¥ª¥, ¥®¡å®¤¨¬®¥ ¤«ï ¯à¥¤®â-
¢à é¥¨ï à®áâ  ¨ä¥ªæ¨¨, ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬: Eprotection =
�

V E
. �«ï ¯ à ¬¥âà®¢, á®®â¢¥âáâ¢ãîé¨å ¨ä¥ªæ¨¨ ����-Docile ¬ëè¥© «¨¨¨

C57BL/6, íâ® ¤ ¥â ®æ¥ªã ¯®àï¤ª  2:5 � 105 ª«¥â®ª   á¥«¥§¥ªã.



� â¥¬ â¨ç¥áª®¥ ¨áá«¥¤®¢ ¨¥ ¤¨ ¬¨ª¨ ¢¨àãáëå ¨ä¥ªæ¨© 203

� à ¬¥âàë ¬®¤¥«¨

� à ¬¥âà �¯à¥¤¥«¥¨¥ � §¬¥à®áâì �¡« áâì � ¨«ãçè ï
¤®¯ãáâ¨¬ëå ®æ¥ª 
§ ç¥¨©

� �®áâ â  áª®à®áâ¨ à¥¯«¨ª -
æ¨¨ ¢¨àãá 

áãâª¨�1 3 { 4 3.35

V E �®áâ â  áª®à®áâ¨ ã¤ «¥¨ï
¢¨àãá  ���-íää¥ªâ®à ¬¨

¬« ª«¥âª:�1 áãâª¨�1 10�5 � 10�4 0; 134 � 10�5

Vmax � ªá¨¬ «ì ï ª®æ¥âà æ¨ï
¢¨àãá  ¢ á¥«¥§¥ª¥

ç áâ:¬«�1 107 � 109 0; 482 � 108

� �à¥¤ïï ¯à®¤®«¦¨â¥«ì®áâì
¤¥«¥¨ï ª«¥âª¨

áãâª¨ 0,3 - 1 0,6

bp �®áâ â  áª®à®áâ¨ áâ¨¬ã«ï-
æ¨¨ ���-¯à¥¤è¥áâ¢¥¨ª®¢

¬« ç áâ:�1 áãâª¨�1 10�5 � 10�4 0; 773 � 10�4

bd �®áâ â  áª®à®áâ¨ ¤¨ää¥-
à¥æ¨à®¢ ¨ï ���-¯à¥¤è¥áâ-
¢¥¨ª®¢

¬« ç áâ:�1 áãâª¨�1 10�5 � 10�4 0; 773 � 10�3

�p �®à®£®¢®¥ § ç¥¨¥ ¢¨àãá®©
 £àã§ª¨, ¢ë§ë¢ îé¥¥ á®áâ®ï-
¨¥  íà£¨¨ ã ���-¯à¥¤è¥áâ-
¢¥¨ª®¢

ç áâ:¬«�1 107 � 109 3:25 � 106

�E �®à®£®¢®¥ § ç¥¨¥ ¢¨àãá®©
 £àã§ª¨, ¢ë§ë¢ îé¥¥ á®áâ®ï-
¨¥  íà£¨¨ ã ���-íää¥ªâ®-
à®¢

ç áâ:¬«�1 107 � 109 3 � 105

bEV �®áâ â  áª®à®áâ¨ £¨-
¡¥«¨ ���-íää¥ªâ®à®¢ §  áç¥â
«¨â¨ç¥áª®£® ¢§ ¨¬®¤¥©áâ¢¨ï á
¨ä¨æ¨à®¢ ë¬¨ ª«¥âª ¬¨

¬« ç áâ:�1 áãâª¨�1 { 0

�Ep �¡à â ï ¢¥«¨ç¨  áà¥¤¥£® áãâª¨�1 0,3-0,003 0,542
¢à¥¬¥¨ ¦¨§¨ ���-
¯à¥¤è¥áâ¢¥¨ª®¢

�E �¡à â ï ¢¥«¨ç¨  áà¥¤¥£® áãâª¨�1 0,33-0,5 0,01
¢à¥¬¥¨ ¦¨§¨ ���-
íää¥ªâ®à®¢

E�p �®¬¥®áâ â¨ç¥áª ï ª®æ¥âà -
æ¨ï á¯¥æ¨ä¨ç¥áª¨å ���-¯à¥¤-
é¥áâ¢¥¨ª®¢ ¢ á¥«¥§¥ª¥  -

¨¢®© ¬ëè¨

ª«¥âª:¬«�1 5 � f101 � 102g 265

�A �à®¤®«¦¨â¥«ì®áâì ¯à®£à ¬-
¬¨à®¢ ¨ï  ªâ¨¢¨à®¢ ëå
���   £¨¡¥«ì

áãâª¨ 3 - 7 5.6

�AP �®áâ â  áª®à®áâ¨ £¨¡¥«¨
���-¯à¥¤è¥áâ¢¥¨ª®¢ ¯ãâ¥¬
 ¯®¯®â®§ 

(¬« ç áâ:�1)2 áãâª¨�1 10�18� 10�14 0; 75 � 1015

�AE �®áâ â  áª®à®áâ¨ £¨¡¥«¨ (¬« ç áâ:�1)2 áãâª¨�1 10�18� 10�14 0; 436 �10�13

���-íää¥ªâ®à®¢ ¯ãâ¥¬  ¯®¯-
â®§ 

bw �®áâ â  áª®à®áâ¨ ã¢¥«¨ç¥-
¨ï ¢¨àãá®©  £àã§ª¨

áãâª¨�1 1 1

�w �®áâ â  áª®à®áâ¨ ¢®ááâ ®¢-
«¥¨ï ®à¬ «ì®£® ®âª«¨ª 
���

áãâª¨�1 0,1 0,11

2.2. �®áâ®ï¨¥ ¨¬¬ã®© ¯ ¬ïâ¨
á ¬ «®© ¯®¯ã«ïæ¨¥© ¯¥àá¨áâ¨àãîé¨å ¢¨àãá®¢

�¥à¥©¤¥¬ â¥¯¥àì ª ¨§ãç¥¨î áâ æ¨® àëå á®áâ®ï¨©, å à ªâ¥à¨§ãîé¨åáï
®¤®¢à¥¬¥ë¬ ¯à¨áãâáâ¢¨¥¬ ¢¨àãá  ¨ ¯®¯ã«ïæ¨© �-ª«¥â®ª. � ç «  à áá¬®â-
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à¨¬ á«ãç © ¨§ª®© ª®æ¥âà æ¨¨ ¢¨àãá , â® ¥áâì

Vst � min
�
�w � �p
�w

;
�w � �E
�w

�
�! gp(Wst) = 1; gE(Wst) = 1: (8)

� ¬®¤¥«¨ ¡ë«® á¤¥« ® ¯à¥¤¯®«®¦¥¨¥, çâ® ª¨««¥à ï äãªæ¨ï �-«¨¬ä®æ¨â®¢-
íää¥ªâ®à®¢ ¥ ãª®à ç¨¢ ¥â ¨å ¦¨§ì ¨, á«¥¤®¢ â¥«ì®, ª®áâ â  áª®à®áâ¨ £¨-
¡¥«¨ �-«¨¬ä®æ¨â®¢-íää¥ªâ®à®¢ §  áç¥â «¨â¨ç¥áª®£® ¢§ ¨¬®¤¥©áâ¢¨ï, bEV , ¯®-
« £ ¥âáï à ¢®© ã«î. �à ¢¥¨¥ ¤«ï Vst ¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬:

G(Vst) � A � V 5
st � B � V 4

st + C � V 3
st �D � V st2 +H � Vst � F = 0; (9)

£¤¥

A = �AE�AP�;

B = �AE�AP�Vmax + �AE�bp ' �AE�bp

C = �AEbp�Vmax + �AE�Ep� + ��E�AP ' ��E�AP

D = �AE�Ep�Vmax + �E�AP�Vmax + �E�bp ' �E�bp

H = �E�bpVmax + �E�Ep� + V E�EpbdE
�
pVmax ' �E�bpVmax

F = �E�Ep�Vmax:

�à¨¡«¨¦¥ë¥ ä®à¬ã«ë ¤«ï ª®íää¨æ¨¥â®¢ ãà ¢¥¨ï (9) á¯à ¢¥¤«¨¢ë ¤«ï
¤®¯ãáâ¨¬ëå § ç¥¨© ¯ à ¬¥âà®¢ ¨§ â ¡«¨æë.

�à¨ ãá«®¢¨¨ (8) à¥è¥¨¥ ãà ¢¥¨ï (9) ¥¤¨áâ¢¥® (äãªæ¨ï G(Vst), ®¯à¥-
¤¥«¥ ï ãà ¢¥¨¥¬ (9), ï¢«ï¥âáï ¬®®â®® ¢®§à áâ îé¥© ¯® Vst) ¨ «¥¦¨â ¢
®¡« áâ¨ § ç¥¨© Vst, ª®£¤  á« £ ¥¬ë¬¨ ¢ ãà ¢¥¨¨ (9) V nst á® áâ¥¯¥ìî n � 2
¬®¦® ¯à¥¥¡à¥çì. �â¡à áë¢ ï ãª § ë¥ ç«¥ë,  å®¤¨¬

Vst ' F

H
=

�E�Ep�Vmax

�Ebp�Vmax + �E�Ep� + V E�EpbdE
�
pVmax

: (10)

� à¥§ã«ìâ â¥ ¯®«®¦¥¨¥ à ¢®¢¥á¨ï á¨áâ¥¬ë (1)-(4), Xst = [Vst; Ep;st; Est;Wst]T ,
¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬:

Vst =
�E�Ep�Vmax

�Ebp�Vmax + �E�Ep� + V E�EpbdE
�
pVmax

:

Ep;st =
�EpE

�
p

�Ep � bpVst + �APV 2
st

(11)

Est =
�

V E
�
�
1� Vst

Vmax

�
Wst =

bwVst
�w

:

�á«¨ ¯®¤áâ ¢¨âì Vst, ®¯à¥¤¥«ï¥¬®¥ ä®à¬ã«®© (11), ¢ ¢ëà ¦¥¨¥ (9) ¤«ï Ep;st, â®
«¥£ª® ã¡¥¤¨âìáï, çâ® �Ep�bpVst > 0, ¨, â ª¨¬ ®¡à §®¬, ¢ë¯®«ï¥âáï âà¥¡®¢ ¨¥
¯®«®¦¨â¥«ì®áâ¨ Ep;st.
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�¢¥¤¥¬ ¤®¯®«¨â¥«ì®¥ ®£à ¨ç¥¨¥   ¢¨¤ ãà ¢¥¨© ¬®¤¥«¨,   ¨¬¥®,
¡ã¤¥¬ áç¨â âì � = 0. �¯à¥¤¥«¨¬ ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ áâ æ¨-
® à®£® à¥è¥¨ï (11). �«ï íâ®£® «¨¥ à¨§ã¥¬  èã á¨áâ¥¬ã (1)-(4) ¢ ®ªà¥áâ-
®áâ¨ íâ®£® à¥è¥¨ï ¨ à áá¬®âà¨¬ ¯®«ãç¥®¥ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥:

T (�) = �(�E + �) � Z(�); (12)

£¤¥
Z(�) = ��3 � a�2 � b�� d+ (g�+ f)exp(���A); (13)

a =
�Vst
Vmax

� bpVst + �Ep + �E + V 2
st�AP + V 2

st�AE > 0; (14)

b =
�Vst
Vmax

(�Ep � bpVst + V 2
st�AP + �E + V 2

st�AE) +

V EVst(bdEp;st � VstEst�AE);

d =
�Vst
Vmax

(�Ep � bpVst + V 2
st�AP ) � (�E + V 2

st�AE) (15)

+ V EVst(bdEp;st � VstEst�AE) � (�Ep � bpVst + V 2
st�AP ) (16)

+ V EbdV
2
st(bpEp;st � VstEst�AP ) > 0;

g = V EV
2
stEst�AE > 0; (17)

f = V EV
2
stEst�AE(�Ep � bpVst + V 2

st�AP ) + V EV
3
stEp;st�AP bd > 0:

� ª ª ª T (�) ¨¬¥¥â ®âà¨æ â¥«ìë© ª®à¥ì �1 = ��E < 0, â® ®áâ ¥âáï ¨áá«¥-
¤®¢ âì ª®à¨ ª¢ §¨¯®«¨®¬  Z(�). �®¤áâ ¢¨¬ � = i! ¢ ¢ëà ¦¥¨¥ ¤«ï Z(�) ¨
à áá¬®âà¨¬ Z(i!) = ReZ(i!) + iImZ(i!), £¤¥

ReZ(i!) = a!2 � d+ f cos!�A + g! sin!�A; (18)

ImZ(i!) = !3 � b! + g! cos!�A � f sin!�A: (19)

� ¬ â ª¦¥ ¯® ¤®¡ïâáï ¯à®¨§¢®¤ë¥ §â¨å äãªæ¨© ¯® !:

dReZ(i!)
d!

= 2a! + (g � f�A) sin!�A + g!�A cos!�A; (20)

d ImZ(i!)
d!

= 3!2 � b+ (g � f�A) cos!�A � g!�A sin!�A: (21)

�§¢¥áâ  (�¥§¢ , 1983) á«¥¤ãîé ï

�¥¬¬  1 (ªà¨â¥à¨© �¨å ©«®¢ ). � à ªâ¥à¨áâ¨ç¥áª¨© ª¢ §¨¯®«¨®¬ âà¥âì¥©
áâ¥¯¥¨ Z(�) ¥ ¡ã¤¥â ¨¬¥âì ª®à¥© ¢ ¯à ¢®© ¯®«ã¯«®áª®áâ¨, ¥á«¨ ¯®«®¥ ¯à¨-
à é¥¨¥ ¥£®  à£ã¬¥â  ¯à¨ ¨§¬¥¥¨¨ ! ®â ã«ï ¤® ¡¥áª®¥ç®áâ¨ à ¢® 3�=2.

�®   «®£¨¨ á ¨áá«¥¤®¢ ¨¥¬ �¥«ëå (1982, á. 14{16), ¢  è¥¬ á«ãç ¥ ªà¨â¥à¨©
�¨å ©«®¢  á¢®¤¨âáï ª á«¥¤ãîé¥© â¥®à¥¬¥.
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Teoà¥¬  1. �®áâ â®çë¬ ãá«®¢¨¥¬  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ áâ æ¨-
® à®£® à¥è¥¨ï (11) § ¤ ç¨ (1){(4) ï¢«ï¥âáï ¢ë¯®«¥¨¥ ¥à ¢¥áâ¢

d� f > 0; (22)
d+ f

a� g�A
< b� g � f�A: (23)

�®ª § â¥«ìáâ¢®. �®-¯¥à¢ëå, ¯®ª ¦¥¬, çâ® a� g�A > 0. �®¤áâ ¢«ïï § ç¥¨ï
ª®íää¨æ¨¥â®¢ a ¨ g ¨§ (14), (17) ¨, ãç¨âë¢ ï, çâ® �Ep � bpVst > 0, ¯®«ãç¨¬

a� g�A >
�Vst
Vmax

(1� VmaxVst�AE�A) > 0: (24)

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1.  ¬ ã¦® ®¯à¥¤¥«¨âì å à ªâ¥à ¤¢¨¦¥¨ï ¢¥ª-
â®à  Z(i!)   ª®¬¯«¥ªá®© ¯«®áª®áâ¨ ¯à¨ ¨§¬¥¥¨¨ ! ®â ã«ï ¤® ¡¥áª®¥ç-
®áâ¨.

�á«¨ ! = 0 (â®çª  !1), â® ¢ á¨«ã (22) ¯®«ãç ¥¬ ReZ = f � d < 0, dReZd! = 0,  
¨§ (23) ¢¨¤®, çâ® dImZ

d! = �b+ g� f�A < 0. �à¨ ! > 0 á ãç¥â®¬ â®£®, çâ® f�A <
g, ¨ § ¬¥ë sin!�A 7! �!�A, cos!�A 7! �1, ¬ë ¯®«ãç¨¬ ¨§ (24) á«¥¤ãîéãî
æ¥¯®çªã ¥à ¢¥áâ¢: dReZd! > ![2a+ (f�A � g)�A � g�A] = ![2(a� g�A) + f�A] > 0.
�«¥¤®¢ â¥«ì®, ¢ á¨«ã ¥¯à¥àë¢®áâ¨ ReZ áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ ï â®çª  ! =
!2 > 0, ¤«ï ª®â®à®© ReZ = 0.

� ¬¥â¨¬, çâ® ¨§ ãá«®¢¨© ReZ(i !2) = 0, (18) ¨ (24) á«¥¤ãîâ ¥à ¢¥áâ¢ 

!22 <
d+ f

a� g�A
< b� g � f�A:

�â ª, ¯à¨ ! < !2 ¬ë ¨¬¥¥¬ ReZ < 0,   ImZ < !(!22 � b+ f � f�A).

� ª¨¬ ®¡à §®¬, ¯à¨ ¨§¬¥¥¨¨ ! ®â ã«ï ¤® !2 ¬ë ¨¬¥¥¬ ReZ � 0 ¨ ImZ < 0.
�®«¥¥ â®£®, à ¢¥áâ¢® ReZ = 0 ¢®§¬®¦® â®«ìª® ¯à¨ ! = !2. �«¥¤®¢ â¥«ì®,
¢¥ªâ®à Z(i !) ®¯¨è¥â ¯à¨ íâ¨å ãá«®¢¨ïå ã£®«, à ¢ë© �=2.

�ãáâì ! > !2. �à¨ ! ! +1 ¨¬¥¥¬ ImZ > 0. � á¨«ã ¥¯à¥àë¢®áâ¨ ImZ
¨ ãá«®¢¨ï ImZ < 0, ¯à¨ ! > !2 áãé¥áâ¢ã¥â å®âï ¡ë ®¤® § ç¥¨¥ ! = !� >
!2, ¤«ï ª®â®à®£® ImZ = 0. �ãáâì ! = !3 > !2 { â®çª , ¢ ª®â®à®© ¢¯¥à¢ë¥
¢ë¯®«¨«®áì à ¢¥áâ¢® ImZ = 0. �®áª®«ìªã ¤«ï ¢á¥å ! > !1, dReZd! > 0, â® íâ®
§ ç¨â, çâ® ¢¥ªâ®à Z(i!) ®¯¨è¥â ã£®«, à ¢ë© �=2 ¯à¨ ¨§¬¥¥¨¨ ! ®â !2 ¤® !3.

�à¨ ! ! +1, äãªæ¨ï ImZ ï¢«ï¥âáï ¯®«®¦¨â¥«ì®© ¨ à áâ¥â ¡ëáâà¥¥, ç¥¬
ReZ, ¯à¨ç¥¬ à®áâ ReZ ¡®«¥¥ ç¥¬ «¨¥©ë©. � á¨«ã dReZ

d! > 0, ¯à¨ ! > 0 ¢¥ªâ®à
Z(i!) ¥ ¯¥à¥á¥ç¥â ¬¨¬ãî ®áì ¯à¨ ! ! +1. �â¨ ãá«®¢¨ï ®¡¥á¯¥ç¨¢ îâ ¯à¨-
à é¥¨¥  à£ã¬¥â  Z(i!), à ¢®¥ �=2, ¯à¨ ¨§¬¥¥¨¨ ! ®â w3 ¤o ¡¥áª®¥ç®áâ¨.
� ª¨¬ ®¡à §®¬, ¢ æ¥«®¬ ¢¥ªâ®à Z(i!) ®¯¨è¥â ã£®«, à ¢ë© 3�=2, ¯à¨ ¨§¬¥¥¨¨
! ®â ã«ï ¤® ¡¥áª®¥ç®áâ¨. � ¯® «¥¬¬¥ 1, íâ® ®§ ç ¥â, çâ® å à ªâ¥à¨áâ¨-
ç¥áª¨© ª¢ §¨¯®«¨®¬ Z(�) (13) ¥ ¡ã¤¥â ¨¬¥âì ª®à¥© ¢ ¯à ¢®© ¯®«ã¯«®áª®áâ¨
¨, á«¥¤®¢ â¥«ì®, áâ æ¨® à®¥ à¥è¥¨¥ (11)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®, çâ® ¨
âà¥¡®¢ «®áì ¤®ª § âì.

�¥à ¢¥áâ¢  (22) ¨ (23) § ¤ îâ ¬®¦¥áâ¢® § ç¥¨© ¯ à ¬¥âà®¢ ¬®¤¥«¨, ¯à¨
ª®â®àëå áâ æ¨® à®¥ à¥è¥¨¥ ãáâ®©ç¨¢®. �¥£ª® ã¡¥¤¨âìáï, çâ® íâ® ¬®¦¥áâ¢®
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¢ª«îç ¥â ¢ á¥¡ï § ç¥¨ï ¯ à ¬¥âà®¢ ¨§ â ¡«¨æë, á®®â¢¥âáâ¢ãîé¨¥ íªá¯¥à¨-
¬¥â «ì®© á¨áâ¥¬¥ f����-Docile + C57BL/6g.

�¨®«®£¨ç¥áª®¥ á«¥¤áâ¢¨¥ 2. �®¤¥«ì ¤®¯ãáª ¥â áãé¥áâ¢®¢ ¨¥ ãáâ®©ç¨-
¢®£® áâ æ¨® à®£® á®áâ®ï¨ï, ®¯¨áë¢ îé¥£® �-ª«¥â®çãî ¨¬¬ã®«®£¨ç¥áªãî
¯ ¬ïâì. �®á¯®«ì§ã¥¬áï ç¨á«¥ë¬¨ § ç¥¨ï¬¨ ¤«ï ¯ à ¬¥âà®¢ ¬®¤¥«¨ (á¬.
â ¡«¨æã), çâ®¡ë ¯®«ãç¨âì ª®«¨ç¥áâ¢¥ë¥ ®æ¥ª¨ § ç¥¨© ª®¬¯®¥â ¯®«®¦¥-
¨ï à ¢®¢¥á¨ï. �à¥¬ï ¦¨§¨ ¯®¯ã«ïæ¨¨ «¨¬ä®æ¨â®¢-¯à¥¤è¥áâ¢¥¨ª®¢ ®æ¥-
¨¢ «®áì ¯® íªá¯¥à¨¬¥â «ìë¬ ¤ ë¬ ¤«ï ®¡ëçëå ¨ ¨áâ®é îé¨åáï à¥ ª-
æ¨© �-ª«¥â®ª ¯à¨ ¨ä¥ªæ¨¨ ����{Docile . �áâ®©ç¨¢ ï ¯¥àá¨áâ¥æ¨ï ª«¥â®ª
¯ ¬ïâ¨ å à ªâ¥à¨§ã¥âáï áª®à®áâï¬¨ ®¡®¢«¥¨ï (áª®à®áâï¬¨ £¨¡¥«¨ ¨«¨ à®¦-
¤¥¨ï ¢ à ¢®¢¥á®¬ á®áâ®ï¨¨) ®â 1 ¬¥áïæ  ¤® 1 £®¤  (Freitas & Rocha, 1993;
Sprent & Tough, 1994; Zimmermann ¨ ¤à., 1996). �«¥¤®¢ â¥«ì®, ç¨á«¥ë©   -
«¨§ áâ æ¨® à®£® á®áâ®ï¨ï (11) ¤®«¦¥ ¡ëâì ¯à®¢¥¤¥, ¨á¯®«ì§ãï á«¥¤ãîéãî
®¡« áâì § ç¥¨© ¤«ï �Ep : �Ep � 0; 003� 0; 03 áãâª¨�1. �â® ¤ ¥â:

Vst � 4� 40 ¢¨àãá =¬«;

Ep;st � 8:3 � (103 � 104)ª«¥âª =¬«;

Est � 2:5 � 105ª«¥âª =¬«:
�â¨ ®æ¥ª¨ ®§ ç îâ, çâ® ���� ¤¥©áâ¢¨â¥«ì® ¬®¦¥â ¯¥àá¨áâ¨à®¢ âì   ¨§-
ª®¬ ãà®¢¥, ¯®àï¤ª  10 ¢¨àãá®¢   á¥«¥§¥ªã ã ¨¬¬ã®© ¬ëè¨, ¥á«¨ ¢à¥¬ï ®¡-
®¢«¥¨ï ¯®¯ã«ïæ¨¨ �-«¨¬ä®æ¨â®¢-¯à¥¤è¥áâ¢¥¨ª®¢ ¯ ¬ïâ¨ ®ª®«® 100 ¤¥©.
� ¤àã£®© áâ®à®ë, â ª ï ¬ « ï ¯®¯ã«ïæ¨ï ¢¨àãá  ®¡¥á¯¥ç¨¢ ¥â ¤®áâ â®çãî
áâ¨¬ã«ïæ¨î ¤«ï ¯®¤¤¥à¦ ¨ï ¯®¯ã«ïæ¨¨ ª«¥â®ª ¯ ¬ïâ¨ ç¨á«¥® ãáâ®©ç¨¢®©
¨, â ª¨¬ ®¡à §®¬, ¯à¥¯ïâáâ¢ã¥â ¯®áâ¥¯¥®¬ã ¨áâ®é¥¨î ¯ã«  ª«¥â®ª ¯ ¬ïâ¨.
�« £®¤ àï á®áãé¥áâ¢®¢ ¨î ¬ «®© ¯®¯ã«ïæ¨¨ ¢¨àãá  ¨ ª«¥â®ª ¯ ¬ïâ¨ ¯®¢â®à-
 ï ¨ä¥ªæ¨ï ���� ¢ ®à£ ¨§¬¥ ¥ ¡ã¤¥â à á¯à®áâà ïâìáï, â® ¥áâì ¨¬¥¥â
¬¥áâ® ª« áá¨ç¥áª¨© ¨¬¬ã¨â¥â.

2.3. �à®¨ç¥áª ï ¨ä¥ªæ¨ï á ¡®«ìè®© ¢¨àãá®©  £àã§ª®©
�à®¨ç¥áª ï ¨ä¥ªæ¨ï ¢¨àãá  ¬®¦¥â ¯à¨¢¥áâ¨ ª ¨áç¥§®¢¥¨î ã ¦¨¢®â-

®£® ¢¨àãá-á¯¥æ¨ä¨ç¥áª¨å �-ª«¥â®ª. �¨¥â¨ª  íâ®£® ï¢«¥¨ï ¨§ãç « áì ª ª
íªá¯¥à¨¬¥â «ì®, â ª ¨ â¥®à¥â¨ç¥áª¨ (Wodarz ¨ ¤à., 1998; Hansen & De Boer,
1999) . �à¨¬¥¨¬ ¢ëè¥®¯¨á ãî ¬®¤¥«ì ¤«ï   «¨§  åà®¨ç¥áª®© ¢¨àãá®©
¨ä¥ªæ¨¨, ª®â®à ï ãáâ  ¢«¨¢ ¥âáï ¯®á«¥ ¨áâ®é¥¨ï �-ª«¥â®ª ¨ å à ªâ¥à¨§ã-
¥âáï ¢ëá®ª®© ¢¨àãá®©  £àã§ª®© ¨ ç¨á«®¬ �-ª«¥â®ª ¨¦¥ ¯®à®£  ®¡ àã¦¥¨ï.
�â® ®â¢¥ç ¥â á«ãç î á

Vst � max
�
�w�p
bw

;
�w�E
bw

�
! gp(W st) � �2p

(W st)2
; (25)

gE(W st) � �2E
(W st)2

:

�®«ãç¨¬ á«¥¤ãîé¥¥ ãà ¢¥¨¥ ¤«ï Vst:

GB(Vst) = A0 � V 6
st �B0 � V 5

st + C 0 � V 4
st �D0 � V st3 +H 0 � V 2

st � F 0 � Vst +Q0; (26)
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£¤¥

A0 = �AE�AP ;

B0 = �AE�APVmax;

C 0 = �AE�Ep + �E�AP ;

D0 = �AE�EpVmax + �E�APVmax +
�AE�bp�2p�

2
w

b2w
;

H 0 =
�AEbpVmax�

2
p�

2
w

b2w
+ �E�Ep ;

F 0 = �E�EpVmax +
�Ebp�2p�

2
w

b2w
;

Q0 =
�EbpVmax�2p�

2
w

b2w
+

1
�b2w

V EVmaxE
�
p�AP bd�

2
e�

2
w:

�á«¨ ãç¥áâì, çâ® 1
�b2w

V EVmaxE�
p�AP bd�

2
e�

2
w <<

�EbpVmax�
2
p�

2
w

b2w
¢ ¢ëà ¦¥¨¨ ¤«ï

á¢®¡®¤®£® ç«¥  ¨ ¯à¥¥¡à¥çì íâ¨¬ á« £ ¥¬ë¬, â® «¥£ª® ã¢¨¤¥âì, çâ® ª®à-
¥¬ ãà ¢¥¨ï (26) ï¢«ï¥âáï Vst = Vmax. �®¦® ¯®ª § âì, çâ® ¢ ¨áª®¬®¬
¤¨ ¯ §®¥ (25) áãé¥áâ¢ã¥â ¥é¥ ®¤¨ ª®à¥ì, ® ® ¥ ã¤®¢«¥â¢®àï¥â ãá«®-

¢¨î: �EpVst � bp�
2
p�

2
w

�2w
+ �APV 3

st > 0, â® ¥áâì âà¥¡®¢ ¨î ¯®«®¦¨â¥«ì®áâ¨
Ep;st. � ª¨¬ ®¡à §®¬, á®®â¢¥âáâ¢ãîé¥¥ áâ æ¨® à®¥ à¥è¥¨¥ á¨áâ¥¬ë (1)-(4),
Xst = [Vst; Ep;st; Est;Wst]; T , ¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬:

Vst = Vmax �4Vst
Ep;st =

�EpE
�
pVmax

�EpVmax � bp�2p�
2
w

�2w
+ �APV 3

max

; (27)

Est =
�

V E
� 4Vst
Vmax

;

Wst =
bwVmax
�w

:

�®«ãç¨¬ ¤®áâ â®çë¥ ãá«®¢¨ï  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ áâ æ¨® à®£®
à¥è¥¨ï. �«ï íâ®£® «¨¥ à¨§ã¥¬  èã á¨áâ¥¬ã (1)-(4) ¢ ®ªà¥áâ®áâ¨ íâ®£® à¥-
è¥¨ï ¨ à áá¬®âà¨¬ ¯®«ãç¥®¥ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥:

T 0(�) = �(�E + �) � Z 0(�) + P (�) � �+R; (28)

£¤¥ ª¢ §¨¯®«¨®¬ Z 0(�) ®¯¨áë¢ ¥âáï ¢ëà ¦¥¨¥¬ (13), ® á ¤àã£¨¬¨ ª®íää¨-
æ¨¥â ¬¨

Z 0(�) = ��3 � a0�2 � b0�� d0 + (g0�+ f 0)exp(���A);
  ¤®¯®«¨â¥«ìë¬ á« £ ¥¬ë¬ (P (�) � �+R), £¤¥

P = V EV
2
stEp;stbd

2g3=2est bw
�e

;
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R = 2V EV 2
stEp;stbw(�Ep � gpstbpVst + V 2

st�AP )

 
g3pst=2bp
�p

� g3est=2bd
�e

!
;

¬®¦® ¯à¥¥¡à¥çì, ¯®áª®«ìªã ¯à¨ ¯®¤áâ ®¢ª¥ § ç¥¨© ¯ à ¬¥âà®¢ ¨§ â ¡«¨æë
¢ ¢ëà ¦¥¨¥ ¤«ï ª®íää¨æ¨¥â®¢ P ¨ R ®ª §ë¢ ¥âáï, çâ® ®¨ ¬ «ë ¯® áà ¢¥-
¨î á á®®â¢¥âáâ¢ãîé¨¬¨ ª®íää¨æ¨¥â ¬¨ ¢ ¯¥à¢®¬ á« £ ¥¬®¬ (28). � ãç¥â®¬
íâ®£® ®¡áâ®ïâ¥«ìáâ¢  ¯®« £ ¥¬, çâ® ª®à¨ ãà ¢¥¨ï (28) ¡«¨§ª¨ ª § ç¥¨î
ª¢ §¨¯®«¨®¬  Z 0 � (�E + �). �®íâ®¬ã ãá«®¢¨¥ ãáâ®©ç¨¢®áâ¨ ¢ á«ãç ¥ åà®¨ç¥á-
ª®© ¨ä¥ªæ¨¨ á ¢ëá®ª®© ª®æ¥âà æ¨¥© ¢¨àãá  ä ªâ¨ç¥áª¨ â ª®¥ ¦¥, ª ª ¨ ¢
á«ãç ¥ ¬ «ëå ª®æ¥âà æ¨© ¢¨àãá , ®, ¥áâ¥áâ¢¥®, á ¤àã£¨¬¨ ¢ëà ¦¥¨ï¬¨
¤«ï ª®íää¨æ¨¥â®¢:

d0 � f 0 > 0 (29)
d0 + f 0

a0 � g0�A
< b0 � g0 � f 0�A: (30)

�¤¥áì

a0 =
�Vst
Vmax

� gpstbpVst + �Ep + �E + V 2
st�AP + V 2

st�AE > 0;

b0 =
�Vst
Vmax

(�Ep � gpstbpVst + V 2
st�AP + �E + V 2

st�AE)

+V EVst(gestbdEp;st � VstEst�AE) + (�Ep � gpstbpVst + V 2
st�AP )(�E + V 2

st�AE);

d0 =
�Vst
Vmax

(�Ep � gpstbpVst + V 2
st�AP ) � (�E + V 2

st�AE)

+V EVst(VstEst�AE � gestbdEp;st � (�Ep � gpstbpVst) + V 2
st�AP )

+V EgpstbdV 2
st(VstEst�AP � bpEp;st > 0;

g0 = V EV
2
stEst�AE > 0;

f 0 = V EV
2
st�AEEst(�Ep � gpstbpVst + V 2

st�AP ) + V EgestbdEp;stV
3
st�AP > 0:

� ª¦¥ § ¬¥â¨¬, çâ® a0�g0�A > 0. �«ï â®£® çâ®¡ë ã¡¥¤¨âìáï ¢ íâ®¬, ¤®áâ â®ç®
¯®¤áâ ¢¨âì ¢ ¤ ®¥ ¥à ¢¥áâ¢® ¢ëà ¦¥¨ï ¤«ï ¯ à ¬¥âà®¢ a0 ¨ g0.

�á«®¢¨ï (29), (30) § ¤ îâ ®¡« áâì § ç¥¨© ¯ à ¬¥âà®¢ ¬®¤¥«¨, ª®£¤  áâ æ¨-
® à®¥ á®áâ®ï¨¥ á ¢ëá®ª®© ª®æ¥âà æ¨¥© ¢¨àãá  ãáâ®©ç¨¢®. �â® ¬®¦¥áâ¢®
§ ç¥¨© ¥ ¯ãáâ®¥,  ¯à¨¬¥à ¥à ¢¥áâ¢  (29), (30) ã¤®¢«¥â¢®àïîâáï ¯à¨ ¨á-
¯®«ì§®¢ ¨¨ ®æ¥®ª ¯ à ¬¥âà®¢ ¨§ ¤®¯ãáâ¨¬®© ®¡« áâ¨ § ç¥¨© (á¬. âa¡«¨æã).

�¨®«®£¨ç¥áª®¥ á«¥¤áâ¢¨¥ 3. �®«®¦¥¨¥ à ¢®¢¥á¨ï (27) á®®â¢¥âáâ¢ã¥â
á«ãç î åà®¨ç¥áª®© ¨ä¥ªæ¨¨, å à ªâ¥à¨§ãîé¥©áï á®áãé¥áâ¢®¢ ¨¥¬ ¡®«ìè®©
ª®æ¥âà æ¨¨ ¢¨àãá  ¨ ¬ «¥ìª®©, äãªæ¨® «ì® "¥ ªâ¨¢®©" ¯®¯ã«ïæ¨¨
«¨¬ä®æ¨â®¢-¯à¥¤è¥áâ¢¥¨ª®¢. �à¨¢¥¤¥¬ ç¨á«¥ë¥ ®æ¥ª¨  ©¤¥®£® à¥è¥-
¨ï (27) ¤«ï áâ æ¨® à®£® á®áâ®ï¨ï ¯à¨ åà®¨ç¥áª®© ¢¨àãá®© ¨ä¥ªæ¨¨:

Vst ' 4:82 � 107 ¢¨àãá/¬«, Ep;st ' 69 ª«¥âª /¬«, Est ' 52 ª«¥âª /¬«,
Wst ' 4:4 � 108 ¢¨àãá/¬«.
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�áâ¥áâ¢¥® ®¦¨¤ âì, çâ® â ª®© â¨¯ åà®¨ç¥áª®© ¨ä¥ªæ¨¨ ¤®«¦¥ ¡ë« ¡ë
á®¯à®¢®¦¤ âìáï ã«¥¢ë¬ à §¬¥à®¬ ¯®¯ã«ïæ¨¨ ¢¨àãá-á¯¥æ¨ä¨ç¥áª¨å �-ª«¥â®ª.
�â® ¤¥©áâ¢¨â¥«ì® ¨¬¥«® ¡ë ¬¥áâ®, ¥á«¨ ãç¥áâì, çâ® ����, ¯®áâ®ï® ¯à¨áãâ-
áâ¢ãï ¢ â¨¬ãá¥, ¯à¨¢®¤¨â ª â®¬ã, çâ® ¯®áâã¯«¥¨¥ «¨¬ä®æ¨â®¢-¯à¥¤è¥áâ¢¥¨ª®¢
  ¯¥à¨ä¥à¨î áâ ®¢¨âáï à ¢ë¬ ã«î. �®« £ ï E�

p = 0 ¢ ¢ëè¥®¯¨á -
ëå ä®à¬ã« å, ¬ë ¯®«ãç¨¬ á«ãç © ¯®«®£® ¨áâ®é¥¨ï ¯®¯ã«ïæ¨¨ �-ª«¥â®ª:
Ep;st = 0 Est = 0.

3. �ãé¥áâ¢®¢ ¨¥ ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨©
� ®â«¨ç¨¥ ®â â ª¨å ¨ä¥ªæ¨©, ª ª £¥¯ â¨â � ¨«¨ ¢¨àãá £¥à¯¥á ,   ¤ ë©

¬®¬¥â ¥ áãé¥áâ¢ã¥â ¤®ªã¬¥â «ì®£® ¯®¤â¢¥à¦¤¥¨ï ¢®§¬®¦®áâ¨ ãáâ®©ç¨-
¢ëå ª®«¥¡ ¨© ç¨á«¥®áâ¨ ���� ¯à¨ åà®¨ç¥áª®© ¨ä¥ªæ¨¨ ¬ëè¥©. �â¥-
à¥á® ¨áá«¥¤®¢ âì, ¢®§¬®¦® «¨ áãé¥áâ¢®¢ ¨¥ ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨© ¢ ¬®-
¤¥«¨ (1)-(4). �«ï â®£® çâ®¡ë ¬ â¥¬ â¨ç¥áª¨ ¨áá«¥¤®¢ âì íâ®â ¢®¯à®á, à áá¬®â-
à¨¬ ã¯à®é¥ãî ¢¥àá¨î ¬®¤¥«¨, ¢ ª®â®à®© ¯®¯ã«ïæ¨¨ «¨¬ä®æ¨â®¢-¯à¥¤è¥áâ-
¢¥¨ª®¢ ¨ ª«¥â®ª-íää¥ªâ®à®¢ ®¡ê¥¤¨¥ë,   § ¯ §¤ë¢ ¨ï ¯à¨¨¬ îâáï à ¢-
ë¬¨ ã«î (� = 0, �A = 0). � ª¨¬ ®¡à §®¬, á¨áâ¥¬ã (1)-(4) ¯à¥®¡à §ã¥¬ ª
¢¨¤ã:

dV (t)
dt

= �V (t)
�
1� V (t)

Vmax

�
� V EEp(t)V (t); (31)

dEp(t)
dt

= �Ep
�
E�
p �Ep(t)

�
+ gp(W )bpV (t)Ep(t)

� �APV
2(t)Ep(t); (32)

W (t)
dt

= bwV (t)� �wW (t): (33)

�ë ¡ã¤¥¬ ¨áá«¥¤®¢ âì ãá«®¢¨ï ¡¨äãàª æ¨¨ �®¯ä , á¢ï§ ë¥ á ¯®â¥à¥©  á¨¬¯-
â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ áâ æ¨® à®£® á®áâ®ï¨ï á ¢ëá®ª®© ª®æ¥âà æ¨¥© ¢¨-
àãá  Vst. � ª ç¥áâ¢¥ ª®âà®«ì®£® (¡¨äãàª æ¨®®£®) ¯ à ¬¥âà  ¢®§ì¬¥¬ ¯ -
à ¬¥âà �p, å à ªâ¥à¨§ãîé¨© ¯®à®£®¢ãî ¢¨àãáãî  £àã§ªã, ¯à¨ ª®â®à®© ¢ë-
§ë¢ ¥âáï á®áâ®ï¨¥  íà£¨¨ ã �-«¨¬ä®æ¨â®¢-¯à¥¤è¥áâ¢¥¨ª®¢. �áá«¥¤®¢ ¨¥
¯¥à¨®¤¨ç¥áª¨å à¥è¥¨© ¢ ¥«¨¥©ëå á¨áâ¥¬ å, ª ª ¯à ¢¨«®, ®¯¨à ¥âáï   ¯à¨-
¬¥¥¨¥ â¥®à¥¬ë �¤à®®ä -�®¯ä , ®¯à¥¤¥«ïîé¥© ¤®áâ â®çë¥ ãá«®¢¨ï áã-
é¥áâ¢®¢ ¨ï á¥¬¥©áâ¢  ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨© (� àá¤¥,1980).

�®á¯®«ì§ã¥¬áï ¯à¨ ¨áá«¥¤®¢ ¨¨ ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨© ¯®¤å®¤®¬,   «®-
£¨çë¬ ¨§«®¦¥®¬ã ¢ (Pimbley, 1978; �ª «ìª®,1983). � áá¬®âà¨¬ ¬ âà¨æã
�ª®¡¨, ¯®«ãç¥ãî ¢ à¥§ã«ìâ â¥ «¨¥ à¨§ æ¨¨ á¨áâ¥¬ë (31){(33) ¢ ®ªà¥áâ®áâ¨
áâ æ¨® à®£® à¥è¥¨ï (27):

A =

0B@ � �Vst
Vmax

V EVst 0

gpstbpEp;st � 2VstEp;st�AP ��Ep + gpstbpVst � V 2
st�AP � 2

�p
g
3=2
pst bpEp;stVst

bw 0 ��w

1CA
(34)
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� à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ ¬ âà¨æë (34) ¡ã¤¥â ¨¬¥âì á«¥¤ãîé¨© ¢¨¤:

F (�) = �3 � (trA)�2 + (trAs)�� detA = 0; (35)

£¤¥ As { íâ® ¯¥à¢ ï ª®¬¯®¥â  ¬ âà¨æë �ª®¡¨ (34),   trAs ¥áâì áã¬¬  £« ¢ëå
¬¨®à®¢ ¢â®à®£® ¯®àï¤ª :

trA = �
�
�Vst
Vmax

+ �Ep � �p
2�

2
w

b2w

bp
Vst

+ V 2
st�AP + �w

�
;

trAs = (
�Vst
Vmax

+ �w)(�Ep � �p
2�

2
w

b2w

bp
Vst

+ V 2
st�AP ) + V EEp;st(�p

2�
2
w

b2w

bp
Vst

�

2V 2
st�AP ) + �w

�Vst
Vmax

;

detA = �w
�Vst
Vmax

(�Ep � �p
2�

2
w

b2w

bp
Vst

+ V 2
st�AP )� �wV EEp;st(�p

2�
2
w

b2w

bp
Vst

�

2V 2
st�AP ) + 2V EEp;st�p

2�
3
w

b2w

bp
Vst

:

�¥£ª® ¢¨¤¥âì, çâ® trA, trAs ¨ detA ï¢«ïîâáï ª¢ ¤à â¨çë¬¨ äãªæ¨ï¬¨ ¯ -
à ¬¥âà  �p ¨ trA < 0, detA < 0. �®«¥¥ â®£®, ¥á«¨ ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

�p
2�

2
w

b2w

bp
Vst

< �Ep + V 2
st�AP ; (36)

â® trAs { ª¢ ¤à â¨ç® ã¡ë¢ îé ï ¯®«®¦¨â¥«ì ï äãªæ¨ï �p. � ¬¥â¨¬, çâ®
¥à ¢¥áâ¢® (36) ¢ë¯®«ï¥âáï ¤«ï " ¨«ãçè¨å ®æ¥®ª" ¯ à ¬¥âà®¢ ¬®¤¥«¨, á®-
®â¢¥âáâ¢ãîé¨å ¨ä¥ªæ¨¨ ����-Docile, ¯à®â¥ª îé¥© ã ¬ëè¥© «¨¨¨ C57BL/6
(á¬. â ¡«¨æã). �®«¨®¬ F (�) { ªã¡¨ç¥áª¨© á ¤¥©áâ¢¨â¥«ìë¬¨ ª®íää¨æ¨¥-
â ¬¨, á«¥¤®¢ â¥«ì®, ¨¬¥¥â ¯® ¬¥ìè¥© ¬¥à¥ ®¤¨ ¤¥©áâ¢¨â¥«ìë© ª®à¥ì �0.
�ëà §¨¬ á¢®¡®¤ë© ç«¥ detA ç¥à¥§ �0, â®£¤  ãà ¢¥¨¥ (35) ¡ã¤¥â ¢ë£«ï¤¥âì
á«¥¤ãîé¨¬ ®¡à §®¬:

F (�) = (�� �0)
�
�2 + (�0 � trA)�+ (�20 � trA�0 + trAs)

�
= 0: (37)

�à ¢¥¨¥ (37) ¨¬¥¥â ¯ àã ç¨áâ® ¬¨¬ëå ª®à¥© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
�0 = trA ¨ trAs ¡®«ìè¥ ã«ï. �«¥¤®¢ â¥«ì®, ¤®«¦® ¢ë¯®«ïâìáï á«¥¤ãîé¥¥
à ¢¥áâ¢®:

T (�p) � F (trA) = (trA)(trAs)� detA = 0: (38)

�á«¨ áãé¥áâ¢ãîâ â ª¨¥ ªà¨â¨ç¥áª¨¥ § ç¥¨ï �crp;i, i � 4, ã¤®¢«¥â¢®àïîé¨¥
ãà ¢¥¨î (38),   â ª¦¥ ãá«®¢¨î (36) â® å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢¥¨¥ (35)
¨¬¥¥â ¯ àã á®¯àï¦¥ëå ç¨áâ® ¬¨¬ëå ª®à¥© �i(trAs)1=2. �ëç¨á«¨¢ �crp;i ¨
¯®¤áâ ¢¨¢ ¨å ¢ ¢ëà ¦¥¨¥ ¤«ï trAs, ¬ë ã¢¨¤¨¬, çâ® ®® áâ ®¢¨âáï ®âà¨æ -
â¥«ìë¬ ¤«ï ¢á¥å i. �«¥¤®¢ â¥«ì®, ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ (36) ¤«ï áãé¥áâ¢®¢ -
¨ï ç¨áâ® ¬¨¬ëå ª®à¥© ¥ ¢ë¯®«ï¥âáï. � ª¨¬ ®¡à §®¬, á¨áâ¥¬  (31)-(33)
¥ ®¡« ¤ ¥â ¯¥à¨®¤¨ç¥áª¨¬¨ à¥è¥¨ï¬¨ ¤«ï  ¨«ãçè¨å ®æ¥®ª § ç¥¨© ¯ à -
¬¥âà®¢.
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�®ª ¦¥¬, çâ® äãªæ¨ï trAs ¤¥©áâ¢¨â¥«ì® áâ ®¢¨âáï ®âà¨æ â¥«ì®© ¤«ï
�crp;i. �¢¥¤¥¬ ¬ «ãî ¢¥«¨ç¨ã " = 1� Vst

Vmax
. �®áª®«ìªã ¬ë à áá¬ âà¨¢ ¥¬ á«ãç ©

åà®¨ç¥áª®© ä®à¬ë § ¡®«¥¢ ¨ï á ¢ëá®ª®© ª®æ¥âà æ¨¥© ¢¨àãá , â® Vst � Vmax
¨ "! 0. � ¯¨è¥¬ ¯¥à¢®¥ ¯à¨¡«¨¦¥¨¥ äãªæ¨¨ trAs:

tr As = trAs(0) +
@trAs

@"
": (39)

�à ¢¥¨¥ (38) ¨¬¥¥â ¤¢  ¯®«®¦¨â¥«ìëå ª®àï �crp;1;2. �®¤áâ ¢«ïï ¨å ¢ ¢ëà -
¦¥¨¥ ¤«ï trAs (39), ¯®«ãç¨¬

trAs1 = ��2w +
@trAs

@" 1
"; (40)

£¤¥

@trAs

@" 1
=

�w�

� Vst
Vmax

� �w
(�APV 2

st � �Ep � 2�w) > 0: (41)

�®âï ¯à®¨§¢®¤ ï (41) ¯®«®¦¨â¥«ì  ¨   ®¤¨ ¯®àï¤®ª ¡®«ìè¥, ç¥¬ trAs1(0),
¯à¨ "! 0 ¨¬¥¥¬ trAs1 < 0. � «®£¨ç® ¯à¥¤áâ ¢«ï¥âáï äãªæ¨ï trAs2:

trAs2 = ��2 Vst
Vmax

+ "�2
Vst
Vmax

�w + � Vst
Vmax

� �APV 2
st + �Ep

� Vst
Vmax

� �w
< ��2 Vst

Vmax
(1� ") < 0:

(42)
� ª¨¬ ®¡à §®¬, ¬ë ¯®ª § «¨, çâ® ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ¤«ï áãé¥áâ¢®¢ ¨ï ¯¥-
à¨®¤¨ç¥áª¨å à¥è¥¨© ¥ ¢ë¯®«ï¥âáï ¯à¨ § ç¥¨ïå ¯ à ¬¥âà®¢ ¬®¤¥«¨ (31)-
(33), á®®â¢¥âáâ¢ãîé¨å " ¨«ãçè¨¬ ®æ¥ª ¬"  è¥© â ¡«¨æë. �â® á®£« áã¥âáï
á ¨¬¥îé¨¬¨áï ¯à¥¤áâ ¢«¥¨ï¬¨ ® ¢ à¨ â å ¤¨ ¬¨ª¨ ¨ä¥ªæ¨¨, ¯®áª®«ìªã
ª®«¥¡ â¥«ì ï ¤¨ ¬¨ª  ¢¨àãá  ¨ �-ª«¥â®ª ¯à¨ § ¡®«¥¢ ¨¨ ¬ëè¥© ¢¨àãá®¬
��� íªá¯¥à¨¬¥â «ì® ¥  ¡«î¤ « áì.

� ª«îç¥¨¥
� ¤ ®© à ¡®â¥ ¨áá«¥¤®¢ ë ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï ¨ ãáâ®©ç¨¢®áâ¨ áâ æ¨-

® àëå à¥è¥¨© ¤«ï ¬®¤¥«¨ ¨§ ç¥âëà¥å ¥«¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢-
¥¨© á § ¯ §¤ë¢ îé¨¬  à£ã¬¥â®¬, ®¯¨áë¢ îé¥© ¤¨ ¬¨ªã íªá¯¥à¨¬¥â «ì-
®© ¢¨àãá®© ¨ä¥ªæ¨¨ ã ¦¨¢®âëå. �á¯®«ì§ãï ®æ¥ª¨ ¯ à ¬¥âà®¢ ¢¨àãá  ¨
¨¬¬ã®© á¨áâ¥¬ë, ¯®«ãç¥ë¥ ¯® à¥ «ìë¬ ¤ ë¬, ¯à¥¤áª § ë å à ªâ¥à¨á-
â¨ª¨ íªáâà¥¬ «ìëå ¢ à¨ â®¢ ¨áå®¤  ¨ä¥ªæ¨¨:  ) ¯¥àá¨áâ¥æ¨¨ ¢¨àãá  ¨¦¥
¯®à®£  íªá¯¥à¨¬¥â «ì®£® ®¡ àã¦¥¨ï ¨ ä®à¬¨à®¢ ¨ï ¨¬¬ã®© ¯ ¬ïâ¨; ¡)
åà®¨ç¥áª®© ¨ä¥ªæ¨¨ ¨ ¨áç¥§®¢¥¨ï á¯¥æ¨ä¨ç¥áª®© ¨¬¬ã®© à¥ ªæ¨¨.

�®âï ¢¨àãá «¨¬ä®æ¨â à®£® å®à¨®¬¥¨£¨â  ¥ à §àãè ¥â § à ¦¥ë¥ ª«¥â-
ª¨, ¥£® ¯à¨áãâáâ¢¨¥ ¢ â¥ç¥¨¥ ¤«¨â¥«ì®£® ¢à¥¬¥¨ ¨«¨ ¢ ¡®«ìè¨å ª®«¨ç¥áâ¢ å
®ª §ë¢ ¥â ¯®¤ ¢«ïîé¥¥ ¢«¨ï¨¥   á¯¥æ¨ä¨ç¥áª¨© �-ª«¥â®çë© ®â¢¥â. � á-
á¬ âà¨¢ ï ¯®à®£ ¨¬¬ã®áã¯à¥áá¨¨ ª ª ¡¨äãàª æ¨®ë© ¯ à ¬¥âà, ¤«ï ã¯à®-
é¥®© ¢¥àá¨¨ ¬®¤¥«¨ ¡ë«¨ ¨áá«¥¤®¢ ë ãá«®¢¨ï ¯®ï¢«¥¨ï ¯¥à¨®¤¨ç¥áª¨å à¥-
è¥¨©.
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�®«ãç¥ë¥   «¨â¨ç¥áª¨¥ à¥§ã«ìâ âë ¯®§¢®«ïîâ ¯à®£®§¨à®¢ âì ¨áå®¤ ¢§ -
¨¬®®â®è¥¨© ¢¨àãá  ¨ ¦¨¢®âëå á ãç¥â®¬ ¨å á¢®©áâ¢ ¨ ï¢«ïîâáï ¢ ¦ë¬
è £®¬   ¯ãâ¨ ¯à¨«®¦¥¨ï ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«¥© ¢ íªá¯¥à¨¬¥â «ì®© ¨¬-
¬ã®«®£¨¨.
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� áá¬ âà¨¢ ¥âáï ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì ¯¥à¥®á  ¬®£®ª®¬¯®¥â®©
¯à¨¬¥á¨ á ãç¥â®¬ ä®â®å¨¬¨ç¥áª®© âà áä®à¬ æ¨¨ ¨ ®¡à §®¢ ¨ï  íà®§®-
«¥© ¢ âà®¯®áä¥à¥ á¥¢¥à®£® ¯®«ãè à¨ï á ãç¥â®¬ ª¨¥â¨ç¥áª¨å ¯à®æ¥áá®¢
ãª«¥ æ¨¨, ª®¤¥á æ¨¨ ¨ ª® £ã«ïæ¨¨. � á¯à¥¤¥«¥¨¥ à §¬¥à   íà®§®«ì-
ëå ç áâ¨æ à §à¥è ¥âáï ¤«ï 25 ¤¨áªà¥âëå ¨â¥à¢ «®¢  ç¨ ï á 10�5

¬ª¬ á ã¤¢®¥¨¥¬ ¬¥¦¤ã ¨â¥à¢ « ¬¨. � áá¬ âà¨¢ îâáï ¯à®æ¥ááë ®ª¨á-
«¥¨ï á¥à¨áâëå £ §®¢ á¥à¨¥© ä®â®å¨¬¨ç¥áª¨å à¥ ªæ¨© ¢ ¯ à á¥à®© ª¨á-
«®âë. �  ®¯à¥¤¥«¥ëå ãà®¢ïå íâ® ¯à¨¢®¤¨â ª ¯¥à¥áëé¥¨îH2SO4{H2O

á ¯®á«¥¤ãîé¨¬ ®á ¦¤¥¨¥¬ ¢®¤®£® à áâ¢®à  á¥à®© ª¨á«®âë   ¯®¢¥àå-
®áâïå ï¤¥à ª®¤¥á æ¨¨. � § ¢¨á¨¬®áâ¨ ®â ¬¥áâ®áâ¨ ¨ ä¨§¨ç¥áª®£® ®ªàã-
¦¥¨ï ª ¯«¨ ¬®£ãâ à áâ¨ ¨«¨ ¨á¯ àïâìáï; ¯à¨ ¯®«®¬ ¨á¯ à¥¨¨ ®â ª ¯¥«ì
®áâ îâáï â¢¥à¤ë¥ ï¤à .

�¡áã¦¤ îâáï ®á®¢ë¥ ¯à¨æ¨¯ë ¯®áâà®¥¨ï ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥-
«¥©,  «£®à¨â¬ë ¨å ç¨á«¥®© à¥ «¨§ æ¨¨. �à¨¢®¤ïâáï à¥§ã«ìâ âë ç¨á-
«¥ëå íªá¯¥à¨¬¥â®¢ ¯® ¬®¤¥«¨à®¢ ¨î âà áä®à¬ æ¨¨ ¯ à®¢ á¥à®©
ª¨á«®âë ¨ ®¡à §®¢ ¨î ª®¤¥á æ¨®ëå á«¥¤®¢ ¢ âà®¯®áä¥à¥ á¥¢¥à®£®
¯®«ãè à¨ï.

�¢¥¤¥¨¥
�¡à §®¢ ¨¥ ¨ ã¤ «¥¨¥  íà®§®«ìëå ç áâ¨æ ®¯¨áë¢ îâáï ¬®£¨¬¨ ¯à®æ¥á-

á ¬¨ (ãª«¥ æ¨ï, ª®¤¥á æ¨ï, ª® £ã«ïæ¨ï, å¨¬¨ç¥áª ï âà áä®à¬ æ¨ï ¢ £ -
§®¢®© ¨ ¦¨¤ª®© ä § å, £¨¤à®â¥à¬®¤¨ ¬¨ç¥áª¨¥ ¯à®æ¥ááë,   â ª¦¥ ¬¥¦ä §-
ë¥ ®¡¬¥ë, áãå®¥ ¨ ¬®ªà®¥ ®á ¦¤¥¨¥). �¨¬¨ç¥áª¨© á®áâ ¢ ç áâ¨æ áãé¥áâ-
¢¥® ¨§¬¥ï¥âáï ¢ § ¢¨á¨¬®áâ¨ ®â à §¬¥à , çâ® ¨¬¥¥â ¯à¨æ¨¯¨ «ì®¥ § ç¥-
¨¥ ¤«ï ä¨§¨ª¨  íà®§®«¥© ¨ å¨¬¨¨  â¬®áä¥àë. �  â¬®áä¥àëå ¤¨á¯¥àáëå

1� ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à¦ª¥ ���� (£à â ¿00{05{64428),   â ª¦¥ ISTC 1078.
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á¨áâ¥¬ å ®á®¡®¥ ¢ ¦®¥ ¬¥áâ® § ¨¬ îâ áã«ìä âë¥  íà®§®«¨. �ã«ìä âë¥
ç áâ¨æë ¢  â¬®áä¥à¥ ¬®£ãâ ®ª § âì ª®á¢¥®¥ ¨ ¯àï¬®¥ ¢«¨ï¨¥   ª«¨¬ â¨-
ç¥áªãî á¨áâ¥¬ã. �â¨ ç áâ¨æë ä®à¬¨àãîâáï ¢ à §ëå ç áâïå  â¬®áä¥àë: ¢
á¢®¡®¤®© âà®¯®áä¥à¥, ¢ ¬®àáª®¬ ¯®£à ¨ç®¬ á«®¥, ¢  àªâ¨ç¥áª¨å ®¡« áâïå ¨
¤à. �¨á«¥ë¥ íªá¯¥à¨¬¥âë ¯®ª §ë¢ îâ, çâ® ®¢ë¥ áã«ìä âë¥ ç áâ¨æë ¬®-
£ãâ ãª«¥¨à®¢ âìáï ¨ ¢ áâà â®áä¥à¥,   â ª¦¥ ¢ £®à®¤áª®¬ § £àï§¥®¬ ¢®§¤ãå¥
[29, 22, 32, 36, 38]. �§ ¡®«ìè¨áâ¢  ¯à¨¬¥à®¢ ïá®, çâ® ç áâ¨æë ®¡à §ãîâáï ç¥-
à¥§ £®¬®£¥ãî ãª«¥ æ¨î,  ¯à¨¬¥à ãª«¥ æ¨î ¢®¤ë ¨ á¥à®© ª¨á«®âë ¨ ¤à.
�§¢¥áâ®, çâ® ã¢¥«¨ç¥¨¥ à §¬¥à®¢  íà®§®«ìëå ç áâ¨æ ¯à®¨áå®¤¨â ¢ ¯à®æ¥áá å
ª® £ã«ïæ¨¨ ¨ ¯à¥¢à é¥¨ï £ §{ç áâ¨æ ,   ¨§¬¥¥¨¥ á¯¥ªâà  à §¬¥à®¢ ç áâ¨æ
¯à®¨áå®¤¨â ¯®¤ ¢«¨ï¨¥¬ íâ¨å ¤¢ãå ¬¥å ¨§¬®¢. �ª®à®áâì ¯à¥¢à é¥¨© £ §{
ç áâ¨æ  ¬®¦¥â ®¯à¥¤¥«ïâìáï áª®à®áâìî ¤¨ääã§¨¨ ¬®«¥ªã« ¯ à  ª ¯®¢¥àå®áâ¨
ç áâ¨æë ¨ áª®à®áâìî à¥ ªæ¨¨, ¢ ª®â®à®© ãç áâ¢ã¥â ¬®«¥ªã«   ¤á®à¡¨à®¢ -
®£® ¯ à  ¨ ¢¥é¥áâ¢® ¯®¢¥àå®áâ¨ ç áâ¨æë. �à¨ íâ®¬ ®ç¥ì ¢ ¦® ¢ëï¢¨âì ¬¥-
å ¨§¬ë ¯à¥¢à é¥¨© £ §{ç áâ¨æ , ª®â®àë¥ ¯à¨¢®¤ïâ ª ®¡à §®¢ ¨î ¢¥é¥áâ¢,
á¯®á®¡ëå ª ª®¤¥á æ¨¨, â ª¨å, ª ª á¥à ï ª¨á«®â , áã«ìä â  ¬¬®¨ï, ¨âà â
 ¬¬®¨ï ¨ ¤à.

� ¡®«ìè¨áâ¢¥ âà¥å¬¥àëå ¬®¤¥«¥© ¤¨ ¬¨ª¨  íà®§®«¥© ¯à¥¤¯®« £ ¥âáï,
çâ® áãé¥áâ¢ã¥â ¬£®¢¥®¥ à ¢®¢¥á¨¥ ¢ á¨áâ¥¬¥ £ §{ íà®§®«ì. �¤ ª®, ª ª
¯®ª § ® ¢ [30, 37], ¯à¨ ®¯à¥¤¥«¥ëå ãá«®¢¨ïå à ¢®¢¥á¨¥ ãáâ  ¢«¨¢ ¥âáï
¤®¢®«ì® ¬¥¤«¥® ¯® ®â®è¥¨î ª ¢à¥¬¥®¬ã ¬ áèâ ¡ã ¯à®â¥ª ¨ï ¤àã£¨å
¯à®æ¥áá®¢. �®íâ®¬ã ¥®¡å®¤¨¬® ¯®áâà®¨âì á®®â¢¥âáâ¢ãîé¨¥ ç¨á«¥ë¥ ¬®¤¥«¨
á ¨á¯®«ì§®¢ ¨¥¬ ¥à ¢®¢¥á®© äãªæ¨¨ à á¯à¥¤¥«¥¨ï. � â¥¬ â¨ç¥áª¨¥ ¬®-
¤¥«¨ â ª®£® â¨¯  ¯®áâà®¥ë ¢ [30, 25, 20]. �à¨ íâ®¬ ®¤¨¬ ¨§ ¢ ¦ëå âà¥¡®¢ ¨©
ª ¬®¤¥«ï¬ ï¢«ï¥âáï á®¡«î¤¥¨¥ § ª®®¢ á®åà ¥¨ï ¬ ááë ¨ ç¨á«  ç áâ¨æ.

�«ï ¬®¤¥«¨à®¢ ¨ï ¯à®æ¥áá®¢ ®¡à §®¢ ¨ï  íà®§®«¥© ¨áª«îç¨â¥«ì®¥ § -
ç¥¨¥ ¨¬¥îâ ¯®«ãç îé¨¥áï ¯®á«¥ ä®â®å¨¬¨ç¥áª®© âà áä®à¬ æ¨¨ ¢¥é¥áâ¢ .
�¥à¥áëé¥¨¥ ¯ à®¢ íâ¨å ¢¥é¥áâ¢ ¯à¨¢®¤¨â ª ®¡à §®¢ ¨î ¯¥à¢¨çëå ª« áâ¥à®¢,
ª®â®àë¥ ï¢«ïîâáï ®á®¢®© ¤«ï ®¡à §®¢ ¨ï  íà®§®«¥©. � â¥¬ ®¨ ¬®£ãâ ¢§ -
¨¬®¤¥©áâ¢®¢ âì á ï¤à ¬¨ ä®®¢®©  â¬®áä¥àë ¨ ®¡ê¥¤¨ïâìáï á ª ¯«ï¬¨ ¢®¤ë
®¯à¥¤¥«¥ëå à §¬¥à®¢ á ¯®á«¥¤ãîé¥© ª® £ã«ïæ¨¥© íâ¨å ç áâ¨æ. � ¤ ®© à -
¡®â¥ ¯®áâà®¥  £«®¡ «ì ï ç¨á«¥ ï ¬®¤¥«ì ¯¥à¥®á  ¨ âà áä®à¬ æ¨¨ ¯ à®¢
á¥à®© ª¨á«®âë ¢ âà®¯®áä¥à¥ á¥¢¥à®£® ¯®«ãè à¨ï á ãç¥â®¬ ª¨¥â¨ç¥áª¨å ¯à®-
æ¥áá®¢.

1. �®áâ ®¢ª  § ¤ ç¨
� áá¬®âà¨¬ ç¨á«¥ãî ¬®¤¥«ì £«®¡ «ì®£® ¯¥à¥®á  ¬®£®ª®¯®¥âëå ¬ -

«ëå £ §®¢ëå ¯à¨¬¥á¥© ¨  íà®§®«¥© ¢ âà®¯®áä¥à¥ á¥¢¥à®£® ¯®«ãè à¨ï. �®¤¥«ì
à áá¬ âà¨¢ ¥âáï ¯à¨¬¥¨â¥«ì® ª áä¥à¨ç¥áª®© �¥¬«¥ ¢ á¨áâ¥¬¥ ª®®à¤¨ â (�,
 , z), £¤¥ � { ¤®«£®â ,  { ¤®¯®«¥¨¥ ¤® è¨à®âë, z { ¢ëá®â  ®â ¯®¤áâ¨« î-
é¥© ¯®¢¥àå®áâ¨. �á®¢ë¥ ãà ¢¥¨ï ¤«ï áª®à®áâ¨ ¨§¬¥¥¨ï ª®æ¥âà æ¨¨
£ §®¢ëå ¯à¨¬¥á¥© ¨  íà®§®«¥© § ¯¨è¥¬ ¢ á«¥¤ãîé¥¬ ¢¨¤¥ :

@�i
@t

+
u

a sin 
@�i
@�

+
v

a

@�i
@ 

+ w
@�i
@z

=
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Fgas�Pnucl�Pcond+Pphot+
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+
1

a2 sin2  
@

@�
�
@Ci
@�

+
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@
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� sin 
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@ 

;

(1)
@'k
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+
u

a sin 
@'k
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+
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@'k
@ 

+ (w � wg)
@'k
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Faer+Pcond+Pcoag+Pnucl+
@

@z
�
@'k
@z

+
1

a2 sin2  
@

@�
�
@'k
@�

+
1

a2 sin 
@

@ 
� sin 

@'k
@ 

:

(2)
�¤¥áì Ci; (i = 1; Ng), 'k; (k = 1; Na) { ª®æ¥âà æ¨ï £ §®¢ëå ¯à¨¬¥á¥© ¨

 íà®§®«¥©; Ng ¨ Na { ç¨á«® £ §®¢ëå ª®¬¯®¥â ¨  íà®§®«ìëå äà ªæ¨© á®®â-
¢¥âáâ¢¥®; (u; v; w) { ª®¬¯®¥âë ¢¥ªâ®à  áª®à®áâ¨ ¢¥âà  ¢  ¯à ¢«¥¨¨ �,  ,
z á®®â¢¥âáâ¢¥®; wg {áª®à®áâì £à ¢¨â æ¨®®£® ®á¥¤ ¨ï; a { áà¥¤¨© à ¤¨ãá
�¥¬«¨; �, � { ª®íää¨æ¨¥âë âãà¡ã«¥â®£® ®¡¬¥  ¢ £®à¨§®â «ì®¬ ¨ ¢¥à-
â¨ª «ì®¬  ¯à ¢«¥¨ïå á®®â¢¥âáâ¢¥®; Fgas ¨ Faer { ¨áâ®ç¨ª¨ £ §®¢ëå
¯à¨¬¥á¥© ¨  íà®§®«¥©; Pnucl, Pcond, Pcoag, Pphot { ®¯¥à â®àë ãª«¥ æ¨¨, ª®-
¤¥á æ¨¨, ª® £ã«ïæ¨¨ ¨ ä®â®å¨¬¨ç¥áª®© âà áä®à¬ æ¨¨ á®®â¢¥âáâ¢¥®, ¢¨¤
ª®â®àëå ¡ã¤¥â ¯à¨¢¥¤¥ ¨¦¥.

�à ¢¥¨ï (1) ¨ (2) à áá¬ âà¨¢ îâáï ¢ ®¡« áâ¨ Dt = G � [(0; T ]), £¤¥ G =
S � [0; H ]); S = f(�;  ): 0 � � � 2�, 0 �  � �=2g, H { ¢¥àåïï £à ¨æ 
à áç¥â®© ®¡« áâ¨.

'(0;  ; z; t) = '(2�;  ; z; t); '(�;� ; z; t) = '(�+ �;  ; z; t);

(3)

'(�; � +  ; z; t) = '(� + �; � �  ; z; t)
@'

@ 
= 0 for  = �=2:

�«ï ®¯à¥¤¥«¥¨ï ª®íää¨æ¨¥â®¢ £®à¨§®â «ì®£® âãà¡ã«¥â®£® ®¡¬¥  ¨á-
¯®«ì§ã¥âáï ¬¥â®¤, ¯à¥¤«®¦¥ë© �¬ £®à¨áª¨¬ [33]. �¥â¥®à®«®£¨ç¥áª¨¥ å -
à ªâ¥à¨áâ¨ª¨ ¢ ¯®£à ¨ç®¬ á«®¥ à ááç¨âë¢ îâáï á ¯®¬®éìî ¯ à ¬¥âà¨§ æ¨¨
¯« ¥â à®£® ¯®£à ¨ç®£® á«®ï  â¬®áä¥àë [4, 5, 11]. �à ¥¢ë¥ ãá«®¢¨ï § ¤ ç¨
(1){(2)   ¯¥à¢®¬ à áç¥â®¬ ãà®¢¥ (  ¢¥àå¥© £à ¨æ¥ ¯à¨§¥¬®£® á«®ï  â¬®-
áä¥àë) z = h à áá¬ âà¨¢ îâáï ¨¦¥.

2. �®â®ª¨ £ §®¢ëå ¯à¨¬¥á¥© ¨  íà®§®«¥© ¢ ¯à¨§¥¬®¬ á«®¥
 â¬®áä¥àë

�«ï § ¤ ¨ï ªà ¥¢®£® ãá«®¢¨ï   ¢ëá®â¥ z = h ¨á¯®«ì§ã¥âáï ãà ¢¥¨¥
¤«ï ®¯¨á ¨ï á®¯à®â¨¢«¥¨ï ¯à¨¬¥áï¬ ¯®¢¥àå®áâìî §¥¬«¨ ª ª á®¢®ªã¯®áâì
á«¥¤ãîé¨å âà¥å ç«¥®¢:  íà®¤¨ ¬¨ç¥áª®¥ á®¯à®â¨¢«¥¨¥ ra, ª¢ §¨« ¬¨ à®¥
á®¯à®â¨¢«¥¨¥ ¯®£à ¨ç®£® á«®ï rb, ®¡ãá«®¢«¥®¥ ¯à®æ¥áá ¬¨ ¬®«¥ªã«ïà®©
¤¨ääã§¨¨ ¢¡«¨§¨ ¯®¢¥àå®áâ¨ §¥¬«¨, ¨ ¯®¢¥àå®áâ®¥ á®¯à®â¨¢«¥¨¥ rc, á¢ï-
§ ®¥ á ¯à®æ¥áá ¬¨   ¯®¢¥àå®áâ¨ ®á ¦¤¥¨ï. �ëà ¦¥¨¥ ¤«ï rc ¡ã¤¥â ¤ ®
¨¦¥.

�â ª, ¯®â®ª¨ ¯à¨¬¥á¥© ¢ ¯à¨§¥¬®¬ á«®¥  â¬®áä¥àë ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥:

�
@'

@z
=

1
ra + rb + rc

('� 'surf) ; (4)
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£¤¥ rb = 2
�u�

�
Sc
Pr

�2=3
, Sc = 1,5�10�5 m2s�1, Pr = 0,71 { ç¨á«® �à ¤â«ï.

�«ï § ¤ ¨ï £à ¨çëå ãá«®¢¨© ¯à¨ z = h, ¨á¯®«ì§ãîâáï â¥®à¨ï �®¨ -
�¡ãå®¢  [10] ¨ í¬¯¨à¨ç¥áª¨¥ äãªæ¨¨ �ã§¨£¥à  [21], ª®ªà¥âë© ¢¨¤ ª®â®àëå
¯à¨¢¥¤¥ ¢ [11]. �à¥¤¯®« £ ¥âáï, çâ® ¯à¨¬¥á¨ (ª ª ¨ ¯®â®ª¨ â¥¯«  ¨ ª®«¨ç¥áâ¢ 
¤¢¨¦¥¨ï) ¬®¦® ¯à¨ïâì ¯®áâ®ïë¬¨ ¯® ¢ëá®â¥. �®£¤  ¤«ï z � h ¨¬¥¥â
¬¥áâ®:

@'

@z
=
'�
z
�' (�) ; (5)

'� '0 = '�

Z �

�0

�' (�)
�

d� = '�f' (�; �0) ; (6)

�'(�) =
u��z

�' (�)
; u� =

� j~uhj
fu (�h; �0)

� cu j~ujh ; cu =
�

fu (�h; �0)
; (7)

£¤¥ '� { ¬ áèâ ¡ ¨§¬¥¥¨ï ª®æ¥âà æ¨¨; �', f' { ¥¯à¥àë¢ë¥ ã¨¢¥àá «ì-
ë¥ äãªæ¨¨; � = z=L { ¡¥§à §¬¥à ï ¢ëá®â , å à ªâ¥à¨§ãîé ï ãáâ®©ç¨¢®áâì
 â¬®áä¥àë; ¨¤¥ªáë 0 ¨ h ®â®áïâáï ª ãà®¢ï¬ z = z0 ¨ z = h á®®â¢¥âáâ¢¥®; L
{ ¬ áèâ ¡ ¤«¨ë; z0 { ¯ à ¬¥âà è¥à®å®¢ â®áâ¨; � { ¯®áâ®ï ï � à¬  ; �#
{ ª®íää¨æ¨¥â ¢¥àâ¨ª «ì®£® âãà¡ã«¥â®£® ®¡¬¥ ; u� { ¤¨ ¬¨ç¥áª ï áª®-
à®áâì. �¤¥áì �# ¨ f# { á®®â¢¥âáâ¢ãîé¨¥ ã¨¢¥àá «ìë¥ äãªæ¨¨ ¤«ï â¥¬¯¥à -
âãàë. �à¨ z = h ãà ¢¥¨ï (5)-(7) ¤ îâ

' = '0 +
�' (�; �0)
f' (�h; �0)

; (8)

h
@'

@z
=

�' (�h)
f' (�h; �0)

: (9)

�¬®¦ ï (9)   (�')h, ¯®«ãç¨¬

�'
@'

@z
= cuc# ('h � '0) j~uj ¯à¨ z = h; (10)

çâ® ¢¬¥áâ¥ á (9) ¬®¦® à áá¬ âà¨¢ âì ª ª £à ¨ç®¥ ãá«®¢¨¥ ¤«ï z � h. �íà®-
¤¨ ¬¨ç¥áª®¥ á®¯à®â¨¢«¥¨¥ ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

ra =
1

cuc# j~uj :

�®íää¨æ¨¥â ¯®¢¥àå®áâ®£® á®¯à®â¨¢«¥¨ï (rc)  ¤ áãè¥© ®¯à¥¤¥«ï¥âáï ¨§ ¬®-
¤¥«¨, ®¯¨áë¢ îé¥© ¯¥à¥®á ¯à¨¬¥á¥© ¢ ¯®ç¢¥ á ®¤®¢à¥¬¥ë¬ ¨á¯®«ì§®¢ ¨¥¬
¯®â®ª®¢   à §¤¥«¥  â¬®áä¥à {¯®ç¢  [27, 14].

3. �« ¦®¥ ®á ¦¤¥¨¥
�¤ «¥¨¥ ¯ à®¢ á¥à®© ª¨á«®âë ¨§  â¬®áä¥àë ®á ¤ª ¬¨ å à ªâ¥à¨§ã¥âáï ¯ -

à ¬¥âà®¬,  §ë¢ ¥¬ë¬ ®â®è¥¨¥¬ ¢ë¬ë¢ ¨ï Wsc. �®«¥ªã«ë £ § , ¢®©¤ï ¢
ª ¯«î, à áâ¢®àïîâáï â ª ¡ëáâà®, çâ® íâ®â ¯à®æ¥áá ¬®¦® à áá¬ âà¨¢ âì ¬£®-
¢¥ë¬, ãç¨âë¢ ï ¯à®áâà áâ¢¥®-¢à¥¬¥ë¥ ¬ áèâ ¡ë ¨§ãç ¥¬®© § ¤ ç¨.
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�®áª®«ìªã ª®áâ â  �¥à¨ KH ®¡à â® ¯à®¯®àæ¨® «ì  ®â®è¥¨î ¢ë¬ë¢ -
¨ï (KH = 1=Wsc), â® à ¢®¢¥á®¥ à §¤¥«¥¨¥ £ §®ä §®© ('a;g) ¨ ¦¨¤ª®ä §®©
('a;w) á®áâ ¢«ïîé¨å ª®æ¥âà æ¨¨ ¯ à®¢ á¥à®© ª¨á«®âë ¨¬¥¥â ¢¨¤

'a;g = KH'a;w: (11)

�§¬¥¥¨ï ¢® ¢à¥¬¥¨ ª®æ¥âà æ¨¨ ¯ à®¢ á¥à®© ª¨á«®âë ¯à¥¤áâ ¢¨¬ ¢
á«¥¤ãîé¥¬ ¢¨¤¥:

@'a;g
@t

=
RiWsc('a;g � 'u)

�za
; (12)

£¤¥ Ri { ¨â¥á¨¢®áâì ¤®¦¤ï; 'u { ª®æ¥âà æ¨ï   ãà®¢¥, à á¯®«®¦¥®¬
¥¯®áà¥¤áâ¢¥® ¢ëè¥ à áá¬ âà¨¢ ¥¬®£® á«®ï, ª®â®à ï ¯à¨¨¬ ¥âáï ª®áâ â®©
§  ®¤¨ è £ ¯® ¢à¥¬¥¨. �à¨ íâ¨å ¯à¥¤¯®«®¦¥¨ïå ãà ¢¥¨¥ (12) à¥è ¥âáï
  «¨â¨ç¥áª¨:

'a;g = 'u
�
1� e��t

�
+ '0a;ge

��t; (13)

£¤¥ �=RWsc/�za; '0a;g { ª®æ¥âà æ¨ï ¯à¨ t = t0. �®íâ®¬ã ¯®â®ª ¢« ¦®£®
®á ¦¤¥¨ï ¨¬¥¥â ¢¨¤

Fi = Ri'a;w (14)

�¥¯¥àì ¯à¨¢¥¤¥¬ ª®ªà¥âë© ¢¨¤ ®â¤¥«ìëå ®¯¥à â®à®¢, ãç áâ¢ãîé¨å ¢
ãà ¢¥¨ïå (1) ¨ (2) ¨ ®¯¨áë¢ îé¨å ª¨¥â¨ç¥áª¨¥ ¯à®æ¥ááë âà áä®à¬ æ¨¨
£ §®¢ëå ¯à¨¬¥á¥© ¨  íà®§®«¥© ¢  â¬®áä¥à¥.

4. �®â®å¨¬¨ï
� áá¬ âà¨¢ îâáï ä®â®å¨¬¨ç¥áª¨¥ ¯à¥¢à é¥¨ï ¢¥é¥áâ¢  §®â®-á¥à¨áâ®£®

¨ ã£«¥à®¤®£® æ¨ª«®¢ ¢ âà®¯®áä¥à¥ á¥¢¥à®£® ¯®«ãè à¨ï. �áâ®ç¨ª ¬¨ £ §®-
¢ëå ¯à¨¬¥á¥© ï¢«ïîâáï £«®¡ «ìë¥ § ç¥¨ï í¬¨áá¨© ¨áâ®ç¨ª®¢, § ¤ ëå
  ¯®¢¥àå®áâ¨ �¥¬«¨, ¤«ï SO2, NOx ¨ CH4. � æ¥¯®çª å å¨¬¨ç¥áª¨å ¯à¥-
¢à é¥¨© ãç áâ¢ãîâ 35 £ §®¢ëå ª®¬¯®¥â®¢, ¢ª«îç îé¨¥  §®â®-á¥à¨áâë©
¨ ã£«¥à®¤ë¥ æ¨ª«ë, á®áâ®ïé¨¥ ¨§ 200 å¨¬¨ç¥áª¨å ¨ ä®â®å¨¬¨ç¥áª¨å à¥ ªæ¨©
[11, 15, 16]. �å¥¬  ä®â®å¨¬¨ç¥áª¨å ¯à¥®¡à §®¢ ¨© íâ¨å á®áâ ¢«ïîé¨å á á®-
®â¢¥âáâ¢ãîé¨¬¨ ª®áâ â ¬¨ áª®à®áâ¥© ¨ á¥ç¥¨ï¬¨ ¯®£«®é¥¨© ¯à¨¢¥¤¥ë ¢
[23]. � á¯à¥¤¥«¥¨¥ ®áà¥¤¥ëå ¨áâ®ç¨ª®¢ NOx   ¯®¢¥àå®áâ¨ ¬ â¥à¨ª®¢
¢§ïâ® ¨§ à ¡®âë [26],   ¤«ï ¤¢ã®ª¨á¨ á¥àë { ¨§ [19]. �ë¡à®áë ¬¥â   § ¤ ¢ «¨áì
¨§ [35]. �«ï  ç «ìëå § ç¥¨© ä®®¢ëå ª®æ¥âà æ¨© áâ ¡¨«ìëå ç áâ¨æ ¨á-
¯®«ì§®¢ « áì à ¡®â  [40]. �à¨ ¯®áâà®¥¨¨ ä®â®å¨¬¨ç¥áª®© ¬®¤¥«¨ ¨áå®¤ë¬¨
ï¢«ïîâáï § ª®ë á®åà ¥¨ï ¬ ááë ¤«ï à áá¬ âà¨¢ ¥¬ëå £ §®¢ëå á®áâ ¢«ïî-
é¨å. �®®â¢¥âáâ¢ãîé¨¥ ãà ¢¥¨ï ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:

d�'i
dt

=
@�'i
@t

+ div~u�̂'i = P i � Li; (15)

£¤¥ 'i { ®¡ê¥¬®¥ á®®â®è¥¨¥ á¬¥á¨ i-© áã¡áâ æ¨¨, � { ¯«®â®áâì ¢®§¤ãå ; P i

¨ Li { ¨â¥á¨¢®áâ¨ ¥ñ £¥¥à æ¨¨ ¨ £¨¡¥«¨.

5. �ãª«¥ æ¨ï
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�¡à §®¢ ¨¥ ®¢ëå ï¤¥à ¨§ ¯ à®¢ ¯à®¨áå®¤¨â ¢ ®á®¢®¬ á ¯®¬®éìî ¡¨ à-
®© £®¬®£¥®© ãª«¥ æ¨¨ ª ¯¥«ì á¥à®© ª¨á«®âë ¨ ¢®¤ë. �ª®à®áâì ãª«¥ æ¨¨
J § ¢¨á¨â ®â âà¥å ¯¥à¥¬¥ëå: ¬ áá®¢®© ª®æ¥âà æ¨¨ ª¨á«®âë ¢ ¯ à®¢®© ä §¥
(c), ®â®á¨â¥«ì®© ¢« ¦®áâ¨ ¢®§¤ãå (Rh) ¨ â¥¬¯¥à âãàë(T ). � áâ¨æë ãª«¥-
 æ¨®®© ¬®¤ë ¯¥à¢® ç «ì® ¨¬¥îâ áã¡¬¨ªà®ë© à §¬¥à ¨ ¬®£ãâ à áâ¨ ª ª
§  áç¥â ª®¤¥á æ¨¨ ¨§ª®«¥âãç¨å ¯ à®¢, â ª ¨ §  áç¥â ¢ãâà¨¬®¤®¢®© ª® £ã-
«ïæ¨¨. �ãáâì ¢  â¬®áä¥à¥ ¢ ¯¥à¥áëé¥®¬ ¯ à¥ ¯à¨ â¥¬¯¥à âãà¥ T ¨ ¤ ¢«¥¨¨
Pv ¨¬¥¥âáï ¡¨ àë© ª« áâ¥à, á®áâ®ïé¨© ¨§ nw ¬®«¥ªã« ¢¥é¥áâ¢  w ¨ na ¬®-
«¥ªã« ¤«ï a á ¬®«ìë¬¨ äà ªæ¨ï¬¨ xiv(i = w; a). �ã¤¥¬ áç¨â âì, çâ® ç áâ¨æë
¨¬¥îâ áä¥à¨ç¥áªãî ä®à¬ã ¨  å®¤ïâáï ¢ ¦¨¤ª®© ä §¥. �®£¤  á¢®¡®¤ãî í¥à-
£¨î ¤«ï ®¡à §®¢ ¨ï ¦¨¤ª®£® § à®¤ëè  ¢ ¡¨ à®© á¬¥á¨ ¬®¦® ¯à¥¤áâ ¢¨âì
¢ á«¥¤ãîé¥¬ ¢¨¤¥:

W = �G = nw��w + na��a +A�; (16)

£¤¥ �G { ¨§¬¥¥¨ï á¢®¡®¤®© í¥à£¨¨ �¨¡áá , A { ¯«®é ¤ì ¯®¢¥àå®áâ¨, � {
¯®¢¥àå®áâ®¥  âï¦¥¨¥, ��i = �il(T; Pv; xil) - �iv(T; Pv ; xiv), ¯à¨ íâ®¬ �il ¨ �iv
{ å¨¬¨ç¥áª¨¥ ¯®â¥æ¨ «ë ¢ ¦¨¤ª®© ¨ ¯ à®¢®© ä § å á®®â¢¥âáâ¢¥®. � ¦®
®â¬¥â¨âì, çâ® ¤«ï ¯¥à¥áëé¥®£® ¯ à  äãªæ¨ï �G ¨¬¥¥â ¬ ªá¨¬ã¬ ¢ â®çª¥
á ªà¨â¨ç¥áª¨¬ à ¤¨ãá®¬ r�. � à ¯¥à¥áëé¥ ¯® ®â®è¥¨î ª® ¢á¥¬ ª ¯«ï¬, ã
ª®â®àëå r > r�. �à¨â¨ç¥áª¨© à ¤¨ãá ®¯à¥¤¥«ï¥âáï ¯® § ç¥¨î á¥¤«®¢®© â®çª¨
âà¥å¬¥à®© ¯®¢¥àå®áâ¨ (na; nw;�G) ¯ãâ¥¬ à¥è¥¨ï § ¤ ç¨ (@�G@ni

)nj = 0 [29, 39].
�®«ãç ¥¬

(��i + �
@A

@ni
)dni + nid�il + njd�jl +Ad� = 0: (17)

�§ (17) ¬®¦® ¯®«ãç¨âì ãà ¢¥¨ï �¥«ì¢¨ 

��i +
�vi
r�

= 0(i = w; a); (18)

¨ á¢®¡®¤ãî í¥à£¨î ¤«ï ªà¨â¨ç¥áª®£® ª« áâ¥à 

�G� =
4
3
�r��: (19)

�®«¥¥ ¯®¤à®¡® ¬¥â®¤ ¯®«ãç¥¨ï ãà ¢¥¨© (18) ¨ (19) ¤  ¢ [39, 31]. �§¢¥áâ®,
çâ® á¥à ï ª¨á«®â  á¯®á®¡  ®¡à §®¢ âì ¢ ¦¨¤ª®© ä §¥ £¨¤à âë, çâ®, ¢ á¢®î
®ç¥à¥¤ì, ¢«¨ï¥â    ªâ¨¢®áâì á ¬®© á¥à®© ª¨á«®âë. �ëà ¦ ï à §®áâì å¨¬¨-
ç¥áª¨å ¯®â¥æ¨ «®¢ ¢¥é¥áâ¢  i ç¥à¥§  ªâ¨¢ æ¨¨ ¦¨¤ª®áâ¨ ¨ ¯ à , ¯®«ãç¨¬

��i = �kT ln Aiv
Ail

;

£¤¥ Ail =
pi;sol
pi;s

¨ Aiv =
pi
pi;s

, pi; pi;s; pi;sol { ¯ àæ¨ «ì®¥ ¤ ¢«¥¨¥, ¤ ¢«¥¨¥ ¯¥-
à¥áëé¥®£® ¯ à  ¨ ¤ ¢«¥¨¥ ¯ à  á®®â¢¥âáâ¢¥®. �®¯à ¢ª¨ £¨¤à â æ¨¨  
 ªâ¨¢ æ¨î ª¨á«®â®áâ¨ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

(ln
Aav
Aal

)cor = ln
Aav
Aal

+ lnC: (20)
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�®ªà¥âë© ¢¨¤ ä ªâ®à  ª®àà¥ªæ¨¨ C ª ª äãªæ¨¨ ®â à ¤¨ãá  £¨¤à â  ¨ ¯ à-
æ¨ «ì®£® ¬®«¥ªã«ïà®£® ®¡ê¥¬  ¤  ¢ [28]. � «¥¥ íâ¨ ¯®¯à ¢ª¨ ãç¨âë¢ îâáï
¯à¨ ¢ëç¨á«¥¨¨ à §®áâ¨ å¨¬¨ç¥áª®£® ¯®â¥æ¨ « , ª®â®àë¥ ¥®¡å®¤¨¬ë ¤«ï
ãà ¢¥¨ï (18). �â ª, ä®à¬ã«  ¡¨ à®© ãª«¥ æ¨¨ ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥
[29, 34]

J = NvABAV Zexp(��G
kT

): (21)

�¤¥áì Nv = Nwv +Nav +
llP
n=1

Nn { ®¡é¥¥ ç¨á«¥ ï ¯«®â®áâì ¯ à®¢®© ä §ë, A{

¯«®é ¤ì ¯®¢¥àå®áâ¨ ï¤à , BAV { áà¥¤ïï áª®à®áâì à®áâ , Z { ¥à ¢®¢¥áë©
ª®íää¨æ¨¥â �¥«ì¤®¢¨ç . � [29] ¯à¥¤¯®« £ ¥âáï, çâ® ¯ à á®áâ®¨â ¨§ ¬®®¬¥à®¢
¢®¤ë ¨ á¥à®© ª¨á«®âë,   â ª¦¥ £¨¤à â®¢, á®¤¥à¦ é¨å ®¤ã ¬®«¥ªã«ã ª¨á«®âë
¨ ®â 1 ¤® ll (ll = 10) ¬®«¥ªã« ¢®¤ë. �á«¨ à áá¬ âà¨¢ âì ªà¨â¨ç¥áª®¥ ï¤à®
ª ª áã¬¬ã áà¥¤¨å ®¡ê¥¬®¢ ¬®®¬¥à®¢ vAV = xwlvw + xalva, â® ª®íää¨æ¨¥â
�¥«ì¤®¢¨ç  ¬®¦® ®¯à¥¤¥«¨âì ª ª

Z =
r

�

kBT

vAV
2�r�2

: (22)

6. �®¤¥á æ¨ï
�«ãªâã æ¨®®¥ § à®¤ëè¥®¡à §®¢ ¨¥ ¨ ¤ «ì¥©è¨© ª®¤¥á æ¨®ë© à®áâ

ç áâ¨æ ¢ ¯¥à¥áëé¥®¬ ¯ à¥ ï¢«ïîâáï ®¤¨¬¨ ¨§  ¨¡®«¥¥ ¢ ¦ëå ¯à®æ¥áá®¢,
¯à¨¢®¤ïé¨å ª § à®¦¤¥¨î ¨ à §¢¨â¨î ¤¨á¯¥àá®© ä §ë. �à¨  «¨ç¨¨ ¨®à®¤-
ëå ç áâ¨æ ¯à®¨áå®¤¨â ¢ ®á®¢®¬ ¯®£«®é¥¨¥ ¯ à  ç áâ¨æ ¬¨ ¯à¨¬¥á¨ { ¯à¨
íâ®¬ ¤®áâ â®ç® «¨èì á®§¤ âì á®áâ®ï¨¥ ¯¥à¥áëé¥¨ï. �à®æ¥áá ª®¤¥á æ¨¨
®á¨â ¤¨ ¬¨ç¥áª¨© å à ªâ¥à, ¨ ¨§¬¥¥¨¥ à §¬¥à®¢ ª ¯¥«ì ¤®«¦® ®¯¨áë-
¢ âìáï áª®à®áâï¬¨ vg = @g

@t , ª®â®àë¥ ®¯à¥¤¥«ïîâ ¡ « á ¬¥¦¤ã ã¢¥«¨ç¥¨¥¬
¨ ã¬¥ìè¥¨¥¬ ç¨á«  ¬®«¥ªã« ¢ ª ¯«¥ g. �®£¤  ª¨¥â¨ç¥áª®¥ ãà ¢¥¨¥ ¤«ï
¯à®áâà áâ¢¥® ®¤®à®¤®£® á«ãç ï ¯à¨¬¥â ¢¨¤

@g

@t
+
@(vgfg)
@g

= J(t)�[g � g�(t)]; (23)

£¤¥ fg(t) { ¥à ¢®¢¥á ï äãªæ¨ï à á¯à¥¤¥«¥¨ï (á¯¥ªâà ç áâ¨æ), a J ®¯à¥¤¥-
«ï¥âáï ¯® ä®à¬ã«¥ (21). �«ï ¯à ªâ¨ç¥áª¨å § ¤ ç ä¨§¨ª¨  â¬®áä¥àë ¢ ¦ë¬
ï¢«ï¥âáï  «¨ç¨¥ ¢ ¢®§¤ãå¥  â¬®áä¥àëå ï¤¥à ª®¤¥á æ¨¨, ãáª®àïîé¨å ¯à®-
æ¥ááë ä®à¬¨à®¢ ¨ï  íà®§®«¥©. �®¤¥á æ¨î   ç áâ¨æ å ¯à¨¬¥á¨ ¢ â ª®©
¯®áâ ®¢ª¥ à ááç¨â âì ¥á«®¦®, § ¤ ¢ ï íâ¨ ç áâ¨æë ¢ ª ç¥áâ¢¥  ç «ì®£®
á¯¥ªâà  ¨ § ¯à¥é ï ¨á¯ à¥¨¥, ¥á«¨ ¨å à §¬¥à áâ ®¢¨âáï ¬¥ìè¥ ¨áå®¤®£®.
�¥¬ á ¬ë¬ ç áâ¨æë ¯à¨¬¥á¨ ¡ã¤ãâ á«ã¦¨âì ¥ª¨¬ ®áâ®¢®¬,   ª®â®à®¬ ¯à®-
¨áå®¤¨â ª®¤¥á æ¨ï; á¯¥ªâà ç áâ¨æ, ¢®§¨ªè¨å ¨§-§  ¨áâ®ç¨ª , ¤®«¦¥ à á-
áç¨âë¢ âìáï ®â¤¥«ì®. �¥è¥¨¥ ª¨¥â¨ç¥áª®£® ãà ¢¥¨ï (23) ¯®§¢®«ï¥â ®¯à¥-
¤¥«¨âì áâ¥¯¥ì ª®¤¥á æ¨¨ �(t) ¨ ç¨á«® ®¡à §®¢ ¢è¨åáï ª ¯¥«ì   ¬®«¥ªã«ã
¨áå®¤®£® ¢¥é¥áâ¢  �(t)

�(t) =

1Z
0

gfg(t)dg; �(t) =

1Z
0

fg(t)dg:
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�¥¦¨¬ à®áâ  ¨ ¨á¯ à¥¨ï ç áâ¨æë § ¢¨á¨â ®â á®®â®è¥¨ï ¬¥¦¤ã ¥¥ à §-
¬¥à®¬ ¨ ¤«¨®© ¯à®¡¥£  ¬®«¥ªã« ¯ à  ¢ áà¥¤¥ l1. �à¨¢¥¤¥¬ ã¯à®é¥ãî § -
¢¨á¨¬®áâì áª®à®áâ¨ vg , ¯à¨¬¥¨¬ãî ¤«ï ¯à®¨§¢®«ì®£® à¥¦¨¬  ®¡¬¥  ¬¥¦¤ã
¯ à®¬ ¨ ¯®¢¥àå®áâìî ç áâ¨æë [12]

vg =
��d2nvT g2=3

4(1 + 3dg1=3=81)

 
1� exp

(
��

kT

"
g
1=3
�

g1=3
� 1

#)!
: (24)

�à¨ ¡®«ìè¨å g,   ¨¬¥® ¯à¨ g � (1=d)1=3, ä®à¬ã«  (24) ¤ ¥â áª®àocâì à®áâ 
¢ ¤¨ääã§¨®®¬ à¥¦¨¬¥,   ¯à¨ ¬ «ëå g : g� � g � (1=d)3 { ¢ á¢®¡®¤®-
¬®«¥ªã«ïà®¬. �®à¬ã«  (24) ¯à¨¬¥¨¬  ¨ ¤«ï ¯à®æ¥áá  ¨á¯ à¥¨ï ç áâ¨æ ¢
¥¤®áëé¥®¬ ¯ à¥, ¥á«¨ áç¨â âì ªà¨â¨ç¥áª¨© à §¬¥à ®âà¨æ â¥«ìë¬. �«ï
íâ®£® á«¥¤ã¥â ¯à®¨§¢¥áâ¨ § ¬¥ã g1=3¦ ! � j g1=3¦ j.

�à¨¢¥¤¥ë© ¢ëè¥ ¯®¤å®¤ ¯®§¢®«ï¥â ¬®¤¥«¨à®¢ âì ¯à®æ¥ááë ®¡ê¥¬®© ª®-
¤¥á æ¨¨ ¢ à §®®¡à §ëå á¨âã æ¨ïå, ¥á«¨ ¨§¢¥áâë § ª®ë ¨§¬¥¥¨ï â¥à¬®-
¤¨ ¬¨ç¥áª¨å ¯¥à¥¬¥ëå T (t), p(t). �«ï à¥è¥¨ï ãà ¢¥¨ï (23) ¡ã¤¥¬ ¨á-
¯®«ì§®¢ âì ¬¥â®¤ ç áâ¨æ, è¨à®ª® ¯à¨¬¥ï¥¬ë©,  ¯à¨¬¥à, ¯à¨ ¬®¤¥«¨à®¢ ¨¨
ä¨§¨ç¥áª¨å ¯à®æ¥áá®¢ ¢ ¯« §¬¥ [1, 2, 18]. �®áª®«ìªã á¯¥ªâà fg ¡ã¤¥â ¯à¥¤áâ ¢-
«ïâìáï ¢ ¢¨¤¥ ª®¬¡¨ æ¨¨ �-äãªæ¨©, ã¤®¡® ¯¥à¥©â¨ ®â ãà ¢¥¨ï (23) ª ¥ª®-
â®à®¬ã ¥£® ¨â¥£à «ì®¬ã   «®£ã. �«ï íâ®£® ã¬®¦¨¬ (23)   ¯à®¨§¢®«ìãî
£« ¤ªãî äãªæ¨î '(g) ¨ ¯à®¨â¥£à¨àã¥¬ ¯® g:

@

@t

1Z
0

'fgdg �
1Z
0

vgfg
@'

@g
= J'[g�(t)]; (25)

�à¨ ¨â¥£à¨à®¢ ¨¨ ãçâ¥ë £à ¨çë¥ ãá«®¢¨ï ¤«ï fg:
@f
@g jg=0 = 0; @f@g jg=1

= 0. �à¥¤¯®«®¦¨¬, çâ®   ¯à®¬¥¦ãâª¥ [tn; tn+1 = tn +�t] äãªæ¨î fg ¬®¦®
¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

fg =
NX
i=1

Ni(t)�[g � gi(t)] +NN+1(t)�[g � gN+1(t)]; (26)

¯à¨ç¥¬ NN+1(tn) = 0. �®¤áâ ¢¨¢ (26) ¢ (25) ¨ ¯à®¨â¥£à¨à®¢ ¢, ¯®«ãç¨¬

@

@t

"
NX
i=1

Ni'(gi) +NN+1'(gN+1)

#
�

NX
i=1

Nivg(gi)
@'

@gi
+

+NN+1vg(gN+1)
@'

@gN+1
= J'[g�(t)]; (27)

@'

@gi
=
@'

@g
jg=gi :

�â¥£à¨àãï íâ® á®®â®è¥¨¥ ¯® �t ¨ ¨á¯®«ì§ãï ¯à®¨§¢®«ì®áâì '(g), ¯®«ãç¨¬
á®®â¢¥âáâ¢ãîé¨¥ á¨áâ¥¬ë ãà ¢¥¨© ¤«ï à¥è¥¨ï § ¤ ç¨ ª®¤¥á æ¨¨. �¨á-
«¥ë©  «£®à¨â¬ ¡®«¥¥ ¤¥â «ì® ¨§«®¦¥ ¢ à ¡®â å [2, 18].
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�¥¯¥àì ®¯à¥¤¥«¨¬ ª®íää¨æ¨¥â § å¢ â  ¬ «ëå £ §®¢ëå ª®¬¯®¥â®¢ (���)
  ¯®¢¥àå®áâ¨  íà®§®«ìëå ç áâ¨æ. �¨¥â¨ª  ¢§ ¨¬®¤¥©áâ¢¨ï £ §®¢ëå ¬®«¥-
ªã« á ç áâ¨æ ¬¨ ®¯à¥¤¥«ï¥âáï ¯à¥¦¤¥ ¢á¥£® ¤«¨®© á¢®¡®¤®£® ¯à®¡¥£  la ¬®-
«¥ªã«ë ¢ ¢®§¤ãå¥. �à¥¤áâ ¢¨¬ ¯®â®ª ¬®«¥ªã« Fi ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

Fi =
�

4�rDi(ni � nwi); ¥á«¨ la < r (¤¨ääã§¨®ë© à¥¦¨¬);
��ir2vk(ni � nwi); ¥á«¨ la > r (á¢®¡®¤®-¬®«¥ªã«ïàë© à¥¦¨¬);

(28)
£¤¥Di { ª®íää¨æ¨¥â ¬®«¥ªã«ïà®© ¤¨ääã§¨¨ ª®¬¯®¥âë i c ª®æ¥âà æ¨ï¬¨
ni, nvi { à ¢®¢¥á ï ª®æ¥âà æ¨ï   ¯®¢¥àå®áâ¨ ç áâ¨æë, � { ª®íää¨æ¨¥â
 ªª®¬®¤ æ¨¨, vk { ª¨¥â¨ç¥áª ï áª®à®áâì ¬®«¥ªã«, r { à ¤¨ãá ç áâ¨æë. �á«¨
Kn � 1, â®

Fi = Fki

�
1 +

3�i
4Kni

��1
; (29)

Kn = la=r { ç¨á«® �ã¤á¥ . �®á«¥ ¨â¥£à¨à®¢ ¨ï ãà ¢¥¨ï (29), á ãç¥â®¬
äãªæ¨¨ à á¯à¥¤¥«¥¨ï ç áâ¨æ ¯® à §¬¥à ¬, ¯®«ãç¨¬

Fi =
1
4
[S�ivk(ni � nvi)]=(1 + 3�=4Kni); (30)

£¤¥ S { áã¬¬ à ï ¯«®é ¤ì ¯®¢¥àå®áâ¨ ç áâ¨æ   ¥¤¨¨æã ®¡ê¥¬ . �®áª®«ìªã
nvi � ni, â® ¯®«®¦¨¬ nvi = 0. �®£¤  ¢à¥¬ï § å¢ â  ti £ §®¢ëå ¬®«¥ªã« ç áâ¨-
æ ¬¨ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

ti = ni=Fi = 4[1 + (3�=4Kn)]=S�ivk: (31)

�¡à â ï ¢¥«¨ç¨  ®â ti ¯à¥¤áâ ¢«ï¥â á®¡®© áª®à®áâì à¥ ªæ¨¨   ¯®¢¥àå-
®áâ¨ ç áâ¨æë ¨«¨ ª®íää¨æ¨¥â § å¢ â  Ku.

7. �® £ã«ïæ¨ï
�§¬¥¥¨¥ ª®æ¥âà æ¨¨ ¨ á¯¥ªâà  à §¬¥à®¢ ç áâ¨æ ®¯¨áë¢ ¥âáï ãà ¢¥-

¨¥¬ �¬®«ãå®¢áª®£®:

@'g
@t

=
1
2

gZ
0

~K(g; g1)'g�g1'g1dg1 � 'g

1Z
0

~K(g; g1)'g1dg1 + I('g ; t); (32)

£¤¥ g1 { â¥ªãé ï ¯¥à¥¬¥ ï (¬ áá ), ¯® ª®â®à®© ¯à®¨§¢®¤¨âáï ¨â¥£à¨à®¢ ¨¥,
'g { ª®æ¥âà æ¨ï ç áâ¨æ á ¬ áá®©, § ª«îç¥®© ¢ ¨â¥à¢ «¥ ®â g ¤® g + dg;
~K(x; y) { ç áâ®â  áâ®«ª®¢¥¨ï ç áâ¨æ á ¬ áá ¬¨ x ¨ y; I('g ; t) { ¨â¥á¨¢®áâì
®¡à §®¢ ¨ï ®¢ëå ç áâ¨æ á ¬ áá®© g. �â®â ç«¥ ¤®¡ ¢«ï¥âáï ¢ ¯à ¢ãî ç áâì
(32). �¥à¢ë© ç«¥ ¢ ¯à ¢®© ç áâ¨ (32) ®¯¨áë¢ ¥â ¯à¨å®¤ ç áâ¨æ ¢ à §¬¥à g § 
áç¥â ª® £ã«ïæ¨¨ ¬¥ìè¨å ç áâ¨æ, ¢â®à®© { ãå®¤ ç áâ¨æ ¨§ à §¬¥à  g §  áç¥â
ª® £ã«ïæ¨¨ á® ¢á¥¬¨ ®áâ «ìë¬¨ ç áâ¨æ ¬¨.

�¥è¥¨¥ § ¤ ç¨ (32) ¡ã¤¥¬ ¨áª âì   ¬®¦¥áâ¢¥ ¥®âà¨æ â¥«ìëå à¥è¥¨©.
�à¥¤¯®« £ ¥âáï, çâ® áâ «ª¨¢ îâáï ç áâ¨æë è à®®¡à §®© ä®à¬ë, ¨ ¤«¨  á¢®-
¡®¤®£® ¯à®¡¥£  ¢ £ §¥{®á¨â¥«¥  ¬®£® ¡®«ìè¥ ¨å à §¬¥à . � íâ®¬ á«ãç ¥
K(x; y) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥ [13]:

~K(x; y) = A(x1=3 + y1=3)(Dx +Dy)�xy; (33)
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£¤¥ Dx { ª®íää¨æ¨¥â ¤¨ääã§¨¨ ç áâ¨æë ¬ ááë x:

Dx =
kBT

6��Rx

�
1 +Knx

�
A+Qexp(� b3

Knx
)
��

; (34)

kB { ¯®áâ®ï ï �®«ìæ¬  ; b3; A;Q { í¬¯¨à¨ç¥áª¨¥ ¯®áâ®ïë¥; A = 1; 25,
Q = 0; 4, b3 = 1; 1. � ªâ®à ª®àà¥ªæ¨¨ �xy ®¯à¥¤¥«ï¥âáï ¨§ [41]:

�xy =

 
Rx +Ry

Rx +Ry + dxy
+

4(Dx +Dy)
(V 2
x + V 2

y )1=2(Rx +Ry)

!�1

;

Knx =
lx
Rx

; dxy = (d2x+ d
2
y)

1
2 ; dx =

1
6Rxlx

((2Rx+ lx)3� (4R2
x+ l

2
x)

3
2 )� 2Rx; (35)

lx =
8Dx

�Vx
; Vx = (

8kT
�x

)
1
2 ; x =

4
3
�R3

x�:

�¤¥áì Dx { ª®íää¨æ¨¥â ¤¨ääã§¨¨ ç áâ¨æë i á à ¤¨ãá®¬ Rx; T { â¥¬¯¥à âãà ;
lx { áà¥¤ïï ¤«¨  ¯à®¡¥£ ; Vx { áà¥¤ïï áª®à®áâì ç áâ¨æë; x { ¬ áá  ç áâ¨æë;
� { ¯«®â®áâì ç áâ¨æë; � { ¢ï§ª®áâì £ § . �«ï ç¨á«¥®£® à¥è¥¨ï § ¤ ç¨
ª® £ã«ïæ¨¨ ¢¢®¤¨âáï ç áâ¨æ  ¯à¥¤¥«ì®© ¬ ááë G, ª®â®à ï ¯à¨ ¤ «ì¥©è¥©
ª® £ã«ïæ¨¨ ¢ë¢®¤¨âáï ¨§ á¨áâ¥¬ë. �®ª  ¬ áá  á ¬®© ªàã¯®© äà ªæ¨¨ ¯à¥¥-
¡à¥¦¨¬® ¬ «  ¯® áà ¢¥¨î á ¬ áá®© ¢á¥© á¨áâ¥¬ë, ®ââ®ª ¬ ááë ¨§ ¯®á«¥¤¥©
äà ªæ¨¨ ¬ «, ® ª®£¤  ® áâ ®¢¨âáï á®¯®áâ ¢¨¬ë¬ á® ¢á¥© ¬ áá®© á¨áâ¥¬ë,
â® ã¡ë«ì ¬ ááë á¨áâ¥¬ë ç¥à¥§ ¯®á«¥¤îî äà ªæ¨î áâ ®¢¨âáï § ¬¥â®©. �â®
¬®¦® à áá¬ âà¨¢ âì ª ª ¥áâ¥áâ¢¥ë© ¤«ï á¨áâ¥¬ë áâ®ª ç áâ¨æ,  ¯à¨¬¥à,¢
à¥§ã«ìâ â¥ ®á ¦¤¥¨ï ç áâ¨æ, §  áç¥â £à ¢¨â æ¨¨. �â¥à¢ « (0; G) à §¡¨¢ ¥âáï
  äà ªæ¨¨ ¢ «®£ à¨ä¬¨ç¥áª®¬ ¬ áèâ ¡¥ ¯ãâ¥¬ ã¤¢®¥¨ï ¬ áá 2gi = gi+1. �®-
«¨ç¥áâ¢® ç áâ¨æ ¢ i-© äà ªæ¨¨ Ni ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î, ¯®«ãç îé¥¬ãáï
¯®á«¥ ¨â¥£à¨à®¢ ¨ï (32) ¢ ¨â¥à¢ «¥ ¬ áá (gi; gi+1).

�¥§ã«ìâ âë ç¨á«¥ëå íªá¯¥à¨¬¥â®¢ ¯®ª § «¨, çâ® ª®æ¥âà æ¨ï ç áâ¨æ
á¨áâ¥¬ë ¢ ®â®á¨â¥«ìëå ¥¤¨¨æ å á®åà ï¥âáï á â®ç®áâìî ¤® 10�4 ¤«ï ª®«¨-
ç¥áâ¢  ç áâ¨æ ¨ 10�2 ¤«ï ¬ áá®¢®© ª®æ¥âà æ¨¨.

�¨á«¥ë¥ ¬¥â®¤ë ¤«ï à¥è¥¨ï (32){(35) ¯à¨¢¥¤¥ë ¢ [41, 17].

8. �¨á«¥ë¥ ¬¥â®¤ë
�«ï ¯®áâà®¥¨ï ¢ëç¨á«¨â¥«ì®£®  «£®à¨â¬  à¥è¥¨ï ¤¨áªà¥âëå   «®£®¢

ãà ¢¥¨© (1){(2) ¤«ï âà áä®à¬¨àã¥¬®© ¯à¨¬¥á¨ ¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ à á-
é¥¯«¥¨ï ¯® ä¨§¨ç¥áª¨¬ ¯à®æ¥áá ¬ [7, 8, 11]. �  ª ¦¤®¬ ¬ «®¬ ¨â¥à¢ «¥
t ¯®«ãç ¥âáï áå¥¬ , á®áâ®ïé ï ¨§ ¯ïâ¨ íâ ¯®¢: 1) ¯¥à¥®á ¯à¨¬¥á¨ ¯® âà -
¥ªâ®à¨ï¬, 2) âãà¡ã«¥â ï ¤¨ääã§¨ï, 3) ä®â®å¨¬¨ç¥áª ï âà áä®à¬ æ¨ï, 4)
ª¨¥â¨ç¥áª¨¥ ¯à®æ¥ááë ãª«¥ æ¨¨, ª®¤¥á æ¨¨ ¨ ¨á¯ à¥¨ï, 5) ¯à®æ¥ááë ª® -
£ã«ïæ¨¨.

�«ï ç¨á«¥®£® à¥è¥¨ï  ¤¢¥ªâ¨¢®£® ¯¥à¥®á  ¨á¯®«ì§ã¥âáï ç¨á«¥ ï
áå¥¬ , ª®¥ç®-à §®áâ ï  ¯¯à®ªá¨¬ æ¨ï ª®â®à®© ¨¬¥¥â ¢â®à®© ¯®àï¤®ª â®ç-
®áâ¨ ¯® ¯à®áâà áâ¢¥ë¬ ¯¥à¥¬¥ë¬ ¨ ¢à¥¬¥¨ ¨ ®¡« ¤ ¥â á¢®©áâ¢ ¬¨ ¬®-
®â®®áâ¨ ¨ ª®á¥à¢ â¨¢®áâ¨ [42, 3]. �  ¢â®à®¬ íâ ¯¥ ãà ¢¥¨¥ âãà¡ã«¥â-
®© ¤¨ääã§¨¨ à¥è ¥âáï ¯® ¬¥â®¤ã ¯®ª®¬¯®¥â®£® à áé¥¯«¥¨ï [8, 9]. � 
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âà¥âì¥¬ íâ ¯¥ § ¤ ç  à áé¥¯«ï¥âáï   âà¨ ç áâ¨: ä®â®å¨¬¨ï, ª®¤¥á æ¨ï ¨
ª® £ã«ïæ¨ï. �à ¢¥¨ï ä®â®å¨¬¨ç¥áª®© âà áä®à¬ æ¨¨ à¥è îâáï ¬¥â®¤ ¬¨
��� [24, 6, 15] �  ç¥â¢¥àâ®¬ íâ ¯¥ à¥è ¥âáï á¨áâ¥¬  ª¨¥â¨ç¥áª¨å ãà ¢¥¨©
ª®¤¥á æ¨¨. �«ï ç¨á«¥®£® à¥è¥¨ï ãà ¢¥¨© ãª«¥ æ¨¨, ª®¤¥á æ¨¨ ¨
¨á¯ à¥¨ï ¨á¯®«ì§ã¥âáï ¬¥â®¤ ç áâ¨æ, è¨à®ª® ¯à¨¬¥ï¥¬ë©,  ¯à¨¬¥à, ¯à¨
¬®¤¥«¨à®¢ ¨¨ ä¨§¨ç¥áª¨å ¯à®æ¥áá®¢ ¢ ¯« §¬¥ [1]. �  ¯ïâ®¬ íâ ¯¥ à¥è îâáï
ª¨¥â¨ç¥áª¨¥ ãà ¢¥¨ï ª® £ã«ïæ¨¨. �®á«¥ ¤¨áªà¥â¨§ æ¨¨ ãà ¢¥¨ï (32) ¯®-
«ãç¥ ï á¨áâ¥¬  à¥è ¥âáï ¬¥â®¤®¬ �ã£¥-�ãââ  ç¥â¢¥àâ®£® ¯®àï¤ª .

9. �¥§ã«ìâ âë ç¨á«¥ëå íªá¯¥à¨¬¥â®¢
� ¨á¯®«ì§®¢ ¨¥¬ ®¯¨á ®© ¢ëè¥ ¬®¤¥«¨ ¡ë«¨ ¯à®¢¥¤¥ë ç¨á«¥ë¥ íªá-

¯¥à¨¬¥âë ¤«ï ¨áá«¥¤®¢ ¨ï ¯à®áâà áâ¢¥®-¢à¥¬¥®© ¨§¬¥ç¨¢®áâ¨ ¬®£®-
ª®¬¯®¥âëå £ §®¢ëå ¯à¨¬¥á¥© ¨  íà®§®«¥© ¢ á¥¢¥à®¬ ¯®«ãè à¨¨ §  ¢¥áì
1992 £®¤. � áç¥âë ¯à®¢®¤¨«¨áì ¯à¨ á«¥¤ãîé¨å § ç¥¨ïå ¢å®¤ëå ¯ à ¬¥â-
à®¢: ç¨á«® ã§«®¢ á¥â®ç®© ®¡« áâ¨ ¯® ¤®«£®â¥ { 144, ç¨á«® ã§«®¢ ¯® è¨à®â¥
{ 73, ç¨á«® ãà®¢¥© ¯® ¢¥àâ¨ª «¨ { 15, ª®®à¤¨ âë¥ ¯®¢¥àå®áâ¨ (¢ ¬¥âà å):
50, 110, 380, 650, 920, 1190, 1460, 1860, 2460, 3200, 4100, 5100, 6100, 7100, 8100,
9160. � £ ¯® ¢à¥¬¥¨ { 30 ¬¨.,   ¤«ï ¬®¤¥«¥© ª®¤¥á æ¨¨ ¨ ª® £ã«ïæ¨¨ { 5
¬¨. �¨á«¥ë¥ íªá¯¥à¨¬¥âë ¯à®¢®¤¨«¨áì   ®á®¢¥ ¬¥â¥®à®«®£¨ç¥áª®© ¨-
ä®à¬ æ¨¨ "TOGA Data Set", ª®â®à ï ¯à¥¤áâ ¢«ï¥â á®¡®© ¤ ë¥ ®¡ê¥ªâ¨¢®£®
  «¨§ , ¢®ááâ ®¢«¥ë¥ ¢ �¢à®¯¥©áª®¬ æ¥âà¥.

�à®¢®¤¨«¨áì ç¨á«¥ë¥ íªá¯¥à¨¬¥âë ¤«ï à áç¥â  à á¯à®áâà ¥¨ï ¤¢ã-
®ª¨á¨ á¥àë ¨ ®¡à §ãîé¨åáï ¯ à®¢ á¥à®© ª¨á«®âë,   â ª¦¥ ª®¤¥á æ¨¨ íâ¨å
¯ à®¢   ¥áâ¥áâ¢¥ëå  â¬®áä¥àëå ç áâ¨æ å. �à¨ íâ®¬ ®¯à¥¤¥«ïîâáï ª®æ¥â-
à æ¨¨ á¥àë, ¯ à®¢ á¥à®© ª¨á«®âë ¨ äãªæ¨ï à á¯à¥¤¥«¥¨ï ª¨á«®â®á®¤¥à¦ -
é¨å ç áâ¨æ ¯® à §¬¥à ¬ ¢ ª ¦¤®© â®çª¥ âà¥å¬¥à®© á¥â®ç®© ®¡« áâ¨, ®å¢ âë-
¢ îé¥© â¥àà¨â®à¨î á¥¢¥à®£® ¯®«ãè à¨ï. �¨á«¥ë¥ íªá¯¥à¨¬¥âë ¯à®¢®¤¨-
«¨áì ¤«ï à §«¨çëå á¥§®®¢ £®¤  (ï¢ àì,  ¯à¥«ì, ¨î«ì ¨  ¢£ãáâ) ¤«ï 10 ¨ 30
¤¥© á®®â¢¥âáâ¢¥®. �ëç¨á«ï«¨áì ¯®«ï ª®æ¥âà æ¨© ¤¢ã®ª¨á¨ á¥àë ¨ ¯ à®¢
á¥à®© ª¨á«®âë,   â ª¦¥ äãªæ¨ï à á¯à¥¤¥«¥¨ï ç áâ¨æ ¯® à §¬¥à ¬ ¢ ª ¦¤®©
â®çª¥ ®¯¨á ®© ¢ëè¥ ¯à®áâà áâ¢¥®© á¥â®ç®© ®¡« áâ¨.

�  à¨á. 1 ¨§®¡à ¦¥ë ¨§®«¨¨¨ äà ªæ¨¨  â¬®áä¥à®£®  íà®§®«ï á à ¤¨ãá®¬
0,11 ¬ª¬   ¢ëá®â¥ 1460 ¬ ®â ¯®¢¥àå®áâ¨ ç¥à¥§ 10 áãâ®ª ¬®¤¥«ì®£® áç¥â , ¤«ï
ï¢ àï ¨  ¯à¥«ï á®®â¢¥âáâ¢¥®. �  à¨á. 2 { â¥ ¦¥ ¤ ë¥ ¤«ï ¨î«ï ¨  ¢£ãáâ 
1992 £. �¨á. 3 ¨««îáâà¨àã¥â à §¢¨â¨¥ á¨âã æ¨¨ ¯à¨ ¬®¤¥«¨à®¢ ¨¨   ¢à¥¬ï
¤® 30 áãâ®ª ¨ ¯à¥¤áâ ¢«ï¥â ¯®«ï ª®æ¥âà æ¨¨ ¢ ¯«®áª®áâ¨ ( ; �) ¢ ï¢ à¥ ¤«ï
äà ªæ¨© 0,11 ¬ª¬ ¨ 0,34 ¬ª¬ á®®â¢¥âáâ¢¥®.

�¨¯ æ¨àªã«ïæ¨© ¨ í¢®«îæ¨ï ª¨¥â¨ç¥áª¨å ¯à®æ¥áá®¢ âà áä®à¬ æ¨¨ ¨§¬¥-
¨«¨ ®ç¥àâ ¨ï ¯®«¥© ¯®¢ëè¥®£® ¯à¨áãâáâ¢¨ï ª¨á«®âëå  íà®§®«ìëå ç á-
â¨æ   à §ëå ª®â¨¥â å. �ë¯ ¤¥¨¥ ®á ¤ª®¢ ¢ íâ¨å ®¡« áâïå ¢ ¯à®¬¥¦ãâª¥
¢à¥¬¥¨, ª ª®â®à®¬ã ®â®áïâáï à¥§ã«ìâ âë à áç¥â , ¯à¨¢¥«® ª ¢ë¬ë¢ ¨î ª¨á-
«®â®á®¤¥à¦ é¨å ç áâ¨æ ¨ ¯®¢ëè¥®© ª¨á«®â®áâ¨ ¤®¦¤¥¢®© ¢®¤ë.

� § ª«îç¥¨¥ á«¥¤ã¥â ®â¬¥â¨âì, çâ® ãç¥â ª¨¥â¨ç¥áª¨å ¯à®æ¥áá®¢ âà á-
ä®à¬ æ¨¨ ¯à¨ ¬®¤¥«¨à®¢ ¨¨ à á¯à®áâà ¥¨ï £ §®¢ëå ¯à¨¬¥á¥© ¨  íà®§®«¥©
¢  â¬®áä¥à¥ ¯®§¢®«¨« ¢ë¤¥«¨âì «®ª «ìë¥ ®¡« áâ¨ ¯®¢ëè¥®£® á®¤¥à¦ ¨ï
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ª¨á«®â®á®¤¥à¦ é¨å  íà®§®«ìëå ç áâ¨æ ¨ ®¡« áâ¨ ä®à¬¨à®¢ ¨ï ª®¤¥á æ¨-
®ëå á«¥¤®¢.

�¢â®à ¢ëà ¦ ¥â £«ã¡®ªãî ¡« £®¤ à®áâì  ª ¤¥¬¨ªã �.�. � àçãªã, ¨¨æ¨-
¨à®¢ ¢è¥¬ã ¯à®¢¥¤¥¨¥ ¨áá«¥¤®¢ ¨© ¯® ¤ ®© ¯à®¡«¥¬¥.

�¨á. 1. �§®«¨¨¨ ª®æ¥âà æ¨©  â¬®áä¥à®£®  íà®§®«ï ¤«ï äà ªæ¨¨ á à ¤¨-
ãá®¬ 0,11 ¬ª¬   ¢ëá®â¥ 1460 ¬ ®â ¯®¢¥àå®áâ¨ ç¥à¥§ 10 áãâ®ª ¬®¤¥«ì®£® áç¥â 
¤«ï ï¢ àï (¢¢¥àåã) ¨  ¯à¥«ï (¢¨§ã). � ªá¨¬ «ì®¥ § ç¥¨¥ ª®æ¥âà æ¨© {
1100 ç áâ¨æ � á¬�3
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�¨á. 2. �§®«¨¨¨ ª®æ¥âà æ¨©  â¬®áä¥à®£®  íà®§®«ï ¤«ï äà ªæ¨¨ á à ¤¨-
ãá®¬ 0,11 ¬ª¬   ¢ëá®â¥ 1460 ¬ ®â ¯®¢¥àå®áâ¨ ç¥à¥§ 10 áãâ®ª ¬®¤¥«ì®£® áç¥â 
¤«ï ¨î«ï (¢¢¥àåã) ¨ ®ªâï¡àï (¢¨§ã). � ªá¨¬ «ì®¥ § ç¥¨¥ ª®æ¥âà æ¨© {
1100 ç áâ¨æ � á¬�3
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�¨á. 3. �§®«¨¨¨ ª®æ¥âà æ¨©  â¬®áä¥à®£®  íà®§®«ï ¢ ¯«®áª®áâ¨ ( ; �)
ç¥à¥§ 30 áãâ®ª ¬®¤¥«ì®£® áç¥â  ¢ ï¢ à¥ ¤«ï äà ªæ¨© 0,11 ¬ª¬ (¢¢¥àåã, max
= 1100 ç áâ¨æ � á¬�3) ¨ 0,34 ¬ª¬ (¢¨§ã, max = 2 ç áâ¨æ � á¬�3)
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� áá¬ âà¨¢ îâáï ®á®¢ë¥ ¯®«®¦¥¨ï äã¤ ¬¥â «ì®£®  ãç®£®  -
¯à ¢«¥¨ï,  §ë¢ ¥¬®£® "�â®¡à ¦¥¨¥ ¯à®¡«¥¬ ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ -
â¨ª¨    àå¨â¥ªâãàã ¢ëç¨á«¨â¥«ìëå á¨áâ¥¬". � «¨§¨àã¥âáï á¢ï§ì íâ®£®
 ¯à ¢«¥¨ï á à §«¨çë¬¨ ®¡« áâï¬¨, â ª ¨«¨ ¨ ç¥ á¢ï§ ë¬¨ á ¢ë-
ç¨á«¥¨ï¬¨:   «¨§ ®è¨¡®ª ®ªàã£«¥¨ï, ¡ëáâàë¥ ¢ëç¨á«¥¨ï, áâàãªâãà 
 «£®à¨â¬®¢, à á¯ à ««¥«¨¢ ¨¥ ¯à®£à ¬¬, ¯à®¥ªâ¨à®¢ ¨¥ á¨áâ®«¨ç¥áª¨å
¬ áá¨¢®¢ ¨ ¤à.

�®§¨ª®¢¥¨¥ íâ®£®  ãç®£®  ¯à ¢«¥¨ï ¬®¦® ®â¥áâ¨ ª ª®æã 70-å £®-
¤®¢ â¥¯¥àì ã¦¥ ¯à®è«®£® áâ®«¥â¨ï. �ãà®¥ à §¢¨â¨¥ ¬¨ªà®í«¥ªâà®¨ª¨ ¯®-
§¢®«¨«® ¤®áâ¨çì ¢ â¥ £®¤ë ¥¢¨¤ ®£® à ¥¥ áª çª  ¢ à §¢¨â¨¨ ¢ëç¨á«¨â¥«ì-
®© â¥å¨ª¨. �â «¨ äãªæ¨®¨à®¢ âì ¢ëç¨á«¨â¥«ìë¥ á¨áâ¥¬ë á ¯à®¨§¢®¤¨-
â¥«ì®áâìî ¢ ¥áª®«ìª® á®â¥ ¬¨««¨®®¢ ®¯¥à æ¨© ¢ á¥ªã¤ã, ¬®é®áâì ¯à®-
¥ªâ¨àã¥¬ëå á¨áâ¥¬ ®¯à¥¤¥«ï« áì ¬¨««¨ à¤ ¬¨ ®¯¥à æ¨©. �®ï¢¨«¨áì ¬®£®-
ç¨á«¥ë¥ ãáâà®©áâ¢ , ¯®§¢®«ïîé¨¥ ®ç¥ì ¡ëáâà® à¥è âì à §«¨çë¥ ¯à®áâë¥
§ ¤ ç¨, â ª¨¥ ª ª ¬ âà¨çë¥ ¨ ¢¥ªâ®àë¥ ¯à¥®¡à §®¢ ¨ï, ¡ëáâà®¥ ¯à¥®¡à -
§®¢ ¨¥ �ãàì¥, ®¡à ¡®âª  á¨£ «®¢, à á¯®§ ¢ ¨¥ ¯à®áâ¥©è¨å ¨§®¡à ¦¥¨©
¨ â.¯. �á®¢®© æ¥«ìî á®§¤ ¨ï íâ¨å ãáâà®©áâ¢ ¡ë«® ãáª®à¥¨¥ ¨ ã¯à®é¥¨¥
¯à®æ¥áá  à¥è¥¨ï ª®ªà¥âëå § ¤ ç. � ¦¤®¥ ¨§ ¨å ¨¬¥«® á¢®î á®¡áâ¢¥ãî,
á¢ï§ ãî á ª®ªà¥â®© § ¤ ç¥©  àå¨â¥ªâãàã, ¨ ¥ ¡ë«® ¨ç¥£® ®¡é¥£® ¬¥¦¤ã
à §«¨çë¬¨ ãáâà®©áâ¢ ¬¨. �¥¬ ¥ ¬¥¥¥ ãá¯¥å¨ ¢ ¬¨ªà®í«¥ªâà®¨ª¥ ¯à¨¢¥«¨
ª ¯®ï¢«¥¨î ¢¥áì¬  ¤¥à§ª®© ¯® â¥¬ ¢à¥¬¥ ¬ ¬ëá«¨ ® ¢®§¬®¦®áâ¨ ¢ ¡ã¤ãé¥¬
¯®áâà®¥¨ï § ª §ëå á¯¥æ¨ «¨§¨à®¢ ëå ¢ëç¨á«¨â¥«ìëå á¨áâ¥¬, ®à¨¥â¨à®-
¢ ëå   íää¥ªâ¨¢®¥ à¥è¥¨¥ ª®ªà¥âëå ª« áá®¢ § ¤ ç.

�à®¬¥ ¢¯¥ç â«ïîé¨å à¥§ã«ìâ â®¢ ¨ à ¤ã¦ëå  ¤¥¦¤ ãá¯¥å¨ ¬¨ªà®í«¥ª-
âà®¨ª¨ ¯à¨¥á«¨ ¥¬ «® á¥àì¥§ëå ¯à®¡«¥¬ ¢ ¤¥«¥ ®á¢®¥¨ï ¢ëç¨á«¨â¥«ì®©
â¥å¨ª¨, ¢ ®á®¡¥®áâ¨ ¡®«ìè¨å ¯ à ««¥«ìëå á¨áâ¥¬. �ç¥ì áª®à® áâ «® ïá®,
çâ® ¯®áâà®¥¨¥ ¤«ï â ª¨å á¨áâ¥¬ íää¥ªâ¨¢ëå ç¨á«¥ëå ¬¥â®¤®¢ ï¢«ï¥âáï ¤¥-
«®¬ ¨ âàã¤ë¬, ¨ ¬ «®¨§ãç¥ë¬. �àã¤®áâ¨ ®¯à¥¤¥«ï«¨áì £« ¢ë¬ ®¡à §®¬
§ ç¨â¥«ìë¬ à §®®¡à §¨¥¬  àå¨â¥ªâãà á ¬¨å á¨áâ¥¬ ¨, ª ª á«¥¤áâ¢¨¥, â ª¨¬
¦¥ à §®®¡à §¨¥¬ á¯®á®¡®¢ ®à£ ¨§ æ¨¨ ¢ëç¨á«¥¨©. � §«¨çë¥ á¯®á®¡ë ®à£ -
¨§ æ¨¨ ¢ëç¨á«¥¨© ¢«¥ª«¨ §  á®¡®© à §«¨çë¥ á¯®á®¡ë ®à£ ¨§ æ¨¨ ¤ ëå,
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âà¥¡®¢ «¨ á®§¤ ¨ï à §«¨çëå ç¨á«¥ëå ¬¥â®¤®¢ ¨  «£®à¨â¬®¢, à §«¨ç®£®
ç¨á«¥®£® ¯à®£à ¬¬®£® ®¡¥á¯¥ç¥¨ï, ®¢ëå áà¥¤áâ¢ ¨ ï§ëª®¢ ®¡é¥¨ï á ¢ë-
ç¨á«¨â¥«ì®© â¥å¨ª®©.

�«ã¡®ª®¥ ¯®¨¬ ¨¥ ¯¥àá¯¥ªâ¨¢ ¨ ¯à®¡«¥¬ ¨á¯®«ì§®¢ ¨ï ¨ à §¢¨â¨ï ¢ë-
ç¨á«¨â¥«ì®© â¥å¨ª¨ ¯à¨¢¥«®  ª ¤¥¬¨ª  �ãà¨ï �¢ ®¢¨ç  � àçãª  ª ä®à-
¬¨à®¢ ¨î ¢ ª®æ¥ 70-å £®¤®¢ ®¢®£® äã¤ ¬¥â «ì®£®  ãç®£®  ¯à ¢«¥¨ï,
á¢ï§ ®£® á á®¢¬¥áâë¬ ¨áá«¥¤®¢ ¨¥¬ ç¨á«¥ëå ¬¥â®¤®¢ ¨ áâàãªâãà ��� [1].
�® ¯®«ãç¨«®  §¢ ¨¥ "�â®¡à ¦¥¨¥ ¯à®¡«¥¬ ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨  
 àå¨â¥ªâãàã ¢ëç¨á«¨â¥«ìëå á¨áâ¥¬" ¨ áâ «® ®¤¨¬ ¨§ ¢¥¤ãé¨å  ¯à ¢«¥¨©
 ãçëå ¨áá«¥¤®¢ ¨© ¢ �â¤¥«¥ ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨ �� ���� (¢  -
áâ®ïé¥¥ ¢à¥¬ï �áâ¨âãâ ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨ ���), á®§¤ ®¬  ª ¤¥-
¬¨ª®¬ �.�. � àçãª®¬ ¢ 1980 £. � â¥ £®¤ë íâ®  ¯à ¢«¥¨¥ ¡ë«®   ®áâà¨¥ ¬®£¨å
¯à®¡«¥¬, á¢ï§ ëå á ¢ëç¨á«¥¨ï¬¨. � ª¨¬ ®® ®áâ ¥âáï ¨ á¥©ç á. � ª¨¬ ¦¥
®® ®áâ ¥âáï ¨ ¢ ¡ã¤ãé¥¬, ¯® ªà ©¥© ¬¥à¥, ¡«¨¦ ©è¥¬.

�á®¢ë¥ âàã¤®áâ¨ à §¢¨â¨ï ®¢®£®  ¯à ¢«¥¨ï ¡ë«¨ á¢ï§ ë á ®âáãâáâ-
¢¨¥¬ áâà®£¨å ¬ â¥¬ â¨ç¥áª¨å ¯®áâ ®¢®ª ã¦ëå § ¤ ç. �®ïâ®, çâ® ¥«ì§ï
¤ ¦¥ ¡ë«®  ¤¥ïâìáï   áãé¥áâ¢®¢ ¨¥ ¨«¨ à §à ¡®âªã ¢ ¡«¨¦ ©è¥¥ ¢à¥¬ï
¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ ¯à®æ¥áá®¢ äãªæ¨®¨à®¢ ¨ï ���, áª®«ìª®-¨¡ã¤ì
 ¤¥ª¢ â® ®âà ¦ îé¥© ¤¥©áâ¢¨â¥«ì®áâì. �®«ìª® ç¨á«®  §¢ ¨© à §«¨çëå
ª« áá®¢ ¢ëç¨á«¨â¥«ì®© â¥å¨ª¨ ¨§¬¥àï«®áì ¤¥áïâª ¬¨: ¢¥ªâ®àë¥, ª®¢¥©¥à-
ë¥, ¬®£®¯à®æ¥áá®àë¥, á¨áâ®«¨ç¥áª¨¥, ¯à®£à ¬¬¨àã¥¬ë¥ ¨ â.¯. � ¢ ª ¦¤®¬
ª« áá¥ ¡ë«® ¥¬ «® áãé¥áâ¢¥® à §«¨çëå ¯à¥¤áâ ¢¨â¥«¥©. �¥¬ ¥ ¬¥¥¥, ¥-
á¬®âàï   ¡®«ìè®¥ à §®®¡à §¨¥, ¢® ¢á¥å ¯à¥¤áâ ¢¨â¥«ïå ¨§ ¢á¥å ª« áá®¢ ¬®¦®
¡ë«® ã¢¨¤¥âì ¯à¨¬¥¥¨¥ ¥áª®«ìª¨å ¨¤¥©, à¥è îé¨¬ ®¡à §®¬ ¢«¨ïîé¨å  
¯à®¨§¢®¤¨â¥«ì®áâì. �â®, ¢ ¯¥à¢ãî ®ç¥à¥¤ì, { ¯ à ««¥«¨§¬ ¨ ª®¢¥©¥à®áâì
¢ëç¨á«¥¨©, ¨¥à àå¨ç¥áª ï áâàãªâãà  ¯ ¬ïâ¨, ¨á¯®«ì§®¢ ¨¥ ª®¬¬ãâ â®à®¢ ¨
ª®¬¬ã¨ª æ¨®ëå á¥â¥© ¤«ï á¢ï§¨ äãªæ¨® «ìëå ãáâà®©áâ¢ ¬¥¦¤ã á®¡®©.
�®íâ®¬ã ¡ë«® ïá®, çâ®, ª ª ¬¨¨¬ã¬, íâ¨ ¨¤¥¨ ¤®«¦ë  å®¤¨âì á¢®¥ ®âà -
¦¥¨¥ ¢ áâàãªâãà¥ ç¨á«¥ëå ¬¥â®¤®¢.

�¥á¬®âàï   ¤«¨â¥«ìë© ¯¥à¨®¤ à §¢¨â¨ï ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨ ¢®-
®¡é¥ ¨ ç¨á«¥ëå ¬¥â®¤®¢ ¨  «£®à¨â¬®¢ ¢ ç áâ®áâ¨, ¬ â¥¬ â¨ª¨ ¢ ¤¥©áâ¢¨â¥«ì-
®áâ¨ ®ç¥ì ¬ «® § îâ ® â®¬, ª ª   á ¬®¬ ¤¥«¥ ãáâà®¥ë à §à ¡ âë¢ ¥¬ë¥ ¨
¨á¯®«ì§ã¥¬ë¥ ¨¬¨ ¬¥â®¤ë ¨  «£®à¨â¬ë. �®á¯®¤áâ¢®¢ ¢è ï ¢ â¥ç¥¨¥ ¥áª®«ì-
ª¨å ¤¥áïâ¨«¥â¨© ª®æ¥¯æ¨ï ®¤®¯à®æ¥áá®àëå ��� ®¡à é «  ¢¨¬ ¨¥ à §à -
¡®âç¨ª®¢  «£®à¨â¬®¢ ¢ ®á®¢®¬ «¨èì   ¤¢¥ å à ªâ¥à¨áâ¨ª¨, á¢ï§ ë¥ á ¢ë-
ç¨á«¨â¥«ì®© â¥å¨ª®©. �â® { ç¨á«® ®¯¥à æ¨© ¨ ®¡ê¥¬ âà¥¡ã¥¬®© ¯ ¬ïâ¨. � ¦¥
â ª®© ¢ ¦ë© ä ªâ®à, ª ª ¢«¨ï¨¥ ®è¨¡®ª ®ªàã£«¥¨ï, ç é¥ ¢á¥£® ¢ ª®ªà¥â-
ëå à §à ¡®âª å ¢ë¯ ¤ « ¨§ áä¥àë ¢¨¬ ¨ï. �â® ¦¥ ª á ¥âáï áâàãªâãàëå
á¢®©áâ¢  «£®à¨â¬®¢,  ¯à¨¬¥à, â ª¨å ª ª ¬®¤ã«ì®áâì, â® ¨å ¨§ãç¥¨¥ â ª ¨
¥ ¢ëè«® ¨§ § ç â®ç®£® á®áâ®ï¨ï. �á¥ íâ® ¢ ª®¥ç®¬ áç¥â¥ ¯à¨¢¥«® ª â®¬ã,
çâ® ª ¬®¬¥âã è¨à®ª®£® ¢¥¤à¥¨ï ¤®áâ¨¦¥¨© ¬¨ªà®í«¥ªâà®¨ª¨ ¢ á®§¤ ¨¥
¢ëç¨á«¨â¥«ìëå á¨áâ¥¬ ¢ëç¨á«¨â¥«ì ï ¬ â¥¬ â¨ª  ®ª § « áì ¡¥§ ã¦®£® ¡ -
£ ¦  § ¨©, ª á îé¨åáï áâàãªâãàë  «£®à¨â¬®¢. �¥§ ã¦®£® ¡ £ ¦  § ¨©
®ª § «¨áì ¨ á¬¥¦ë¥  ãª¨, ¢ ç áâ®áâ¨, á¢ï§ ë¥ á à §à ¡®âª®©  «£®à¨â¬¨-
ç¥áª¨å ï§ëª®¢, ª®¬¯¨«ïâ®à®¢ ¨  àå¨â¥ªâãàë ¢ëç¨á«¨â¥«ìëå á¨áâ¥¬. �®íâ®¬ã
áà §ã ¯®ï¢¨«®áì ¡®«ìè®¥ ç¨á«® ¢®¯à®á®¢, ®â®áïé¨åáï ª â®¬ã, çâ® ¦¥ ¯®¨¬ âì
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¯®¤ áâàãªâãà®©  «£®à¨â¬®¢, ª ª ¥¥ ª®áâàãªâ¨¢®  å®¤¨âì ¨ ¨áá«¥¤®¢ âì, ª ª
à¥è âì á ¥¥ ¯®¬®éìî ã¦ë¥ § ¤ ç¨ ®â®¡à ¦¥¨ï ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨
   àå¨â¥ªâãàã ¢ëç¨á«¨â¥«ìëå á¨áâ¥¬.

�ëç¨á«¨â¥«ì ï â¥å¨ª  ¨  «£®à¨â¬ë { íâ® ¤¢¥ ®¯®àë,   ª®â®àëå áâà®-
¨âáï ¯à®¡«¥¬  ®â®¡à ¦¥¨ï. �® ª ª ¡ë ¨ ¢¥«¨ª¨ ¡ë«¨ ¤®áâ¨¦¥¨ï ¢ ®¡« áâ¨
à §¢¨â¨ï ¢ëç¨á«¨â¥«ì®© â¥å¨ª¨, ®  ï¢«ï¥âáï ¢á¥£® «¨èì ¨áâàã¬¥â®¬ ¤«ï
à¥è¥¨ï ¯à¨ª« ¤ëå § ¤ ç. �áâàã¬¥â®¬, ª®â®àë© á®§¤ ¥âáï ¨ á®¢¥àè¥áâ-
¢ã¥âáï ¯® á¢®¨¬ § ª® ¬, ®¯à¥¤¥«ï¥¬ë¬ ãá¯¥å ¬¨ ¬¨ªà®í«¥ªâà®¨ª¨,  ¢â®à-
áª¨¬¨ ¨¤¥ï¬¨, çì¨¬¨-â®  ¬¡¨æ¨ï¬¨ ¨ ¬®£® ç¥¬ ¤àã£¨¬, ¥ ¢á¥£¤  ¤ ¦¥ ¯®-
«¥§ë¬ ¯à¨ ¯à®¢¥¤¥¨¨ ¯à ªâ¨ç¥áª¨å à áç¥â®¢. �áâàã¬¥â®¬, ª®â®àë© ¯®çâ¨
¢á¥£¤  ¯à¥â¥¤ã¥â   ã¨¢¥àá «ì®áâì á¢®¥£® ¨á¯®«ì§®¢ ¨ï ¨ ¯®íâ®¬ã ¯®çâ¨
¢á¥£¤  ¨á¯®«ì§ã¥âáï á âàã¤®¬ ¯à¨ à¥è¥¨¨ ª®ªà¥âëå § ¤ ç. � ª ã¦¥ ®â¬¥-
ç «®áì, á®§¤ ¨¥ ®¡é¥© ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ ¯à®æ¥áá®¢ äãªæ¨®¨à®¢ ¨ï
��� ª § «®áì â®£¤  (¤  ¨ ª ¦¥âáï â¥¯¥àì) ¤¥«®¬ ¬ «®¯¥àá¯¥ªâ¨¢ë¬. �®-
íâ®¬ã ¯à¥¤áâ ¢«ï«®áì ¢¯®«¥ ¥áâ¥áâ¢¥ë¬, çâ® ¯à®¤¢¨¦¥¨¥ ¢ ¯à®¡«¥¬¥ ®â®-
¡à ¦¥¨ï ¤®«¦®  ç¨ âìáï á à §à ¡®âª¨ äã¤ ¬¥â «ì®£® ¬ â¥¬ â¨ç¥áª®£®
 ¯¯ à â , ¯®§¢®«ïîé¥£® ®¯¨áë¢ âì ¨ ¨áá«¥¤®¢ âì ¤¥â «ìãî ¨ä®à¬ æ¨®ãî
áâàãªâãàã  «£®à¨â¬®¢. �âàãªâãàã, ¯®ª §ë¢ îéãî, ª ª ¢ ¯à®æ¥áá¥ à¥ «¨§ æ¨¨
 «£®à¨â¬  ®â¤¥«ìë¥ ¥£® ®¯¥à æ¨¨ á¢ï§ ë ¬¥¦¤ã á®¡®© ¨ á ¯ ¬ïâìî ���.

�â¬¥â¨¬ áà §ã, çâ® â ª®©  ¯¯ à â ã¤ «®áì à §à ¡®â âì. �¤ ª®  è¨ ¨áá«¥-
¤®¢ ¨ï  ç «¨áì ¥ á íâ®£®. �® ¬¥à¥ ®á¬ëá«¥¨ï ¯à®¡«¥¬ë ¢á¥ ¡®«ìè¥¥ ¡¥á¯®-
ª®©áâ¢® ¢ë§ë¢ «® ®âáãâáâ¢¨¥ ª ª®£®-â® ¡ §®¢®£® ¬ â¥¬ â¨ç¥áª®£® ä®à¬ «¨§¬ ,
¯®¬®£ îé¥£® ®æ¥¨¢ âì ª ç¥áâ¢® à ¡®âë ¬®£¨å äãªæ¨® «ìëå ãáâà®©áâ¢
¨ á®®â¢¥âáâ¢¥® íâ®¬ã ¯à¥¤« £ âì â¥ ¨«¨ ¨ë¥ áå¥¬ë à¥ «¨§ æ¨¨  «£®à¨â-
¬®¢. �¥«® ¢ â®¬, çâ® ®¤®¢à¥¬¥®¥ ¨á¯®«ì§®¢ ¨¥ ¬®£¨å äãªæ¨® «ìëå
ãáâà®©áâ¢ ï¢«ï¥âáï ®¤®© ¨§ æ¥âà «ìëå ¨¤¥©, ¯®§¢®«ïîé¨å ¯®«ãç¨âì ¤®¯®«-
¨â¥«ì®¥ ãáª®à¥¨¥ ¯à®æ¥áá  à¥è¥¨ï § ¤ ç. �«ï ®æ¥ª¨ ¨å à ¡®âë ¡ë«¨ ¢¢¥-
¤¥ë à §«¨çë¥ å à ªâ¥à¨áâ¨ª¨, â ª¨¥ ª ª ¯¨ª®¢ ï ¯à®¨§¢®¤¨â¥«ì®áâì, áà¥¤-
ïï ¯à®¨§¢®¤¨â¥«ì®áâì, ãáª®à¥¨¥, íää¥ªâ¨¢®áâì, § £àã¦¥®áâì ¨ â.¯. �á¥¬
íâ¨¬ å à ªâ¥à¨áâ¨ª ¬  ¤® ¡ë«® ¯à¨¤ âì ç¥âª¨© ¬ â¥¬ â¨ç¥áª¨© á¬ëá«. �
¤àã£®© áâ®à®ë, ¯à¨¬¥à® ¢ íâ® ¦¥ ¢à¥¬ï ¢ ���,   ¯®¤ ¨å ¢«¨ï¨¥¬ ¨ ¢ �¢-
à®¯¥,  ç «¨áì ®ç¥ì  ªâ¨¢ë¥ ¨áá«¥¤®¢ ¨ï ¢ ®¡« áâ¨ â ª  §ë¢ ¥¬ëå á¨á-
â®«¨ç¥áª¨å ¬ áá¨¢®¢, ª®â®àë¥ ¯à¥¤áâ ¢«ïîâ ¯à®áâ¥©è¨¥ ¢ëç¨á«¨â¥«ìë¥ á¨á-
â¥¬ë á ¬®£¨¬¨ äãªæ¨® «ìë¬¨ ãáâà®©áâ¢ ¬¨. �¨áâ®«¨ç¥áª¨¥ ¬ áá¨¢ë ¥
¨¬¥îâ ¯ ¬ïâ¨ ¨ ª®¬¬ã¨ª æ¨®®© á¥â¨, à¥ «¨§ãîâáï   ®¤®¬ ªà¨áâ ««¥ ¨,
ª ª ãâ¢¥à¦¤ «®áì, ¤®áâ â®ç® ¤¥è¥¢ë ¢ ¨§£®â®¢«¥¨¨. �®¥ç®, ª ¦¤ë© ®â-
¤¥«ìë© á¨áâ®«¨ç¥áª¨© ¬ áá¨¢ ¬®£ à¥è âì â®«ìª® ®¤ã § ¤ çã, ¯à¨ç¥¬ á ¬ãî
¯à®áâãî. �® ¨å ¨á¯®«ì§®¢ ¨¥ å®à®è® ¢¯¨áë¢ «®áì ¢ ®â®¡à ¦¥¨¥ ¯à®¡«¥¬ ¢ë-
ç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨    àå¨â¥ªâãàã ¢ëç¨á«¨â¥«ìëå á¨áâ¥¬, â ª ª ª ¬ë
ª ª à § ¨ ¯à¥¤¯®« £ «¨  ãç¨âìáï à áª« ¤ë¢ âì ¡®«ìè¨¥ § ¤ ç¨   ¯à®áâ¥©-
è¨¥. �ëà¨á®¢ë¢ « áì á«¥¤ãîé ï áå¥¬ : à áª« ¤ë¢ ¥¬ § ¤ çã   ¯à®áâ¥©è¨¥,
¯à®áâ¥©è¨¥ à¥ «¨§ã¥¬ á ¯®¬®éìî á¨áâ®«¨ç¥áª¨å ¬ áá¨¢®¢,   ¢ëç¨á«¨â¥«ì ï
á¨áâ¥¬  ¢ æ¥«®¬ ¯®«ãç ¥âáï ª ª ®¡ê¥¤¨¥¨¥ íâ¨å ¬ áá¨¢®¢ á ¯®¬®éìî ¯®¤-
å®¤ïé¥© ª®¬¬ã¨ª æ¨®®© á¥â¨. �â® ¨ ¯®á«ã¦¨«® ®á®¢®© ¯à¨ç¨®© ¤«ï
¯®áâà®¥¨ï ¨ ¨§ãç¥¨ï ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ ¯à®æ¥áá  à ¡®âë ¬®£¨å äãª-
æ¨® «ìëå ãáâà®©áâ¢ ¡¥§ ¯ ¬ïâ¨ ¨ ª®¬¬ã¨ª æ¨®®© á¥â¨.
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� áá¬®âà¨¬ ¯à®¨§¢®«ìë© ®à¨¥â¨à®¢ ë© £à ä. �ã¤¥¬ áç¨â âì, çâ® ¢ ¢¥à-
è¨ å £à ä  à §¬¥é¥ë äãªæ¨® «ìë¥ ãáâà®©áâ¢ , ¯à®áâë¥ ¨«¨ ª®¢¥©¥à-
ë¥. �«®¦®áâì ¨å ¥ ®£à ¨ç¨¢ ¥âáï. � ¦¤®¥ ¨§ ãáâà®©áâ¢ ¬®¦¥â ¢ë¯®«ïâì
â®«ìª® ®¯¥à æ¨¨ ª ª®£®-â® ®¤®£® â¨¯ . �à¥¤¨ ¨å ¨¬¥îâáï ®¯¥à æ¨¨, ®¡¥á-
¯¥ç¨¢ îé¨¥ ¢¢®¤ ¨«¨ ¢ë¢®¤ ¨ä®à¬ æ¨¨. �ã£¨ £à ä  á¨¬¢®«¨§¨àãîâ á¢ï§¨
¢å®¤®¢ ¨ ¢ëå®¤®¢ ®â¤¥«ìëå ãáâà®©áâ¢ ¬¥¦¤ã á®¡®©. �¢ï§¨ ®áâ îâáï ¥¨§¬¥-
ë¬¨ ¢ ¯à®æ¥áá¥ à ¡®âë ãáâà®©áâ¢. �ä®à¬ æ¨ï ¯® ¨¬ ¯¥à¥¤ ¥âáï ¬£®¢¥®
¯® ¬¥à¥ ¥®¡å®¤¨¬®áâ¨. �¥á«®¦® ãª § âì  ¡®à ¯à®áâëå ¯à ¢¨«, ¯à¨ ¢ë¯®«¥-
¨¨ ª®â®àëå íâ  ¬®¤¥«ì ï ¢ëç¨á«¨â¥«ì ï á¨áâ¥¬  ¡ã¤¥â "à ¡®â âì". � ¬ë¬
áãé¥áâ¢¥ë¬ ¨§ ¨å ï¢«ï¥âáï ¥®¡å®¤¨¬®áâì à §®¬ªãâì ¥ª®â®àë¥ æ¨ª«ë ¨
¢á¥ ª®âãàë £à ä    ª®à®âª¨© ¯¥à¨®¤ ¢  ç «¥ ¯à®æ¥áá  ¤«ï § £àã§ª¨  ç «ì-
ëå ¤ ëå. �â  ¬®¤¥«ì ï á¨áâ¥¬  ¯®«ãç¨«   §¢ ¨¥ "ª®¢¥©¥àë© ¢ëç¨á-
«¨â¥«ì" [2].

� «¨§ ¯à®æ¥áá  äãªæ¨®¨à®¢ ¨ï ª®¢¥©¥àëå ¢ëç¨á«¨â¥«¥© ¯®§¢®«¨«
¯à¨¤ âì ç¥âª¨© ¬ â¥¬ â¨ç¥áª¨© á¬ëá« ¢á¥¬ å à ªâ¥à¨áâ¨ª ¬, á¢ï§ ë¬ á íä-
ä¥ªâ¨¢®áâìî ¨á¯®«ì§®¢ ¨ï ¬®£¨å äãªæ¨® «ìëå ãáâà®©áâ¢. �ë«¨ ãáâ -
®¢«¥ë à §«¨çë¥ á®®â®è¥¨ï ¬¥¦¤ã ¨¬¨. �¤ ª® á ¬ë¬ ¨â¥à¥áë¬ ®ª -
§ «áï   «¨§ áâàãªâãàë  «£®à¨â¬ , à¥ «¨§ã¥¬®£® ª®¢¥©¥àë¬ ¢ëç¨á«¨â¥«¥¬.
�ëïá¨«®áì, çâ® íâ®â  «£®à¨â¬ ¯à¥¤áâ ¢«ï¥â ®¡ê¥¤¨¥¨¥ ¥ á¢ï§ ëå ¬¥¦¤ã
á®¡®© ®¤¨ ª®¢ëå  «£®à¨â¬®¢, ®â«¨ç îé¨åáï ¤àã£ ®â ¤àã£  â®«ìª® § ç¥¨ï¬¨
¢å®¤ëå ¤ ëå. �àã£¨¬¨ á«®¢ ¬¨, ¨ä®à¬ æ¨®ë© ¯®â®ª, ¯à®å®¤ïé¨© ç¥-
à¥§ ª®¢¥©¥àë© ¢ëç¨á«¨â¥«ì, ®¡ï§ â¥«ì® à áé¥¯«ï¥âáï   ¥§ ¢¨á¨¬ë¥ ®¤-
®â¨¯ë¥ ¢¥â¢¨. �¨á«® íâ¨å ¢¥â¢¥© ®¯à¥¤¥«ï¥âáï, £« ¢ë¬ ®¡à §®¬, £à ä®¬
ª®¢¥©¥à®£® ¢ëç¨á«¨â¥«ï ¨ ¬®¦¥â ¬¥ïâìáï ¯à¨ ¨§¬¥¥¨¨ £à ä  ®â ¥¤¨¨æë
¤® ¡¥áª®¥ç®áâ¨.

� ª¨¬ ®¡à §®¬, ¡ë« ¯®«ãç¥ ¯¥à¢ë© ¢ ¦ë© ¤«ï â®£® ¢à¥¬¥¨ à¥§ã«ìâ â:
¥á«¨ ¬ë å®â¨¬, çâ®¡ë § ¤ ç  íää¥ªâ¨¢® à¥è « áì   ¢ëç¨á«¨â¥«ì®© á¨á-
â¥¬¥ á ¬®£¨¬¨ äãªæ¨® «ìë¬¨ ãáâà®©áâ¢ ¬¨ ª®¢¥©¥à®£® â¨¯ , ¥®¡å®-
¤¨¬®, çâ®¡ë ¥¥ ¬®¦® ¡ë«® ¯à¥¤áâ ¢¨âì ª ª ¬®¦¥áâ¢® ¯®¤§ ¤ ç, á®áâ®ïé¨å
¨§ ¤®áâ â®ç® ¤«¨ëå, ¥ § ¢¨á¨¬ëå ¤àã£ ®â ¤àã£  ®¤®â¨¯ëå ¢¥â¢¥© ¢ëç¨á-
«¥¨©. �â¬¥â¨¬, çâ® íâ®£® ¦¥ âà¥¡®¢ «¨ à §«¨çë¥ ¢¥ªâ®àë¥ ¨ ¬ âà¨çë¥
ãáª®à¨â¥«¨, ¢¥ªâ®à®-ª®¢¥©¥àë¥ ¬ è¨ë â¨¯  �à¥©-1 ¨ â.¯. �¨áâ®«¨ç¥áª¨¥
¬ áá¨¢ë § ¨¬ îâ ¢ íâ®¬ àï¤ã ®á®¡®¥ ¬¥áâ®, ¨ ¬ë ¥é¥ ¢¥à¥¬áï ª ¨å ®¡áã¦¤¥-
¨î.

�à®¢®¤ï  è¨ ¨áá«¥¤®¢ ¨ï ¯à®æ¥áá®¢ äãªæ¨®¨à®¢ ¨ï ¬®£¨å ãáâà®©áâ¢,
¬ë ¥ ¤¥« «¨ ¨ª ª¨å ¯à¥¤¯®«®¦¥¨© ® á¯®á®¡ å ®à£ ¨§ æ¨¨ ¢ëç¨á«¥¨©. �¢-
â®¬ â¨ç¥áª¨ ®ª § «¨áì ¢ ¯®«¥ §à¥¨ï ¯ à ««¥«¨§ æ¨ï ¢ëç¨á«¥¨©, ª®¢¥©¥à-
®áâì äãªæ¨® «ìëå ãáâà®©áâ¢, ¢®§¬®¦®áâì ®¡à §®¢ë¢ âì á«®¦ë¥ ª®¢¥©-
¥àë, ¢¥ªâ®àë¥ ¨ ¬ âà¨çë¥ ¢ëç¨á«¥¨ï ¨ â.¯. � ª ¯®ª § «¨ à¥§ã«ìâ âë ¨áá«¥-
¤®¢ ¨©, íää¥ªâ¨¢®¥ ¨á¯®«ì§®¢ ¨¥ ¬®£¨å äãªæ¨® «ìëå ãáâà®©áâ¢, ¢®-
®¡é¥ £®¢®àï, íª¢¨¢ «¥â® ¢®§¬®¦®áâ¨ ®à£ ¨§®¢ë¢ âì ª®¢¥©¥àë¥ ¢ëç¨á«¥-
¨ï. �à¨ íâ®¬ ª®¢¥©¥àë  ¤® ¯®¨¬ âì ¥ ¢ âà ¤¨æ¨®®¬,   ¢ ¡®«¥¥ è¨à®ª®¬
á¬ëá«¥, ¢ â®¬ ç¨á«¥ á ¨§¬¥ï¥¬ë¬¨ á¢ï§ï¬¨.

�  ®¤®¬ ¯®«îá¥ ª®¢¥©¥àëå ¢ëç¨á«¥¨©  å®¤ïâáï ¬ ªà®ª®¢¥©¥àë¥ ¢ë-
ç¨á«¥¨ï. �«ï ¯à®æ¥áá®¢ íâ®£® â¨¯  å à ªâ¥à®  «¨ç¨¥ ¤«¨ëå, ¥ ®¡ï§ -
â¥«ì® ®¤®â¨¯ëå ¥§ ¢¨á¨¬ëå ¢¥â¢¥© ¢ëç¨á«¥¨© ¨ ¢®§¬®¦®áâì ¯à¥¥¡à¥-
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¦¥¨ï á¢ï§ï¬¨ ¨ ¢à¥¬¥ ¬¨ ¯¥à¥¤ ç¨ ¨ä®à¬ æ¨¨ ¯à¨ à¥ «¨§ æ¨¨ íâ¨å ¢¥â¢¥©.
�  ¤àã£®¬ ¯®«îá¥  å®¤ïâáï ª®¢¥©¥àë¥ ¢ëç¨á«¥¨ï, à¥ «¨§ã¥¬ë¥ á ¯®¬®éìî
á¨áâ®«¨ç¥áª¨å ¬ áá¨¢®¢. �«ï ¯à®æ¥áá®¢ íâ®£® â¨¯  å à ªâ¥à® ®áãé¥áâ¢«¥¨¥
¢á¥å ¥®¡å®¤¨¬ëå, ¢ â®¬ ç¨á«¥ ¤«¨ëå, ¯¥à¥¤ ç ¨ä®à¬ æ¨¨   ä®¥ ¢ë¯®«-
¥¨ï á ¬¨å ®¯¥à æ¨©.

�ëç¨á«¥¨ï, à¥ «¨§ã¥¬ë¥   ¢¥ªâ®àëå á¨áâ¥¬ å, § ¨¬ îâ ¯à®¬¥¦ãâ®ç-
®¥ ¯®«®¦¥¨¥ ¨ ¤®¯®«¨â¥«ì® å à ªâ¥à¨§ãîâáï ¢á¥£® «¨èì ¢¥ªâ®à®© ®à£ -
¨§ æ¨¥© ¤ ëå. �â¥à¥á® ®â¬¥â¨âì, çâ® ¢®§¬®¦®áâì ¢¥ªâ®à®© ®à£ ¨§ -
æ¨¨ ¤ ëå ï¢«ï¥âáï ®â«¨ç¨â¥«ì®© ç¥àâ®© «î¡ëå ¢ëç¨á«¥¨©, à¥ «¨§ã¥¬ëå
  á¨áâ¥¬¥ ãáâà®©áâ¢ á à¥¤ª® ¨§¬¥ï¥¬ë¬¨ á¢ï§ï¬¨. � ç áâ®áâ¨,   «î¡ëå
ª®¢¥©¥àëå ¢ëç¨á«¨â¥«ïå ¤«¨ë ¢¥ªâ®à®¢ ¯®«®áâìî ®¯à¥¤¥«ïîâáï £à ä®¬
á¢ï§¥© à¥ «¨§ã¥¬®£®  «£®à¨â¬ . �®â ä ªâ, çâ®   ª®ªà¥âëå ¢ëç¨á«¨â¥«ìëå
á¨áâ¥¬ å ¤«¨ë ¢¥ªâ®à®¢ ç áâ® ¢ë¡¨à îâáï ¯®áâ®ïë¬¨, ®âà ¦ ¥â ®á®¡¥-
®áâ¨ â¥å¨ç¥áª¨å à¥è¥¨© ¨ ¥ ¨¬¥¥â ¨ª ª®£® ®â®è¥¨ï ª áâàãªâãà¥  «£®-
à¨â¬®¢.

�¥¯¥àì æ¥âà «ì®© § ¤ ç¥© ¯à®¡«¥¬ë ®â®¡à ¦¥¨ï áâ ®¢¨âáï ®¡ àã¦¥-
¨¥ ¥§ ¢¨á¨¬ëå ¢¥â¢¥© ¢ëç¨á«¥¨© ¢  «£®à¨â¬ å. �® ¢ ç «¥ ã¦® ¡ë«®
â®ç® ®¯à¥¤¥«¨âì, ® ª ª¨å  «£®à¨â¬ å ¯®©¤¥â à¥çì. �à¨ ¢ë¡®à¥ ª« áá   «£®-
à¨â¬®¢ ¡ë«® ¯à¨ïâ® ¢® ¢¨¬ ¨¥ ¥áª®«ìª® ®¡áâ®ïâ¥«ìáâ¢.

� ¬®¬¥âã ¢¥¤à¥¨ï ¢ ¯à ªâ¨ªã ¢ëç¨á«¨â¥«ìëå á¨áâ¥¬ á ¬®£¨¬¨ äãªæ¨-
® «ìë¬¨ ãáâà®©áâ¢ ¬¨  ç «¨ à §à ¡ âë¢ âìáï á¯¥æ¨ «ì® ¯à¨á¯®á®¡«¥ë¥
¤«ï ¨å ç¨á«¥ë¥ ¬¥â®¤ë. � ª¨¥ á¨áâ¥¬ë ¨ ¬¥â®¤ë ®¡®¡é¥® áâ «¨  §ë-
¢ âìáï ¯ à ««¥«ìë¬¨. �á®¢®© æ¥«ìî á®§¤ ¨ï ¯ à ««¥«ìëå ¬¥â®¤®¢ ¡ë«®
à¥è¥¨¥ § ¤ ç¨ §  ª ª ¬®¦® ¬¥ìè¥¥ ç¨á«® ¯ à ««¥«ìëåè £®¢. �¨á«® è £®¢
å à ªâ¥à¨§®¢ «® ¢à¥¬ï à¥è¥¨ï § ¤ ç¨   ¯ à ««¥«ì®© á¨áâ¥¬¥. �  ª ¦¤®¬
è £¥ à §à¥è «®áì ¢ë¯®«ïâì áª®«ì ã£®¤® ¬®£® ¥§ ¢¨á¨¬ëå ¤àã£ ®â ¤àã£ 
®¯¥à æ¨©. �ë«¨ ¯®«ãç¥ë ã¤¨¢¨â¥«ìë¥ ¬ â¥¬ â¨ç¥áª¨¥ à¥§ã«ìâ âë. � ª,  -
¯à¨¬¥à, ®ª § «®áì, çâ® á¨áâ¥¬ã «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© á ¬ âà¨æ¥©
¯®àï¤ª  n ¬®¦® à¥è¨âì ¢á¥£® §  0(log22 n) ¯ à ««¥«ìëå è £®¢, ¢ë¯®«¨âì n
è £®¢ ¯®á«¥¤®¢ â¥«ì®£® «¨¥©®£® à¥ªãàà¥â®£® ¯à®æ¥áá  ¬®¦® §  0(log2 n)
¯ à ««¥«ìëå è £®¢ ¨ â.¯. �¤ ª® ¢ë¯®«¥ë©  ¬¨   «¨§ ¯®ª § «, çâ® ã
íâ¨å ¬¥â®¤®¢ ¥â à¥ «ì®© ¯¥àá¯¥ªâ¨¢ë. � ª ¯à ¢¨«®, ®¨ ªà ©¥ ¥ãáâ®©ç¨¢ë
ª ¢«¨ï¨î ®è¨¡®ª ®ªàã£«¥¨ï, ¢¥áì¬  á«®¦ë ¢ à¥ «¨§ æ¨¨ ¨ ®ç¥ì ¥íä-
ä¥ªâ¨¢® ¨á¯®«ì§ãîâ äãªæ¨® «ìë¥ ãáâà®©áâ¢ . �à¥¬ï ¯®ª § «®, çâ®  è
¯à®£®§ ®¯à ¢¤ «áï.

�®«¥¥ ¯¥àá¯¥ªâ¨¢ë¬¨ ¢¨¤¥«¨áì âà ¤¨æ¨®ë¥ ç¨á«¥ë¥ ¬¥â®¤ë. �å ¯à¨-
¢«¥ª â¥«ì ï áâ®à®  § ª«îç « áì ¢ ¯à¥¤áª §ã¥¬®áâ¨ ç¨á«¥®£® ¯®¢¥¤¥¨ï.
�  ¤«¨â¥«ìë© áà®ª ¯à ªâ¨ç¥áª®£® ¨á¯®«ì§®¢ ¨ï ®¨ ã¦¥ ¡ë«¨ âé â¥«ì®
¨§ãç¥ë ¨ â¥áâ¨à®¢ ë. �áâ ¢ «®áì â®«ìª®  ãç¨âìáï ¢ë¤¥«ïâì ¢ íâ¨å ¬¥â®¤ å
¥§ ¢¨á¨¬ë¥ ¢¥â¢¨ ¢ëç¨á«¥¨©. �¯ëâ à ¡®âë   ¯¥à¢ëå ¢ëç¨á«¨â¥«ìëå á¨á-
â¥¬ å á ¯ à ««¥«ì®©  àå¨â¥ªâãà®© ¯®ª §ë¢ «, çâ® ¢® ¬®£¨å á«ãç ïå â ª¨¥
¢¥â¢¨ ã¤ ¥âáï ®¡ àã¦¨¢ âì, ¨á¯®«ì§ãï à¥®à£ ¨§ æ¨î ¯®àï¤ª  ¢ë¯®«¥¨ï
®¯¥à æ¨©. �à¨ íâ®¬ ¤®¢®«ì® ç áâ® á®åà ï¥âáï ¨«¨ ¬¥ï¥âáï ¥§ ç¨â¥«ì®
ç¨á«¥ ï ãáâ®©ç¨¢®áâì. �®¨áª ã¦®£® ¯®àï¤ª  ¢ëç¨á«¥¨©, ¥áâ¥áâ¢¥®, ¥
¡ë«  «£®à¨â¬¨§¨à®¢ , ¨ ¤«ï ¥£® ¯à®¢¥¤¥¨ï ¢á¥£¤  ¯à¨¢«¥ª «¨áì á¯¥æ¨ «¨áâë,
å®à®è® § îé¨¥ ç¨á«¥ë¥ ¬¥â®¤ë.
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� âé â¥«ì®¬ã   «¨§ã âà ¤¨æ¨®ëå ç¨á«¥ëå ¬¥â®¤®¢  á ¯®¤â «ª¨¢ « 
¨ ¤àã£ ï ¢ ¦ ï ¯à®¡«¥¬ . � â¥ç¥¨¥ ¬®£¨å «¥â ¯à®ä¥áá¨® «ìë¥ ¨â¥à¥áë
 ¢â®à  «¥¦ «¨ ¢ ®¡« áâ¨ ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨ ¨ ç¨á«¥®£® ¯à®£à ¬-
¬®£® ®¡¥á¯¥ç¥¨ï. � ª á«ãç¨«®áì, çâ® §  íâ® ¢à¥¬ï ¯à¨è«®áì ®á¢®¨âì ¡®«¥¥
¤¥áïâª  à §«¨çëå ���. � å®âï ¢á¥ ®¨ ¡ë«¨ ®¤®© ¨ â®©¦¥ ä®-¥©¬ ®¢áª®©
 àå¨â¥ªâãàë, ª ¦¤ë© à § ¯à¨ ¯¥à¥å®¤¥ ª ®¢®© ��� ¯®¢â®àï« áì ®¤  ¨ â  ¦¥
á¨âã æ¨ï: ¯à¨å®¤¨«®áì ¨§¬¥ïâì ã¦¥ á®§¤ ë¥ ¯à®£à ¬¬ë, å®âï  ¯¨á ë ®¨
¡ë«¨ ¯® ¢á¥¬ ¯à ¢¨« ¬  «£®à¨â¬¨ç¥áª¨å ¬ è¨®-¥§ ¢¨á¨¬ëå ï§ëª®¢.

� â®çª¨ §à¥¨ï ¬ â¥¬ â¨ª , ¤«ï ª®â®à®£® ��� ï¢«ï¥âáï ¢á¥£® «¨èì à ¡®ç¨¬
¨áâàã¬¥â®¬, íâ  á¨âã æ¨ï ¢ ¢ëáè¥© áâ¥¯¥¨ ¥®à¬ «ì .. �  ¯à®â¨¢®à¥-
ç¨â â®¬ã, à ¤¨ ç¥£®, á®¡áâ¢¥® £®¢®àï, ¨ á®§¤ ¢ «¨áì  «£®à¨â¬¨ç¥áª¨¥ ï§ëª¨.
�¥¤ì ¯¥à¢® ç «ì®© ¨å æ¥«ìî ¡ë«® ®á¢®¡®¦¤¥¨¥ à §à ¡®âç¨ª®¢  «£®à¨â¬®¢
®â ¥®¡å®¤¨¬®áâ¨ § âì ®á®¡¥®áâ¨ ª®ªà¥âëå ���. �á¥ äãªæ¨¨ ¯®  ¤ ¯â -
æ¨¨ ¯à®£à ¬¬ ª ª®ªà¥âë¬ ��� ¤®«¦ë ¡ë«¨ ¢§ïâì   á¥¡ï ª®¬¯¨«ïâ®àë ¨
®¯¥à æ¨®ë¥ á¨áâ¥¬ë. �¥à¢® ç «ì ï æ¥«ì ¯®ª  ¥ ¤®áâ¨£ãâ . �àã¤® ®¦¨-
¤ âì, çâ® ®  ¡ã¤¥â ¤®áâ¨£ãâ  ¢ ¡«¨¦ ©è¥¬ ¡ã¤ãé¥¬. �â®¡ë ¯à¨¤â¨ ª â ª®¬ã
¢ë¢®¤ã, ¥ ã¦® ¡ëâì ¡®«ìè¨¬ § â®ª®¬ ¢ ®¡« áâ¨  «£®à¨â¬¨ç¥áª¨å ï§ëª®¢.
�®¯à®¡ã©â¥  ©â¨ å®âï ¡ë ®¤¨ ï§ëª, ¤«ï ª®â®à®£® ¡ë«¨ ¡ë ¤ ë £ à â¨¨,
çâ® § ¯¨á ë¥   ¥¬  «£®à¨â¬ë ¡ã¤ãâ ¡¥§ ¨§¬¥¥¨ï íää¥ªâ¨¢® à¥ «¨§®¢ë-
¢ âìáï   à §ëå ���. � ®ç¥ì áª®à® ¢ë ã¡¥¤¨â¥áì, çâ® â ª¨å ï§ëª®¢ ¥â.

�®ï¢«¥¨¥ ¢ëç¨á«¨â¥«ìëå á¨áâ¥¬ ¯ à ««¥«ì®©  àå¨â¥ªâãàë ®§ ç «®  -
áâã¯«¥¨¥ ®¢®£® ¯¥à¨®¤  £«®¡ «ì®£® ¯¥à¥á¬®âà  ¨ ¯¥à¥¤¥«  ç¨á«¥®£® ¯à®-
£à ¬¬®£® ®¡¥á¯¥ç¥¨ï. �ç¨âë¢ ï ®£à®¬ãî á«®¦®áâì ¤ ®£® ¯à®æ¥áá , ¥á-
â¥áâ¢¥®, ¢®§¨ª «® ¦¥« ¨¥ å®âï ¡ë ª ª-â® ¥£®  ¢â®¬ â¨§¨à®¢ âì. �«ï íâ®£®
¡ë«  ¥®¡å®¤¨¬  ¤¥â «ì ï ¨ä®à¬ æ¨ï ® áâàãªâãà¥ ¯à®£à ¬¬, ¢¯«®âì ¤® á¢ï-
§¥© ¬¥¦¤ã ®â¤¥«ìë¬¨ ®¯¥à æ¨ï¬¨. �®, á ¤àã£®© áâ®à®ë, ¯à®£à ¬¬ë ¨áª«î-
ç¨â¥«ì® ¨â¥à¥áë ¨ á â®çª¨ §à¥¨ï ¯à®¡«¥¬ë ®â®¡à ¦¥¨ï, â ª ª ª ¯à¥¤-
áâ ¢«ïîâ ®¡è¨àë© ¡ £ ¦ å®à®è® ®âà ¡®â ëå ¨ ¨á¯®«ì§ã¥¬ëå   ¯à ªâ¨ª¥
 «£®à¨â¬®¢.

�â ª, ¢ë¡®à ¡ë« á¤¥« . � ª ç¥áâ¢¥ ª« áá   «£®à¨â¬®¢ ¯à¨ ¨§ãç¥¨¨ ¯à®-
¡«¥¬ë ®â®¡à ¦¥¨ï à¥è¥® ¢§ïâì ª« áá ¯à®£à ¬¬. �â®â ¢ë¡®à ¯®¤ªà¥¯«ï«áï
¥é¥ ¨ â¥¬, çâ® ¨á¯®«ì§®¢ ¨¥  «£®à¨â¬¨ç¥áª®£® ï§ëª  ¯®§¢®«ï«® ãáâà ïâì
¬®£¨¥ ¥¤®£®¢®à¥®áâ¨, å à ªâ¥àë¥ ¤«ï ª¨¦®£® ®¯¨á ¨ï  «£®à¨â¬®¢, ¨
â¥¬ á ¬ë¬ á¤¥« âì   «¨§ ¡®«¥¥ â®çë¬. � ª ç¥áâ¢¥ ï§ëª  ®¯¨á ¨ï ¯à®£à ¬¬
¡ë« ¢§ïâ �®àâà . �ªæ¥â   íâ®¬ ï§ëª¥ ¥¯à¨æ¨¯¨ «¥. �¥ª®â®àë©  à£ã-
¬¥â ¢ ¥£® ¯®«ì§ã á¢ï§  â®«ìª® á â¥¬, çâ® ¯® á¢®¥© áâàãªâãà¥ ®  ¨¡®«¥¥ ¡«¨-
§®ª ª ®¯¨á ¨î  «£®à¨â¬®¢ á ¯®¬®éìî ¬ â¥¬ â¨ç¥áª¨å á®®â®è¥¨©. � á¨«ã
¯à®áâ®âë ï§ëª  �®àâà  ¥£® ¨á¯®«ì§®¢ ¨¥ ¥ ¤ ¢ «® ¢®§¬®¦®áâì ¯à®£à ¬-
¬¨áâã á¨«ì® § ¯ãâë¢ âì ®¯¨á ¨¥  «£®à¨â¬®¢. �®¥ç®, ®á®¢ ï æ¥«ì ¨§ã-
ç¥¨ï ¤¥â «ì®© áâàãªâãàë ¯à®£à ¬¬ ¡ë«  á¢ï§   á ®â®¡à ¦¥¨¥¬ ¯à®¡«¥¬
¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨    àå¨â¥ªâãàã ¢ëç¨á«¨â¥«ìëå á¨áâ¥¬. �ë  -
¤¥ï«¨áì, çâ® ¯®¯ãâ® ã¤ áâáï «ãçè¥ ¯®ïâì ¯à®¡«¥¬ã ¯¥à¥®á  ç¨á«¥®£® ¯à®-
£à ¬¬®£® ®¡¥á¯¥ç¥¨ï   ¢ëç¨á«¨â¥«ìë¥ á¨áâ¥¬ë à §«¨ç®©  àå¨â¥ªâãàë ¨
¢¥áâ¨ ª ª®©-â® ¯®«¥§ë© ¢ª« ¤ ¢ ¥¥ à¥è¥¨¥.

�¥à¢ë¬ ¤¥«®¬ ¬ë ®¡à â¨«¨áì ª ¨§ãç¥¨î ¬¥â®¤®¢   «¨§  ¯à®£à ¬¬, ¨á-
¯®«ì§ã¥¬ëå ¢ ª®¬¯¨«ïâ®à å ¢ëç¨á«¨â¥«ìëå á¨áâ¥¬ á ¯ à ««¥«ì®©  àå¨â¥ª-
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âãà®©. �® á¢®¥© áãâ¨ íâ¨ ¬¥â®¤ë ¥¨§¡¥¦® ¤®«¦ë ¢ë¤¥«ïâì ¥§ ¢¨á¨¬ë¥
¢¥â¢¨ ¢ëç¨á«¥¨©, ¨ ¯®íâ®¬ã ¨â¥à¥á® ¡ë«® ¯®ïâì, ª ª ®¨ íâ® ¤¥« îâ. �ë
ã¦¥ ¨¬¥«¨ ¤®áâ â®ç® ¡®«ìè®© á¢®© á®¡áâ¢¥ë© ®¯ëâ   «¨§  ¯à®£à ¬¬, § «¨
¬®£¨¥ ã§ª¨¥ ¬¥áâ  ¨ å®à®è® ¯®¨¬ «¨, çâ®  ¤® ¨áª âì ¢ ¨§ãç ¥¬ëå ¬¥â®¤ å.
�¥á¬®âàï   â® çâ® ¯® ¬¥â®¤ ¬   «¨§  ¯à®£à ¬¬ ¡ë«® ®¯ã¡«¨ª®¢ ® ¤®áâ -
â®ç® ¡®«ìè®¥ ç¨á«® à ¡®â, ¤®«£®¥ ¢à¥¬ï ®áâ ¢ «®áì â ©®©, çâ® ¦¥ à¥ «ì®
¤¥« ¥âáï ¢ ª®¬¯¨«ïâ®à¥. � áâ®ïé¨¬ è®ª®¬ ï¢¨«®áì § ª®¬áâ¢® á à ¡®â®© [3].
� ¥© ¡ë«¨ ¯à®  «¨§¨à®¢ ë ª®¬¯¨«ïâ®àë ¡®«ìè¨áâ¢  ¯ à ««¥«ìëå ¢ë-
ç¨á«¨â¥«ìëå á¨áâ¥¬. �ª § «®áì, çâ®   á ¬ëå á®¢à¥¬¥ëå á¨áâ¥¬ å ª®¬¯¨-
«ïâ®àë à¥ «¨§ãîâ á ¬ë¥ âà¨¢¨ «ìë¥ ¬¥â®¤¨ª¨ ¨, çâ® ¤«ï  á ¡ë«® ®á®¡¥®
¨â¥à¥á®, ¥ ¤ îâ ¨ª ª¨å £ à â¨© ª ç¥áâ¢ã à¥§ã«ìâ â®¢ ¢ë¯®«¥®£®   -
«¨§ .

� ª®¬áâ¢® á à ¡®â ¬¨ ¯® ª®¬¯¨«ïæ¨¨ ¯à®£à ¬¬ ¥ ¯à®è«® ¡¥áá«¥¤®. �®-
¯¥à¢ëå, áâ «® ïá®, çâ® á® áâ®à®ë íâ®© ¤¥ïâ¥«ì®áâ¨, ¯® á¬ëá«ã  ¨¡®«¥¥
¡«¨§ª®© ª ¯à®¡«¥¬¥ ®â®¡à ¦¥¨ï, ¥â ¨ª ª¨å ®á®¢ ¨© ®¦¨¤ âì áª®«ìª®-
¨¡ã¤ì áãé¥áâ¢¥ãî ¯®¬®éì. �®-¢â®àëå, ¢ëïá¨«®áì, çâ® á ¬  íâ  ¤¥ïâ¥«ì-
®áâì ®áâà® ã¦¤ ¥âáï ¢ ¯à¨â®ª¥ á¢¥¦¨å ¨¤¥©. �-âà¥âì¨å, ¬ë ¯®«ãç¨«¨ ¬®£®
¯®«¥§ëå á¢¥¤¥¨© ®¡ ®¡é¥¯à¨ïâëå ¢ ¯à®£à ¬¬¨à®¢ ¨¨ ¯®¤å®¤ å ª   «¨§ã
¯à®£à ¬¬. �,  ª®¥æ, ¬ë â®ç® ¯®ï«¨, çâ®  ¤® ¤¥« âì.

�«ï ¨áá«¥¤®¢ ¨ï áâàãªâãàë á¢ï§¥©   ¬®¦¥áâ¢¥ ®¯¥à æ¨© ¢ ¯à®£à ¬¬ å
âà ¤¨æ¨®® ¨á¯®«ì§ãîâáï ®à¨¥â¨à®¢ ë¥ £à äë. �¢¥ ®¯¥à æ¨¨  §ë¢ îâáï
§ ¢¨á¨¬ë¬¨, ¥á«¨ ¯à¨ á¢®¥© à¥ «¨§ æ¨¨ ®¨ ¨á¯®«ì§ãîâ ®¤ã ¨ âã ¦¥ ¯¥à¥¬¥-
ãî. �ã¤¥¬ áç¨â âì ®â¤¥«ìë¥ ®¯¥à æ¨¨ ¢¥àè¨ ¬¨ £à ä . � ¢¨á¨¬ë¥ ®¯¥à -
æ¨¨ á®¥¤¨¨¬ ¤ã£ ¬¨. �ã£  ¢á¥£¤  ¨¤¥â ¨§ â®© ¢¥àè¨ë, ª®â®à ï á®®â¢¥âáâ¢ã¥â
®¯¥à æ¨¨, ¢ë¯®«ï¥¬®© à ìè¥. � §«¨ç îâ ç¥âëà¥ ¢¨¤  § ¢¨á¨¬®áâ¨, á¬®âàï
¯® â®¬ã, ¯¥à¥¢ëç¨á«ï¥âáï ¨«¨ ¨á¯®«ì§ã¥âáï ¢ ª ç¥áâ¢¥  à£ã¬¥â  § ç¥¨¥ ¯¥-
à¥¬¥®© ¢  ç «ì®© ¨«¨ ª®¥ç®© ®¯¥à æ¨¨. �®®â¢¥âáâ¢¥® íâ®¬ã á ª ¦¤®©
¯à®£à ¬¬®© á¢ï§ë¢ îâáï ç¥âëà¥ â¨¯  £à ä®¢. � ¦¤ë© £à ä ¨¬¥¥â ¤ã£¨ â®«ìª®
®¤®£® ¢¨¤  § ¢¨á¨¬®áâ¥©. � §ë¥ £à äë ®¤®£® â¨¯  ¬®£ãâ ¨¬¥âì à §®¥ ç¨á«®
  «¨§¨àã¥¬ëå ¤ã£. �à¨ ¨áá«¥¤®¢ ¨¨ ¯à®£à ¬¬ ®¯à¥¤¥«¥®¥ § ç¥¨¥ ¨¬¥îâ
£à äë ¢á¥å â¨¯®¢. � ¨¡®«¥¥ ¢ ¦ë¬ ï¢«ï¥âáï â¨¯ § ¢¨á¨¬®áâ¨,  §ë¢ ¥¬ë©
¨áâ¨®©. � á®®â¢¥âáâ¢ã¥â â®¬ã á«ãç î, ª®£¤  ¢  ç «ì®© ®¯¥à æ¨¨ § ç¥¨¥
¯¥à¥¬¥®© ¯¥à¥¢ëç¨á«ï¥âáï,   ¢ ª®¥ç®© ¨á¯®«ì§ã¥âáï ¢ ª ç¥áâ¢¥  à£ã¬¥â .

�á«¨ ¤¢  ¬®¦¥áâ¢  ®¯¥à æ¨© ¥ á¢ï§ ë ¯ãâï¬¨ £à ä®¢ § ¢¨á¨¬®áâ¥©, â®
®¨ ¯à¥¤áâ ¢«ïîâ ¥§ ¢¨á¨¬ë¥ ¢¥â¢¨ ¢ëç¨á«¥¨© ¨ ¨å ¬®¦® ¢ë¯®«ïâì ¥§ -
¢¨á¨¬® ¤àã£ ®â ¤àã£  ¨«¨, ¤àã£¨¬¨ á«®¢ ¬¨, ¯ à ««¥«ì®. �¯à¥¤¥«¨âì, § ¢¨-
á¨¬  ¨«¨ ¥ § ¢¨á¨¬  ¯ à  ®¯¥à æ¨©, ®â®á¨â¥«ì® ¯à®áâ®. �ã¦® «¨èì ãáâ -
®¢¨âì, ¨á¯®«ì§ãîâ ¨«¨ ¥ ¨á¯®«ì§ãîâ ®¨ ®¤¨ ¨ â¥ ¦¥ ¯¥à¥¬¥ë¥. �à®áâ®â 
¯à¨âï£¨¢ ¥â. �®§¬®¦®, ¨¬¥® ¯®íâ®¬ã ®á®¢ë¥ ãá¨«¨ï á¯¥æ¨ «¨áâ®¢ ¢ ®¡-
« áâ¨ ¨§ãç¥¨ï áâàãªâãàë ¯à®£à ¬¬ ¡ë«¨  ¯à ¢«¥ë   à §à ¡®âªã ¤®áâ â®ç-
ëå ªà¨â¥à¨¥¢ ¥§ ¢¨á¨¬®áâ¨ ¬®¦¥áâ¢ ®¯¥à æ¨¨. �  ¨áª«îç¥¨¥¬ âà¨¢¨ «ì-
ëå á«ãç ¥¢, £à äë § ¢¨á¨¬®áâ¥© ¨ª®£¤  ¥ áâà®¨«¨áì ï¢®. �¨ á«ã¦¨«¨,
£« ¢ë¬ ®¡à §®¬, ¨««îáâà â¨¢ë¬¨ ®¡ê¥ªâ ¬¨ ¤«ï ®¡êïá¥¨ï â®£®, çâ® ¤¥-
« ¥âáï ¢ ª®ªà¥â®© ¬¥â®¤¨ª¥. � â®¬ ¢¨¤¥, ª ª ®¨ ®¯à¥¤¥«ï«¨áì, £à äë § -
¢¨á¨¬®áâ¥© ¨ ¥«ì§ï ¡ë«® ¯®áâà®¨âì ï¢®. �à¨ ¬®£®ªà â®¬ ¨á¯®«ì§®¢ ¨¨
¯ ¬ïâ¨ ��� ¢ ª ¦¤ãî ¢¥àè¨ã £à ä®¢ ¡ã¤¥â ¢å®¤¨âì áâ®«ìª® ¬®£® ¤ã£, çâ®
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â ª¨¥ £à äë ¥¢®§¬®¦® ®¯¨á âì ª®¥çë¬  ¡®à®¬ ª ª¨å-â® ¯à®áâëå äãª-
æ¨©.

�«ï  á á á ¬®£®  ç «  ¨áá«¥¤®¢ ¨© ¡ë«® ®ç¥¢¨¤®, çâ® ã¦® áâà¥¬¨âìáï
ª à §à ¡®âª¥ ¥®¡å®¤¨¬ëå ¨ ¤®áâ â®çëå ªà¨â¥à¨¥¢ ¥§ ¢¨á¨¬®áâ¨ ¬®¦¥áâ¢
®¯¥à æ¨©. �á¯®«ì§®¢ ¨¥ ¤®áâ â®çëå ªà¨â¥à¨¥¢ ¨¬¥¥â á¥àì¥§ë© ¥¤®áâ â®ª.
�á«¨ á ¨å ¯®¬®éìî ¥ ã¤ ¥âáï  ©â¨ ã¦ë¥ ¬®¦¥áâ¢  ®¯¥à æ¨©, â® ¥¯®-
ïâ®, çâ® ¢ íâ®© á¨âã æ¨¨ ¤¥« âì ¯®«ì§®¢ â¥«î: ¨«¨  ç¨ âì à §à ¡ âë¢ âì
®¢ë© ¬¥â®¤ à¥è¥¨ï § ¤ ç¨, ¨«¨ ª ª¨¬-â® ®¡à §®¬ ¯à¥®¡à §®¢ âì ¯à®£à ¬¬ã,
¨«¨,  ª®¥æ, ¯à¨¬¥¨âì ª ª®©-«¨¡® ¡®«¥¥ ¨§®éà¥ë© ¬¥â®¤   «¨§  ¢  -
¤¥¦¤¥ ¢á¥-â ª¨  ©â¨ ã¦ë¥ ¬®¦¥áâ¢  ®¯¥à æ¨©. �¥ «¨§ æ¨ï ¯¥à¢ëå ¤¢ãå
¯ãâ¥© ¢¥áì¬  ®¡à¥¬¥¨â¥«ì  ¤«ï ¯®«ì§®¢ â¥«ï. �®íâ®¬ã ® ¡®«¥¥ ®å®â® ¨¤¥â
¯® âà¥âì¥¬ã ¯ãâ¨. � á¢®î ®ç¥à¥¤ì, íâ® ®¡áâ®ïâ¥«ìáâ¢® áâ¨¬ã«¨àã¥â à §à ¡®âªã
¢á¥ ®¢ëå ¨ ®¢ëå ¤®áâ â®çëå ªà¨â¥à¨¥¢ ¥§ ¢¨á¨¬®áâ¨.

�®áª®«ìªã âà ¤¨æ¨®ë¥ £à äë § ¢¨á¨¬®áâ¥© ª®áâàãªâ¨¢® ¯®áâà®¨âì ¥«ì-
§ï,  ¬¨ ¡ë«¨ ¯à¥¤¯à¨ïâë ¯®¯ëâª¨  ©â¨ ¤àã£¨¥ ¯®¤å®¤ïé¨¥ ®¡ê¥ªâë, ¢ ¯¥à-
¢ãî ®ç¥à¥¤ì áà¥¤¨ ¯®¤£à ä®¢ £à ä®¢ § ¢¨á¨¬®áâ¥©. � áá¬®âà¨¬ £à ä § ¢¨á¨-
¬®áâ¥©, ã ª®â®à®£® ¢á¥ ¯ àë § ¢¨á¨¬ëå ¢¥àè¨ ®¤®£® â¨¯  á®¥¤¨¥ë ¤ã£ ¬¨.
�¬¥® íâ¨ £à äë à áá¬ âà¨¢ îâáï âà ¤¨æ¨®®. �ã¤¥¬  §ë¢ âì ¥£® ¬ ªá¨-
¬ «ìë¬. �à®£à ¬¬  ®¤®§ ç® ®¯à¥¤¥«ï¥â ¯®àï¤®ª ¢ë¯®«¥¨ï ®¯¥à æ¨©.
�â® ®§ ç ¥â, çâ®   ¬®¦¥áâ¢¥ ¢¥àè¨ £à ä  ¢¢®¤¨âáï ç áâ¨çë© ¯®àï¤®ª.
�¡ëç® ¥£®  §ë¢ îâ «¥ªá¨ª®£à ä¨ç¥áª¨¬. � ä¨ªá¨àã¥¬ ª ªãî-¨¡ã¤ì ¢¥à-
è¨ã. � §®¡ì¥¬ ¢á¥ ¬®¦¥áâ¢® ¤ã£ ¬ ªá¨¬ «ì®£® £à ä , ¢å®¤ïé¨å ¢ ¤ ãî
¢¥àè¨ã,   £àã¯¯ë. �â¥á¥¬ ª ®¤®© £àã¯¯¥ ¤ã£¨ § ¢¨á¨¬®áâ¨ ®â ®¤®© ¨ â®©
¦¥ ¯¥à¥¬¥®©. � ª ¦¤®© £àã¯¯¥ ¢ë¡¥à¥¬ ¤ã£ã, ã ª®â®à®©  ç «ì ï ¢¥àè¨ 
«¥ªá¨ª®£à ä¨ç¥áª¨ ¡«¨¦¥ ¢á¥£® ª § ä¨ªá¨à®¢ ®© ¢¥àè¨¥. �®áâà®¨¬ ®áâ®¢-
ë© ¯®¤£à ä ¬ ªá¨¬ «ì®£® £à ä , ®áâ ¢¨¢ ¨§ ª ¦¤®© £àã¯¯ë â®«ìª® ®¤ã
¢ë¡à ãî ¤ã£ã. �ã¤¥¬  §ë¢ âì â ª®© £à ä § ¢¨á¨¬®áâ¥© ¬¨¨¬ «ìë¬.

� ª¨¬ ®¡à §®¬, á ª ¦¤®© ¯à®£à ¬¬®© ®¤®§ ç® á¢ï§ë¢ «¨áì ç¥âëà¥ ¬¨-
¨¬ «ìëå £à ä  § ¢¨á¨¬®áâ¥©. �á¥ íâ¨ £à äë ¨¬¥«¨ ®¤® ¨ â® ¦¥ ¬®¦¥áâ¢®
¢¥àè¨, ® à §«¨ç «¨áì ¤ã£ ¬¨ ¨ ¨å äãªæ¨® «ìë¬ á®¤¥à¦ ¨¥¬. �à äë
¡ë«¨ ®â®á¨â¥«ì® ¯à®áâë, â ª ª ª â¥¯¥àì ¢ ª ¦¤ãî ¢¥àè¨ã ¢å®¤¨«® «¨èì
¥¡®«ìè®¥ ç¨á«® ¤ã£. � ª®ªà¥âëå á«ãç ïå £à äë ¢á¥£¤  áâà®¨«¨áì ¨ ®¯¨áë-
¢ «¨áì ¥¡®«ìè¨¬ ç¨á«®¬ ¯à®áâëå äãªæ¨©. �® ¯à¥¦¤¥ ç¥¬ § ïâìáï à §à -
¡®âª®© ®¡é¥£® ¬¥â®¤  ¯®áâà®¥¨ï ¬¨¨¬ «ìëå £à ä®¢ ¯® â¥ªáâã ¯à®£à ¬¬ë,
¥®¡å®¤¨¬® ¡ë«® ã¡¥¤¨âìáï, çâ® á ¨å ¯®¬®éìî ¬®¦® à¥è âì á®¤¥à¦ â¥«ìë¥
§ ¤ ç¨. �á®¡®¥ ¢¨¬ ¨¥ ã¤¥«ï«®áì ¬¨¨¬ «ì®¬ã £à äã ¨áâ¨ëå § ¢¨á¨¬®á-
â¥©, ¨«¨, ª ª ¬ë ¥£®  §ë¢ ¥¬, £à äã  «£®à¨â¬  [2].

�¥§ã«ìâ âë ¯®áë¯ «¨áì ª ª ¨§ à®£  ¨§®¡¨«¨ï. �¥à¢®¥, ª ç¥¬ã ¬ë ®¡à â¨-
«¨áì, á«¥¤ãï ®¡é¥© áâà â¥£¨¨ à¥è¥¨ï ¯à®¡«¥¬ë ®â®¡à ¦¥¨ï, { íâ® ª ¯®áâà®-
¥¨î ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«¥© á¨áâ®«¨ç¥áª¨å ¬ áá¨¢®¢. � ª ã¦¥ ®â¬¥ç «®áì
à ¥¥, ¨â¥à¥á ª ¤ ®© ¯à®¡«¥¬¥ ¡ë« ¡®«ìè¨¬. �¡é¨© ¯®¤å®¤ ª ª®áâàã¨à®¢ -
¨î á¨áâ®«¨ç¥áª¨å ¬ áá¨¢®¢ ®á®¢    á«¥¤ãîé¥© ¨¤¥¥. �ãáâì ¢  è¥¬ à á¯®-
àï¦¥¨¨ ¨¬¥¥âáï ¤®áâ â®ç®¥ ç¨á«® äãªæ¨® «ìëå ãáâà®©áâ¢, à¥ «¨§ãîé¨å
®¯¥à æ¨¨ ®¤®£® ¨«¨ ¥áª®«ìª¨å â¨¯®¢. �ã¤¥¬  §ë¢ âì ãáâà®©áâ¢  á¨áâ®«¨-
ç¥áª¨¬¨ ïç¥©ª ¬¨ (¯à®æ¥áá®àë¬¨ í«¥¬¥â ¬¨, í«¥¬¥â àë¬¨ ¯à®æ¥áá®à ¬¨,
ç¨¯ ¬¨ ¨ â.¯.). �®¯ãáâ¨¬, çâ® ª®áâàãªâ¨¢® ®¨ ¢ë¯®«¥ë ¢ ¢¨¤¥ £¥®¬¥â-
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à¨ç¥áª¨ ®¤¨ ª®¢ëå ¬®£®ã£®«ì¨ª®¢,   £à ¨æë ª®â®àëå ¢ë¢¥¤¥ë ¢å®¤ë ¨
¢ëå®¤ë. �¥¯¥àì  ç¥¬ áª« ¤ë¢ âì ¨§ ¬®£®ã£®«ì¨ª®¢ à §«¨çë¥ ä¨£ãàë,
¯à¨á®¥¤¨ïï ¡¥§  «®¦¥¨ï ¯®á«¥¤®¢ â¥«ì® ¬®£®ã£®«ì¨ª §  ¬®£®ã£®«ì¨-
ª®¬. �á«¨ ¢ ¬¥áâ å á®¯à¨ª®á®¢¥¨ï áâ®à® á®¥¤¨¨âì ¢å®¤ë ¨ ¢ëå®¤ë á®á¥¤¨å
ãáâà®©áâ¢, â® ¯®«ãç¨âáï ¥ª®â®à ï ¢ëç¨á«¨â¥«ì ï á¨áâ¥¬ . �à¨ ¥ª®â®àëå
¤®¯®«¨â¥«ìëå ãá«®¢¨ïå ®  ¨  §ë¢ ¥âáï á¨áâ®«¨ç¥áª¨¬ ¬ áá¨¢®¬.

�à¨ à §«¨çëå ®¯¥à æ¨ïå, ¢ë¯®«ï¥¬ëå á¨áâ®«¨ç¥áª¨¬¨ ïç¥©ª ¬¨, ¨ à §-
«¨çëå ä¨£ãà å, á®áâ ¢«¥ëå ¨§ ¬®£®ã£®«ì¨ª®¢, ¬ë ¯®«ãç ¥¬ á¨áâ®«¨ç¥á-
ª¨¥ ¬ áá¨¢ë, à¥ «¨§ãîé¨¥ à §«¨çë¥  «£®à¨â¬ë. � «¨§ à ¡®âë â ª¨å á¨á-
â¥¬ ¢ë¯®«ï«áï ¤®¢®«ì® «¥£ª®. �¤ ª® ¡®«ìè¨¥ âàã¤®áâ¨ ¢ë§ë¢ « á¨â¥§
á¨áâ¥¬, â.¥. ¢ë¡®à ¬ â¥¬ â¨ç¥áª®£® á®¤¥à¦ ¨ï á¨áâ®«¨ç¥áª¨å ïç¥¥ª ¨ á®áâ ¢-
«¥ëå ¨§ ¨å ä¨£ãà, ¯à¨ ª®â®à®¬ á¨áâ®«¨ç¥áª¨© ¬ áá¨¢ ¡ã¤¥â à¥ «¨§®¢ë¢ âì
§ ¤ ë©  «£®à¨â¬. �á¯®«ì§ãï ¬¨¨¬ «ìë¥ £à äë § ¢¨á¨¬®áâ¥©,  ¬ ã¤ «®áì
¯®«®áâìî à¥è¨âì § ¤ çã á¨â¥§ . � â¥à¬¨ å á¢®©áâ¢ íâ¨å £à ä®¢ ¡ë« ãª -
§  ª« áá  «£®à¨â¬®¢, ¤«ï ª®â®àëå ¢®®¡é¥ ¢®§¬®¦® ¯®áâà®¥¨¥ á¨áâ®«¨ç¥áª¨å
¬ áá¨¢®¢. �à®æ¥áá ¯®áâà®¥¨ï ¬®¤¥«¨ ¬ áá¨¢  á¢®¤¨«áï ¢á¥£® «¨èì ª ¯à®¥ªâ¨-
à®¢ ¨î ¬¨¨¬ «ìëå £à ä®¢ § ¢¨á¨¬®áâ¥©   ¯®¤å®¤ïé¨¬ ®¡à §®¬ ¢ë¡à ë¥
¯®¢¥àå®áâ¨. �®®â¢¥âáâ¢ãîé¨¥ ¯à¨¬¥àë ¯à¨¢¥¤¥ë ¢ [2].

� ª ¬ë â ª¦¥ ã¦¥ ®â¬¥ç «¨ à ¥¥, ¢ë¤¥«¥¨¥ ¥§ ¢¨á¨¬ëå ¢¥â¢¥© ¢ëç¨á«¥-
¨© ¢ ¯à®£à ¬¬ å ç áâ® á®¯à®¢®¦¤ «®áì ¯¥à¥ã¯®àï¤®ç¨¢ ¨¥¬ ¬®¦¥áâ¢  ®¯¥-
à æ¨©. �à¨ ¯¥à¥ã¯®àï¤®ç¨¢ ¨¨ ®¯¥à æ¨© ¯®«ãç ¥âáï, áâà®£® £®¢®àï, ¤àã£®©
 «£®à¨â¬, ç¥¬ â®â, ª®â®àë© ¡ë« ®¯¨á  ¨áå®¤®© ¯à®£à ¬¬®©. �®¯à®á ®¡ íª¢¨-
¢ «¥â®áâ¨ íâ¨å  «£®à¨â¬®¢ ®áâ ¢ «áï ®âªàëâë¬. �¨¨¬ «ìë¥ £à äë § ¢¨-
á¨¬®áâ¥© ¨ §¤¥áì ®ª § «¨áì ¯®«¥§ë¬¨. �ã¤¥¬  §ë¢ âì  «£®à¨â¬ë íª¢¨¢ «¥â-
ë¬¨ ¯® ¢ëç¨á«¥¨ï¬, ¥á«¨ ¯à¨ ®¤¨å ¨ â¥å ¦¥ ¢å®¤ëå ¤ ëå ¨ ®¤®¬ ¨ â®¬
¦¥ á¯®á®¡¥ ®ªàã£«¥¨ï à¥§ã«ìâ â®¢ ¯à®¬¥¦ãâ®çëå ¢ëç¨á«¥¨© ®¨ ¤ îâ ®¤¨
¨ â¥ ¦¥ ª®¥çë¥ à¥§ã«ìâ âë, ¢ª«îç ï ¢áî á®¢®ªã¯®áâì ®è¨¡®ª ®ªàã£«¥¨ï.
�ëïá¨«®áì, çâ® á â®ç®áâìî ¤® ¥ª®â®àëå ®£®¢®à®ª  «£®à¨â¬ë, ¢ë¯®«ïî-
é¨¥ ®¤® ¨ â® ¦¥ ¬®¦¥áâ¢® ®¯¥à æ¨©, íª¢¨¢ «¥âë ¯® ¢ëç¨á«¥¨ï¬ â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  ¨å £à äë  «£®à¨â¬®¢ ¨§®¬®àäë.

� ¯àï¬®¬ ¨«¨ ª®á¢¥®¬ ¢¨¤¥ ¬¨¨¬ «ìë¥ £à äë § ¢¨á¨¬®áâ¥© á¢ï§ ë á
¬®£¨¬¨ ¯à®¡«¥¬ ¬¨, ®â®áïé¨¬¨áï ª ¨§ãç¥¨î  «£®à¨â¬®¢. �¥©áâ¢¨â¥«ì®,
à¥ «¨§ æ¨ï § ¯¨á ®£® ¯à®£à ¬¬®©  «£®à¨â¬  ®§ ç ¥â à¥ªãàà¥â®¥ ¢ëç¨á-
«¥¨¥ ¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ¢¥«¨ç¨. �®áâ ¢¨¬ ¤«ï ¨å äãªæ¨® «ì-
ãî ¬ âà¨æã �ª®¡¨ ¨§ ç áâëå ¯à®¨§¢®¤ëå ¯¥à¢®£® ¯®àï¤ª . � §®¢¥¬ ¥¥ ¢ à¨-
 æ¨®®© ¬ âà¨æ¥©  «£®à¨â¬ . �âàãªâãà  ¥ã«¥¢ëå í«¥¬¥â®¢ íâ®© ¬ âà¨æë
â ª ï ¦¥, ª ª ã ¬ âà¨æë á¬¥¦®áâ¥© £à ä   «£®à¨â¬ . �®íâ®¬ã ¥¥ ¬®¦®
¢ëç¨á«ïâì ¯ à ««¥«ì® á à¥ «¨§ æ¨¥© á ¬®£®  «£®à¨â¬ . �«®¦®áâì ®¡®¨å
¯à®æ¥áá®¢ ¯à¨¬¥à® ®¤¨ ª®¢ . �ë«® ãáâ ®¢«¥®, çâ® ¨¬¥® ¢ à¨ æ¨® ï
¬ âà¨æ   «£®à¨â¬  ï¢«ï¥âáï ®¡é¨¬ §¢¥®¬ ¢ â ª¨å à §ëå § ¤ ç å, ª ª ¢®ááâ -
®¢«¥¨¥ «¨¥©®£® äãªæ¨® « , ¡ëáâà®¥ ¢ëç¨á«¥¨¥ £à ¤¨¥â , ¨áá«¥¤®¢ ¨¥
¢«¨ï¨ï ®è¨¡®ª ®ªàã£«¥¨ï ¨ â.¯. [4].

�¥âëà¥ ¬¨¨¬ «ìëå £à ä  § ¢¨á¨¬®áâ¥©, á®¯à®¢®¦¤ îé¨å § ¯¨á ë©
¯à®£à ¬¬®©  «£®à¨â¬, ¯à¥¤®áâ ¢«ïîâ á ¬ãî ¤¥â «ìãî ¨ä®à¬ æ¨î ® á¢ï§ïå
¬¥¦¤ã ®¯¥à æ¨ï¬¨. �â® ¤ ¥â ®á®¢ ¨¥ áç¨â âì ¨å ®á¨â¥«ï¬¨ ¨ä®à¬ æ¨-
®®© áâàãªâãàë  «£®à¨â¬ . �® ¤«ï íää¥ªâ¨¢®£® ¨á¯®«ì§®¢ ¨ï á¢¥¤¥¨© ®
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áâàãªâãà¥ ¥ å¢ â ¥â ®¯¨á ¨ï £à ä®¢ ¢ ã¤®¡®© ¤«ï ¨á¯®«ì§®¢ ¨ï ä®à¬¥.

�®§ì¬¥¬ ª ª®©-¨¡ã¤ì ®à¨¥â¨à®¢ ë©  æ¨ª«¨ç¥áª¨© £à ä. �á¥£¤  ¬®¦®
 ¯¨á âì ¯à®£à ¬¬ã   ï§ëª¥ �®àâà  â ªãî, çâ® á®¯à®¢®¦¤ îé¨© ¥¥,  ¯à¨-
¬¥à, £à ä  «£®à¨â¬  ¡ã¤¥â ¨§®¬®àä¥ ¨áå®¤®¬ã £à äã. �à®¤¥ ¡ë íâ® £®¢®à¨â
® ¯à®¨§¢®«ì®© áâàãªâãà¥ £à ä®¢ § ¢¨á¨¬®áâ¥©. �¥¯¥àì § ¤ ¤¨¬ á¥¡¥ ¢®¯à®á ®
á®®â¢¥âáâ¢¨¨ ¯®¤®¡ëå ¯à¨¬¥à®¢ ¯à ªâ¨ª¥. � ª ¯à ¢¨«®, ¯à®£à ¬¬ë § ¢¨áïâ
®â ¢¥è¨å ¯¥à¥¬¥ëå, § ç¥¨ï ª®â®àëå ¥ ¨§¢¥áâë. � ª¨¬¨ ¯¥à¥¬¥ë¬¨
ï¢«ïîâáï, ¢ ç áâ®áâ¨, à §¬¥àë ¬ âà¨æë, ¢¥«¨ç¨  è £  á¥âª¨, â®ç®áâì ¨ â.¯.
� ¯¨á âì ¯®¤®¡ãî ¯à®£à ¬¬ã á ¯à®¨§¢®«ìë¬¨ £à ä ¬¨ ¥«ì§ï, â ª ª ª ®â
¢¥è¨å ¯¥à¥¬¥ëå ¡ã¤¥â § ¢¨á¥âì ¥¥ ¤«¨ . �¤¥ªáë¥ ¢ëà ¦¥¨ï ¨á¯®«ì-
§ã¥¬ëå   ¯à ªâ¨ª¥ ¯à®£à ¬¬ ®¡ëç® ¢¥áì¬  ¯à®áâë. � é¥ ¢á¥£® ®¨ «¨¥©ë.
�á®¢ ï ¬ áá  ¢ëç¨á«¥¨© ¯à¨  «¨ç¨¨ ¢¥è¨å ¯¥à¥¬¥ëå ¨ª®£¤  ¥ ¡ë-
¢ ¥â ¯à®¨§¢®«ì®©. �  ¢á¥£¤  ®à£ ¨§ã¥âáï ª ª ¬®£®ªà â®¥ æ¨ª«¨ç¥áª®¥
¯®¢â®à¥¨¥ ª ª¨å-â® ¯à®áâëå ¯®á«¥¤®¢ â¥«ì®áâ¥© ®¯¥à æ¨©.

�á¥ áª § ®¥ á¢¨¤¥â¥«ìáâ¢ã¥â ® â®¬, çâ® ª« áá ¯à®£à ¬¬, ¨¬¥îé¨å ®â®-
è¥¨¥ ª à¥ «ì®© ¤¥ïâ¥«ì®áâ¨, § ç¨â¥«ì® �ã¦¥, ç¥¬ ª« áá ¢á¥å ¯à®£à ¬¬.
�â® ®¡áâ®ïâ¥«ìáâ¢® ¥¨§¡¥¦® ¤®«¦® ¡ë«® áª § âìáï   ¯à®¡«¥¬¥ ®â®¡à ¦¥-
¨ï, ¯® ªà ©¥© ¬¥à¥,   íää¥ªâ¨¢®áâ¨ ¥¥ à¥è¥¨ï. �® ¢¥¤ì ¥¨§¢¥áâ®, £¤¥
¯à®å®¤¨â ¨ çâ® á®¡®© ¯à¥¤áâ ¢«ï¥â £à ¨æ  ¬¥¦¤ã ¯à®£à ¬¬ ¬¨.

�ë  ç «¨ à §à ¡®âªã ¬¥â®¤®¢ ¯®áâà®¥¨ï ¬¨¨¬ «ìëå £à ä®¢ § ¢¨á¨¬®á-
â¥© á ®â®á¨â¥«ì® ¯à®áâ®£®, ® ®ç¥ì ¯à¥¤áâ ¢¨â¥«ì®£® ª« áá  «¨¥©ëå ¯à®-
£à ¬¬. �ëç¨á«¥¨ï ¢ ¥¬ ®¯¨áë¢ îâáï ¯à®¨§¢®«ì®© áâàãªâãà®© æ¨ª«®¢ DO
¨ ¢¥â¢«¥¨©, ¨á¯®«ï¥¬ë¬¨ ï¢«ïîâáï â®«ìª® ®¯¥à â®àë ¯à¨á¢ ¨¢ ¨ï ¨ ¢á¥
¢å®¦¤¥¨ï ¯¥à¥¬¥ëå, ãá«®¢¨ï ¢¥â¢«¥¨ï ¨ £à ¨æë ¨§¬¥¥¨ï ¯ à ¬¥âà®¢
æ¨ª«®¢ § ¤ îâáï æ¥«®ç¨á«¥ë¬¨ ¢ëà ¦¥¨ï¬¨, «¨¥©ë¬¨ ª ª ¯® ¯ à ¬¥â-
à ¬ æ¨ª«®¢, â ª ¨ ¯® ¢¥è¨¬ ¯¥à¥¬¥ë¬. � â¥®à¨¨ ¨ ¯à ªâ¨ª¥ ¨á¯®«ì§®¢ ¨ï
¯à®£à ¬¬ «¨¥©ë© ª« áá § ¨¬ ¥â ¯à¨¬¥à® â ª®¥¦¥ ¬¥áâ®, ª ª ¬ âà¨æë ¢ ª®-
¥ç®¬¥à®¬   «¨§¥, ç¨á«¥ë¥ ¬¥â®¤ë «¨¥©®©  «£¥¡àë ¢ ¢ëç¨á«¨â¥«ì®©
¬ â¥¬ â¨ª¥, § ¤ ç¨ «¨¥©®£® ¯à®£à ¬¬¨à®¢ ¨ï ¢ ®¯â¨¬¨§ æ¨¨ ¨ â.¯. �ç¥ì
¬®£¨¥ ¯à®£à ¬¬ë ¨«¨ ¨å ®á®¢ë¥ äà £¬¥âë ¨§ ç «ì® ï¢«ïîâáï «¨¥©-
ë¬¨. �é¥ ¡®«ìè¥¥ ç¨á«® à §«¨çëå ¯à®£à ¬¬, ¢ â®¬ ç¨á«¥ á®¤¥à¦ é¨å ¢ë-
§®¢ë ¯®¤¯à®£à ¬¬ ¨ äãªæ¨©, ¬®¦¥â ¡ëâì á¢¥¤¥® ª «¨¥©ë¬. �®íâ®¬ã ¢á¥-
áâ®à®¥¥ ¨§ãç¥¨¥ ¯à®£à ¬¬ ¨§ «¨¥©®£® ª« áá  ¯à¥¤áâ ¢«ï«® ¥á®¬¥ë©
¨â¥à¥á.

� ¬¨ ¡ë« ¤®ª §  äã¤ ¬¥â «ìë© ä ªâ, £®¢®àïé¨© ® â®¬, çâ® ¤«ï «î¡®©
«¨¥©®© ¯à®£à ¬¬ë «î¡®© ¬¨¨¬ «ìë© £à ä § ¢¨á¨¬®áâ¥© ®¯¨áë¢ ¥âáï ª®-
¥ç®© á¨áâ¥¬®© äãªæ¨©, «¨¥©ëå ª ª ¯® ¯ à ¬¥âà ¬ æ¨ª«®¢, â ª ¨ ¯® ¢¥è-
¨¬ ¯¥à¥¬¥ë¬. �¨á«® íâ¨å äãªæ¨© ®¯à¥¤¥«ï¥âáï ¯à®£à ¬¬®©, ® ¥ § ¢¨á¨â
®â § ç¥¨© ¢¥è¨å ¯¥à¥¬¥ëå. �®§¬®¦®áâì ï¢®£® ¯à¥¤áâ ¢«¥¨ï ¬¨¨-
¬ «ìëå £à ä®¢ § ¢¨á¨¬®áâ¥© ª®¥çë¬ ç¨á«®¬ «¨¥©ëå äãªæ¨© ®âªàë¢ «®
¬®£®®¡¥é îé¨¥ ¯¥àá¯¥ªâ¨¢ë ª ª ¢ ¨§ãç¥¨¨ á ¬ëå â®ª¨å í«¥¬¥â®¢ áâàãª-
âãàë ¯à®£à ¬¬, â ª ¨ ¢ ¤¥«¥ ¯à¥®¡à §®¢ ¨ï ¯à®£à ¬¬ ¯®¤ âà¥¡®¢ ¨ï æ¥«¥¢®£®
ª®¬¯ìîâ¥à . �, ª®¥ç®, á ¯®¬®éìî íâ¨å äãªæ¨© ®ª § «®áì ¢®§¬®¦ë¬ áâà®-
¨âì á ¬ë¥ á®¢¥àè¥ë¥, ¢ â®¬ ç¨á«¥ ¥ã«ãçè ¥¬ë¥, ªà¨â¥à¨¨ ¥§ ¢¨á¨¬®áâ¨
¬®¦¥áâ¢ ®¯¥à æ¨©. �á¥ íâ® áâ¨¬ã«¨à®¢ «® à §à ¡®âªã íää¥ªâ¨¢ëå ¬¥â®¤®¢
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¨å  å®¦¤¥¨ï, ¨áå®¤ï â®«ìª® ¨§ â¥ªáâ  ¯à®£à ¬¬ë. � ª¨¥ ¬¥â®¤ë ¡ë«¨ à §-
à ¡®â ë [4].

� ¯®¬¨¬, çâ® ®¤¨¬ ¨§ ¢ ¦¥©è¨å íâ ¯®¢ à¥è¥¨ï ¯à®¡«¥¬ë ®â®¡à ¦¥¨ï
ï¢«ï¥âáï à §«®¦¥¨¥ ¡®«ìè®© § ¤ ç¨   ¯à®áâ¥©è¨¥ á ¨§¢¥áâ®© áâàãªâãà®©.
�à®¢¥¤¥ë¥ ¨áá«¥¤®¢ ¨ï ¯®ª § «¨, çâ® íâ®â íâ ¯  áâ®«ìª® á«®¦¥, çâ® ¨ ®
ª ª®¬ ¥£® "àãç®¬" ¢ë¯®«¥¨¨ ¥ ¬®¦¥â ¡ëâì ¨ à¥ç¨. �¥¯¥àì ¢ ª ç¥áâ¢¥ ¯¥à-
¢®®ç¥à¥¤®£® ¢áâ « ¢®¯à®á ® à §à ¡®âª¥  ¢â®®¬®© ¯à®£à ¬¬®© á¨áâ¥¬ë ¤«ï
¢á¥áâ®à®¥£®   «¨§  ¡®«ìè¨å ¯à¨ª« ¤ëå ¯à®£à ¬¬ëå ª®¬¯«¥ªá®¢. � ¤®-
¢®«ì® á¦ âë¥ áà®ª¨ â ª ï á¨áâ¥¬  ¡ë«  á®§¤   ¢  ãç®-¨áá«¥¤®¢ â¥«ìáª®¬
¢ëç¨á«¨â¥«ì®¬ æ¥âà¥ ��� �«. �. �®¥¢®¤¨ë¬. �  ¯®«ãç¨«   §¢ ¨¥ V-
Ray system. �¨áâ¥¬  ¯®§¢®«ï«  ¨§ãç âì áâàãªâãàã ¯à®£à ¬¬ ª ª   ¬ ªà®-,
â ª ¨   ¬¨ªà®ãà®¢¥. � «¨§   ¬¨ªà®ãà®¢¥ ¡ë« ®á®¢    ¯®áâà®¥¨¨ ¨
¨áá«¥¤®¢ ¨¨ ¬¨¨¬ «ìëå £à ä®¢ § ¢¨á¨¬®áâ¥©. �¨áâ¥¬  ®ª § « áì ¨áª«îç¨-
â¥«ì® íää¥ªâ¨¢®©. � ª ç¥áâ¢¥ ¯®¤â¢¥à¦¤¥¨ï íâ®£® ®â¬¥â¨¬,  ¯à¨¬¥à, çâ®
¢ë¯®«¥ ï  ¬¨ á ¥¥ ¯®¬®éìî ®¯â¨¬¨§ æ¨ï ¯à®£à ¬¬ ¨§ è¨à®ª® ¨§¢¥áâ®£®
â¥áâ®¢®£® ¯ ª¥â  Perfect Club Benchmarks ¤«ï ª®¬¯ìîâ¥à®¢ CRAY Y-MP M90 ¨
CRAY Y-MP C90 ®ª § « áì á ¬®© «ãçè¥© áà¥¤¨ â¥å, ª®â®àë¥ ¡ë«¨ ¤®áâã¯ë
¤«ï áà ¢¥¨ï. � ¥ª®â®àë¬¨ á¢¥¤¥¨ï¬¨ ® V-Ray system ¨ ¥¥ ¨á¯®«ì§®¢ ¨¨
¬®¦® ¯®§ ª®¬¨âìáï ¢ à ¡®â¥ [5].

V-Ray system á®§¤ ¢ « áì ª ª ¢ ¨â¥à¥á å ¯à®¡«¥¬ë ®â®¡à ¦¥¨ï ¤«ï   -
«¨§  áâàãªâãàë ¯à®£à ¬¬, â ª ¨ ¢ ¨â¥à¥á å ¯à®¡«¥¬ë íää¥ªâ¨¢®£® ¨á¯®«ì§®-
¢ ¨ï ¢ëç¨á«¨â¥«ìëå á¨áâ¥¬ ¯ à ««¥«ì®©  àå¨â¥ªâãàë ¤«ï  ¤ ¯â æ¨¨ ¯à®-
£à ¬¬ ª âà¥¡®¢ ¨ï¬ â ª¨å á¨áâ¥¬. �® § ¬ëá«ã £« ¢ë¬ ¡ë« ¯¥à¢ë© ¨â¥-
à¥á. �® ä ªâã £« ¢ë¬   â¥ªãé¨© ¬®¬¥â áâ « ¢â®à®© ¨â¥à¥á. �¡êïáï¥âáï
íâ® á«¥¤ãîé¨¬ ®¡áâ®ïâ¥«ìáâ¢®¬. �  ¯®á«¥¤¨¥ £®¤ë § ç¨â¥«ì® à áè¨à¨«¨áì
¢®§¬®¦®áâ¨ ¤®áâã¯ , ¢ â®¬ ç¨á«¥ ã¤ «¥®£®, ª ¢ëç¨á«¨â¥«ìë¬ á¨áâ¥¬ ¬
¯ à ««¥«ì®©  àå¨â¥ªâãàë. �®«ì§®¢ â¥«¨ íâ¨å á¨áâ¥¬, ª ª ¯à ¢¨«®, ¨¬¥îâ
®ç¥ì á«®¦ë¥ § ¤ ç¨, ® ¥ ¨¬¥îâ ¤®áâ â®çëå § ¨© ¨ ¨áâàã¬¥â «ìëå
áà¥¤áâ¢ ¤«ï  ¤ ¯â æ¨¨ á¢®¨å ¯à®£à ¬¬. � ¤àã£®© áâ®à®ë, ¢®ªàã£ V-Ray sys-
tem ®¡à §®¢ «áï ¢ëá®ª®ª¢ «¨ä¨æ¨à®¢ ë© ª®««¥ªâ¨¢, ª®â®àë© ¨¬¥¥â ã¦ë¥
§ ¨ï ¨ ã¦ë© ¨áâàã¬¥â à¨©. �®íâ®¬ã ¢¯®«¥ ¥áâ¥áâ¢¥®, çâ® ª ª®¥-â®
¢à¥¬ï ¡®«ìè¥¥ ¢¨¬ ¨¥ ã¤¥«ï«®áì ¯à®á¢¥â¨â¥«ìáª®© ¨ ª®áã«ìâ æ¨®®© ¤¥-
ïâ¥«ì®áâ¨,   â ª¦¥  ¤ ¯â æ¨¨ ¡®«ìè¨å ª®ªà¥âëå ¯à®£à ¬¬ëå ª®¬¯«¥ªc®¢
ª âà¥¡®¢ ¨ï¬ ¡®«ìè¨å ª®ªà¥âëå ¯ à ««¥«ìëå á¨áâ¥¬. �áâ â¨, íâ  à ¡®â 
®ª § « áì ¯®«¥§®© ¨ ¢ ¨â¥à¥á å ¯à®¡«¥¬ë ®â®¡à ¦¥¨ï. �ë ã¢¨¤¥«¨, çâ®
¤«ï íää¥ªâ¨¢®£® ®á¢®¥¨ï ¥ª®â®àëå á¨áâ¥¬ ¥ å¢ â ¥â â¥®à¥â¨ç¥áª¨å § ¨©
® áâàãªâãà¥ ¯à®£à ¬¬.

� ¯¥à¢ãî ¢¥àá¨î V-Ray system ¡ë«¨ ¢ª«îç¥ë £« ¢ë¬ ®¡à §®¬ â¥ à¥§ã«ì-
â âë ¨áá«¥¤®¢ ¨ï ¯à®£à ¬¬, ª®â®àë¥ ¡ë«¨ á¢ï§ ë á ¢ëç¨á«¨â¥«ìë¬¨ á¨áâ¥-
¬ ¬¨ ª®¢¥©¥à®£® ¨ ¢¥ªâ®à®-ª®¢¥©¥à®£® â¨¯®¢. �® áâ «¨ ¯®ï¢«ïâìáï ¬®-
£®¯à®æ¥áá®àë¥ á¨áâ¥¬ë ¨ á¥â¨ ª®¬¯ìîâ¥à®¢. �«ï ¨å ã§ª¨¬ ¬¥áâ®¬ ï¢«ï¥âáï
¯¥à¥áë«ª  ¤ ëå ®â ¯à®æ¥áá®à  ª ¯à®æ¥áá®àã. �®âà¥¡®¢ «¨áì ¤®¯®«¨â¥«ìë¥
â¥®à¥â¨ç¥áª¨¥ ¨áá«¥¤®¢ ¨ï ¨ á®®â¢¥âáâ¢ãîé¥¥ à áè¨à¥¨¥ V-Ray system.

�¨¢¥àá «ìë¬ ¨áâàã¬¥â®¬ ¤«ï ¨§ãç¥¨ï à §«¨çëå à¥ «¨§ æ¨© «î¡®£®
ª®ªà¥â®£®  «£®à¨â¬  ª ª   ¢á¥å áãé¥áâ¢ãîé¨å, â ª ¨   ¯à®¥ªâ¨àã¥¬ëå,
¢ â®¬ ç¨á«¥ ¤ ¦¥ £¨¯®â¥â¨ç¥áª¨å ¢ëç¨á«¨â¥«ìëå á¨áâ¥¬ å ï¢«ï¥âáï £à ä-
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¬ è¨  [4]. � áá¬®âà¨¬ £à ä  «£®à¨â¬ . �ã¤¥¬ áç¨â âì, çâ® ¢ ¥£® ¢¥àè¨ å
¯®¬¥é¥ë äãªæ¨® «ìë¥ ãáâà®©áâ¢ , ¢ë¯®«ïîé¨¥ á®®â¢¥âáâ¢ãîé¨¥ ®¯¥à -
æ¨¨. �áâ ®¢¨¬ ¤«¨â¥«ì®áâì áà ¡ âë¢ ¨ï ãáâà®©áâ¢. �ãáâì ¤ã£¨ á®®â¢¥âáâ-
¢ãîâ ª  « ¬ ¯¥à¥¤ ç¨ ¨ä®à¬ æ¨¨ ¬¥¦¤ã ãáâà®©áâ¢ ¬¨. �áâ ®¢¨¬   ¤ã£ å
¤«¨â¥«ì®áâ¨ ¯¥à¥¤ ç. �à¨ ¥®¡å®¤¨¬®áâ¨ ¯à¨á®¥¤¨¨¬ ãáâà®©áâ¢  ¢¢®¤  ¨ ¢ë-
¢®¤  ¨ä®à¬ æ¨¨ ¨ ãáâ ®¢¨¬ ¬®¬¥âë ¢¢®¤  ¢å®¤ëå ¤ ëå. �â® ¨ ¥áâì £à ä-
¬ è¨ . � ª ¨ ¢ á«ãç ¥ ª®¢¥©¥à®£® ¢ëç¨á«¨â¥«ï, ¥á«®¦® ãª § âì  ¡®à
¯à®áâëå ¯à ¢¨«, ¯à¨ ¢ë¯®«¥¨¨ ª®â®àëå íâ  ¬®¤¥«ì ï ¢ëç¨á«¨â¥«ì ï á¨á-
â¥¬  ¡ã¤¥â "à ¡®â âì". �à¨ «î¡ëå ãáâ ®¢«¥ëå ¤«¨â¥«ì®áâïå ¨ ¬®¬¥â å
¯®¤ ç¨ ¢å®¤ëå ¤ ëå ¬ë ¡ã¤¥¬ ¯®«ãç âì ®¤¨ ¨ â®â ¦¥ à¥§ã«ìâ â, ¢ª«îç ï
¢áî á®¢®ªã¯®áâì ®è¨¡®ª ®ªàã£«¥¨ï. � ¡ã¤¥â á®¢¯ ¤ âì á à¥§ã«ìâ â®¬, ¯®«ã-
ç¥ë¬   ª®ªà¥â®© á¨áâ¥¬¥, ¥á«¨ â®«ìª® ã ¥¥ äãªæ¨® «ìëå ãáâà®©áâ¢ ¨
ãáâà®©áâ¢ £à ä-¬ è¨ë ¡ã¤ãâ à¥ «¨§®¢ ë ®¤¨ ¨ â¥ ¦¥ ¯à ¢¨«  ®ªàã£«¥¨ï
ç¨á¥«. � ª ¨ ª®¢¥©¥àë© ¢ëç¨á«¨â¥«ì, £à ä-¬ è¨  ¥ ¨¬¥¥â ¯ ¬ïâ¨ ¨ ¬®¦¥â
á®åà ïâì à¥§ã«ìâ âë ¯à®¬¥¦ãâ®çëå ¢ëç¨á«¥¨© â®«ìª® ¢ á ¬¨å ãáâà®©áâ¢ å.
�® ¢ £à ä-¬ è¨¥ ª ¦¤®¥ ¨§ äãªæ¨® «ìëå ãáâà®©áâ¢, ¢ª«îç ï ãáâà®©áâ¢ 
¢¢®¤ -¢ë¢®¤ , áà ¡ âë¢ ¥â â®«ìª® ®¤¨ à §.

�¢¥¤¥¬   ¢¥àè¨ å u £à ä   «£®à¨â¬  ¢¥é¥áâ¢¥ë© äãªæ¨® « t = f(u),
£¤¥ t ®§ ç ¥â ¬®¬¥â ¢à¥¬¥¨, ¢ ª®â®àë© § ª ç¨¢ ¥âáï à ¡®â  ãáâà®©áâ¢ ,
¯®¬¥é¥®£® ¢ ¢¥àè¨ã u. �à¥¤¯®«®¦¨¬, çâ® ¤«¨â¥«ì®áâ¨ áà ¡ âë¢ ¨ï ¢á¥å
äãªæ¨® «ìëå ãáâà®©áâ¢ £à ä-¬ è¨ë ®â«¨çë ®â ã«ï. �á«¨ ¢ íâ®¬ á«ãç ¥
¤ã£  £à ä   «£®à¨â¬  ¨¤¥â ¨§ ¢¥àè¨ë u ¢ ¢¥àè¨ã v, â® ¡ã¤¥¬ ¨¬¥âì f(u) <
f(v). �¥¯¥àì § ä¨ªá¨àã¥¬ ¬®¬¥â t ¨ à §®¡ì¥¬ ¬®¦¥áâ¢® 
 ¢á¥å ¢¥àè¨ £à ä 
 «£®à¨â¬    âà¨ ¥¯¥à¥á¥ª îé¨¥áï £àã¯¯ë:

� 
t1 { ¬®¦¥áâ¢® ¢¥àè¨, á®®â¢¥âáâ¢ãîé¨å ®¯¥à æ¨ï¬, ¢ë¯®«¥¨¥ ª®â®-
àëå § ª®ç¨«®áì ª ¬®¬¥âã t;

� 
t2 { ¬®¦¥áâ¢® ¢¥àè¨, á®®â¢¥âáâ¢ãîé¨å ®¯¥à æ¨ï¬, ¢ë¯®«¥¨¥ ª®â®-
àëå § å¢ âë¢ ¥â ¬®¬¥â t;

� 
t3 { ¬®¦¥áâ¢® ¢¥àè¨, á®®â¢¥âáâ¢ãîé¨å ®¯¥à æ¨ï¬, ¢ë¯®«¥¨¥ ª®â®-
àëå ¥  ç «®áì ª ¬®¬¥âã t.

�ç¥¢¨¤®, çâ® ¤ã£¨ £à ä   «£®à¨â¬  ¬®£ãâ ¨¤â¨ â®«ìª® ¨§ 
t1 ¢ 

t
3 ¨ ¨§ 


t
2 ¢


t3, ® ¥  ®¡®à®â. �à®¬¥ íâ®£®, ¢ 

t
2 ¥â ¨ ®¤®© ¯ àë ¢¥àè¨, ª®â®àë¥ ¡ë«¨

¡ë á¢ï§ ë ¤ã£ ¬¨. �â® ®§ ç ¥â, çâ® äãªæ¨® « f(u) ¯®§¢®«ï¥â ¢ë¤¥«ïâì ¥
á¢ï§ ë¥ ¤àã£ á ¤àã£®¬ ¬®¦¥áâ¢  ®¯¥à æ¨© ¨ ®¯à¥¤¥«ïâì  ¯à ¢«¥®áâì ¤ã£
£à ä . �á¥ íâ® ¬®¦® ¤¥« âì ¨ ¡¥§ ¢¢¥¤¥¨ï £à ä-¬ è¨ë. �® £à ä-¬ è¨ 
¤ ¥â ®ç¥ì ¯®«¥§ë¥ ¨««îáâà æ¨¨.

� á ¬®¬ ¤¥«¥, ¢¢¥¤¥¬   ¢¥àè¨ å u ®à¨¥â¨à®¢ ®£®  æ¨ª«¨ç¥áª®£® £à ä 
¢¥é¥áâ¢¥ë© äãªæ¨® « f(u). �ã¤¥¬  §ë¢ âì ¥£® áâà®£®© (®¡®¡é¥®©) à §-
¢¥àâª®© £à ä , ¥á«¨ ¤«ï «î¡®© ¯ àë ¢¥àè¨ u; v â ª¨å, çâ® ¤ã£  ¨¤¥â ¨§ ¢¥à-
è¨ë u ¢ ¢¥àè¨ã v, ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® f(u) < f(v)(f(u) � f(v)). �®-
¦¥áâ¢® ®¡®¡é¥ëå à §¢¥àâ®ª § ¬ªãâ® ¢ ®â®è¥¨¨ ®¯¥à æ¨© áã¬¬ë, ¬ ªá¨-
¬ã¬ , ¬¨¨¬ã¬  ¨ ã¬®¦¥¨ï   ¥®âà¨æ â¥«ì®¥ ç¨á«®. �á¥ ®¨ ã¤®¢«¥â¢®-
àïîâ ¥ª®â®à®¬ã ¤¨áªà¥â®¬ã ¥à ¢¥áâ¢ã �¥««¬  ,   ®¯â¨¬ «ìë¥ à §¢¥àâª¨
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{ à ¢¥áâ¢ã �¥««¬  . �âà®£¨¥ à §¢¥àâª¨, ª ª ¨ ¢ á«ãç ¥ ¨å ¯à¨¢ï§ª¨ ª £à ä-
¬ è¨¥, ¯®§¢®«ïîâ ¢ë¤¥«ïâì ¥ á¢ï§ ë¥ ¤àã£ á ¤àã£®¬ ¬®¦¥áâ¢  ®¯¥à -
æ¨©   ®á®¢¥   «¨§  ¯®¢¥àå®áâ¥© ãà®¢ï à §¢¥àâ®ª. �¡®¡é¥ë¥ à §¢¥àâª¨
â ª¦¥ ¯®«¥§ë ¢ íâ®¬ ¯à®æ¥áá¥. � ¯à¨¬¥à, á ¨å ¯®¬®éìî ¬®¦® à §¡¨¢ âì
 «£®à¨â¬   äà £¬¥âë, ¤®áâ â®ç® ¡®«ìè¨¥ ¯® ®¡ê¥¬ã ¢ëç¨á«¥¨©, ® á« ¡®
á¢ï§ ë¥ ¬¥¦¤ã á®¡®©. �â® ï¢«ï¥âáï ¯àï¬ë¬ ®âª«¨ª®¬ â¥®à¨¨   âà¥¡®¢ ¨ï
íää¥ªâ¨¢®£® ¨á¯®«ì§®¢ ¨ï ¬®£®¯à®æ¥áá®àëå á¨áâ¥¬ ¨ á¥â¨ ª®¬¯ìîâ¥à®¢.
�® ¬®£¨¬¨ ¥âà¨¢¨ «ìë¬¨ á¢®©áâ¢ ¬¨ à §¢¥àâ®ª ¨ ¨å ¯à¨¬¥¥¨¥¬ ¬®¦®
¯®§ ª®¬¨âìáï ¢ à ¡®â å [4,6].

�¥©ç á  ¯¯ à â à §¢¥àâ®ª ¢ª«îç ¥âáï ¢® ¢â®àãî ¢¥àá¨î V-Ray system. �
¥£® ¯®¬®éìî ¬ë  ¤¥¥¬áï á¤¥« âì ¯à®æ¥áá   «¨§  áâàãªâãàë ¯à®£à ¬¬ ¨ ¨å
 ¤ ¯â æ¨¨ ª âà¥¡®¢ ¨ï¬ ¢ëç¨á«¨â¥«ìëå á¨áâ¥¬ á ¯ à ««¥«ì®©  àå¨â¥ªâãà®©
¥é¥ ¡®«¥¥ íää¥ªâ¨¢ë¬. � è  ã¢¥à¥®áâì ¢ ãá¯¥å¥ ®á®¢     â®¬, çâ® ¢®
¬®£¨å á«ãç ïå  ¬ ã¤ «®áì à §à ¡®â âì ¡ëáâàë¥  «£®à¨â¬ë ¤«ï  å®¦¤¥¨ï
à §¢¥àâ®ª ¨ ¨å ¨á¯®«ì§®¢ ¨ï.

�®£® «¥â  § ¤ �ãà¨© �¢ ®¢¨ç � àçãª ¯à¥¤«®¦¨«  ¬ § ïâìáï ®¢ë¬,
á®¢¥àè¥® ¥¨§¢¥¤ ë¬  ãçë¬  ¯à ¢«¥¨¥¬ ¯®¤  §¢ ¨¥¬ "�â®¡à ¦¥¨¥
¯à®¡«¥¬ ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨    àå¨â¥ªâãàã ¢ëç¨á«¨â¥«ìëå á¨áâ¥¬".
�®¢®«ì® áª®à® ¬ë ã¢¨¤¥«¨, çâ® ª ¥¬ã ¯à¨¬ëª îâ â ª¨¥ à §ë¥ ®¡« áâ¨, ª ª
¢ëç¨á«¨â¥«ìë¥ ¨ ®¯¥à æ¨®ë¥ á¨áâ¥¬ë, ª®¬¯¨«ïâ®àë ¨  ¢â®®¬ë¥ ¯à®£à ¬-
¬ë¥ á¨áâ¥¬ë, ï§ëª¨ ¯à®£à ¬¬¨à®¢ ¨ï, ç¨á«¥ë¥ ¬¥â®¤ë, ¤¨áªà¥â ï ¬ â¥-
¬ â¨ª , â¥®à¨ï ®¯â¨¬ «ìëå ¯à®æ¥áá®¢ ¨ ¤à. �¯¥æ¨ «¨áâë ¢ íâ¨å ®¡« áâïå £®-
¢®àïâ   à §ëå ï§ëª å ¨ ¤ «¥ª® ¥ ¢á¥£¤  ¯®¨¬ îâ ¨«¨ ¤ ¦¥ å®âïâ ¯®¨¬ âì
¤àã£ ¤àã£ . �¥¬ ¥ ¬¥¥¥, ¯à¥¤áâ®ï«® á¢¥áâ¨ ¢á¥ íâ® ¢ ¥çâ® ®¡é¥¥ ¢ ¨â¥à¥á å
íää¥ªâ¨¢®£® à¥è¥¨ï ¯à¨ª« ¤ëå § ¤ ç ª ª   áãé¥áâ¢ãîé¨å ¢ëç¨á«¨â¥«ì-
ëå á¨áâ¥¬ å, â ª ¨   á¨áâ¥¬ å, ª®â®àë¥ â®«ìª® ¥é¥ ¯à®¥ªâ¨à®¢ «¨áì ¨«¨
à®¦¤ «¨áì ¯®ª  ¢á¥£® «¨èì ¢ ¬ëá«ïå. � ç¨ ï  è¨ ¨áá«¥¤®¢ ¨ï, ¬ë ¤ ¦¥
¥ ¯à¥¤¯®« £ «¨, ¢® çâ® ®¨ ¬®£ãâ ¢ë«¨âìáï. �¥©ç á á®§¤  äã¤ ¬¥â ®¢®£®
 ¯à ¢«¥¨ï ¨ ¯à®©¤¥® ¥áª®«ìª® è £®¢. �âªàë«¨áì á®¢¥àè¥® ¥®¡®§à¨¬ë¥
¯¥àá¯¥ªâ¨¢ë. �®¢®¥  ¯à ¢«¥¨¥ ®ª § «®áì   ®áâà¨¥ ¬®£¨å ¯à®¡«¥¬, á¢ï§ -
ëå á ¢ëç¨á«¥¨ï¬¨. � ¯®¬¨¬ ¥ª®â®àë¥ ¨§ ¨å:

�   «¨§ ®è¨¡®ª ®ªàã£«¥¨ï;

� ¡ëáâà®¥ ¢ëç¨á«¥¨¥ £à ¤¨¥â  ¨ ¯à®¨§¢®¤®©;

� ¡ëáâà®¥ ¢®ááâ ®¢«¥¨¥ «¨¥©®£® äãªæ¨® « ;

� ¤¥ª®¬¯®§¨æ¨ï  «£®à¨â¬®¢;

� ¢®ááâ ®¢«¥¨¥ ¬ â¥¬ â¨ç¥áª¨å ä®à¬ã«;

� ¨á¯®«ì§®¢ ¨¥ à á¯à¥¤¥«¥®© ¨ ¨¥à àå¨ç¥áª®© ¯ ¬ïâ¨;

� ¯®áâà®¥¨¥ á¨áâ®«¨ç¥áª¨å ¬ áá¨¢®¢;
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�  ¤ ¯â æ¨ï ¯à®£à ¬¬ ª ª®ªà¥âë¬ ª®¬¯ìîâ¥à ¬;

� ¢ë¡®à ®¯â¨¬ «ì®©  àå¨â¥ªâãàë ª®¬¯ìîâ¥à ;

� ®¡ àã¦¥¨¥ ã§ª¨å ¬¥áâ  «£®à¨â¬®¢;

� ª®áâàã¨à®¢ ¨¥ ¯ à ««¥«ìëå ç¨á«¥ëå ¬¥â®¤®¢;

� á®§¤ ¨¥ ¯®àâ ¡¥«ì®£® ç¨á«¥®£® ¯à®£à ¬¬®£® ®¡¥á¯¥ç¥¨ï;

� áà ¢¥¨¥ ï§ëª®¢ ¯à®£à ¬¬¨à®¢ ¨ï.

�®«ì§ãïáì á«ãç ¥¬, ¢ëà ¦ î á¢®î £«ã¡®ªãî ¯à¨§ â¥«ì®áâì �ãà¨î �¢ ®-
¢¨çã � àçãªã §  ¯à¥¤®áâ ¢«¥ãî ¢®§¬®¦®áâì § ¨¬ âìáï ¥¨§¢¥¤ ë¬, ®
ã¢«¥ª â¥«ìë¬  ¯à ¢«¥¨¥¬. �¥§ ¥£® ¢¨¬ ¨ï, § ¨â¥à¥á®¢ ®áâ¨ ¨ â¥à¯¥-
¨ï ¢ ®¦¨¤ ¨¨ à¥§ã«ìâ â®¢  è¨ ¨áá«¥¤®¢ ¨ï ¯à®å®¤¨«¨ ¡ë ¥ áâ®«ì è¨à®ª®
¨ ¨â¥á¨¢® ¨, áª®à¥¥ ¢á¥£®, ¤ ¢® ¡ë § £«®å«¨, ª ª £«®åãâ ¬®£¨¥  ç¨ ¨ï
¢  è¥© ¦¨§¨, ¥á«¨ ¥â ¤®«¦®© ¯®¤¤¥à¦ª¨.
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